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PREFACE 


Objection is sometimes raised to the methods of practical mathematics, 
on the ground that mathematics is not an experimental science. This 
is true ; but mathematics is built up from a system of conventions 
which are not arbitrary, but chosen with reference to experience. 
Thus it is both logically and educationally necessary that the beginner 
in any branch of mathematics should have the corresponding part of 
his experience clearly realized and deJ&ned. 

This has been recognized in the now generally accepted view that 
the study of geometry should begin with a course of experimental 
measurement. It is the object of the treatment followed in this book 
to extend the same method to some other branches of mathematics 
with special reference to the needs of the technical student. 

In the chapters on trigonometry, for instance, while results are 
nowhere given without proof, the deductive treatment is, as far as 
possible, accompanied at every step by graphic or arithmetical verifica- 
tion, to enable the student to realise clearly his own experience of 
space, and to see that he is not dealing with an arbitrary system of 
symbols alone. Every one has in his own mind the fundamental notion 
of a rate of increase from which the differential calculus took its rise, 
and this should be clearly defined before proceeding to the analytical 
process of differentiation. Accordingly the subject has been arranged 
so that, after a course in plotting to fix the notion of the function 
of a variable clearly in the student's mind, he is introduced to 
the methods of differentiation by a chapter on rates of increase 
treated by arithmetical and graphic methods. It is only after such 
a course that most students are ripe for the analytical methods of 
differentiation. It too often happens that a student who begins with 
these acquires merely a fatal facility in differentiation, regarding it 
as a mechanical juggling with symbols, but having no conception 
of its relation to experience. This intuitional direct vision method 
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is intended, not to take the place of, but to prepare the way for a 
more rigorous analytical study of the subject 

In the same way, the study of definite integration is preceded by 
a chapter in which various practical problems on integration are treated 
entirely by graphic and intuitional methods, so as to stimulate the 
interest of the student, and to lead him to feel the necessity for 
analytical methods of integration. 

The logical order of a mathematical subject may not be the 
same as the best educational order, or as the order of its historical 
development 

The most natural method of advance is by a series of successive 
approximations to logical rigour, and, in fact, this is the way in which 
the subject has actually grown up. It is scarcely twenty years since 
some of the most fundamental positions of the calculus, such as the 
criterion for the existence of a definite integral, were completely 
established, yet no one would maintain that the great body of analysis 
which existed before that time was valueless, because its foundations 
were not yet truly laid. The process by which the science itself was 
formed is also die most natural for the mind of the student. 

The fundamental laws of vector algebra are each given in connection 
with some application to mechanics or 'geometry. 

The chapters on solid co-ordinate geometry deal with some parts 
of the subject which bear on the student’s study of practical solid 
geometry. 

A large number of the more technical examples presuppose some 
knowledge of mechanics or electricity. It is not intended that any 
one student should work through them aU, but that each student should 
select those examples which interest him most. 


F. M. SAXELBY, 
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PREFACE TO THE FIFTH EDITION 


In this Edition a number of sections have been re-written, and 
new sections on Hyperbolic Functions (§ 121b), the Resolution of 
Compound Periodic Oscillations into their Simple Components (§ 139a), 
and the Tabulation of Definite Integrals (§ 133a), as well as many 
examples, have been added. 

The treatment of Indefinite Integrals in Chapter XXVIII. and 
of Differential Equations in Chapter XXIX. has been amplified, so 
as to make the book suitable for a first course in the Calculus. The 
course of mathematical development during the last few years makes 
it still more evident that some direct intuitional method is most 
appropriate for the beginner in the Calculus. The demands which 
a rigorous treatment make upon the studenfs knowledge are be- 
coming more exacting. For example, it is found that a knowledge 
of the Theory of Sets of Points is necessary to a rigorous treatment 
of integration, and this is quite out of reach of the beginner, even if 
he intends to specialise in the study of mathematics. Much more is 
it out of the question for the student whose chief interest is in 
applied science. While the value and importance of rigorous treat- 
ment are becoming more evident, it is at the same time becoming 
more evident that such treatment must be postponed to an advanced 
stage in the student’s course, and is indeed only possible to the 
mathematical specialist. 


F. M. SAXELBY 


August^ igii 

PREFACE TO THE SIXTH EDITION 

In this Edition a Chapter on Complex Numbers and a number of 
fresh examples have been added, and the section on Hyperbolic 
Functions has been extended. 


July, 1919* 
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SUGGESTED COURSE OF READING 


This course is adapted to tlie sylkbus of the Board of Education, 
Eor the Lower Examiuation students should read through the follow- 
ing course : — 

Logarithms and introduction • to trigonometry, including solution of 
right-angled triangles : Chapters I., II., I IL, §§ 22, 23, 28, 29, 30. 

Use of formulae and equations : Chapters V., VI. 

Use of squared paper: Chapters VII., VIII., IX. 

Rates of increase and differentiation: Chapters X., XL, §§ 99-106, 
XIV., XV. 

Graphic methods of integration : Chapter XVII. 

Addition of vectors : Chapter XX. 

Solid geometry of points and straight lines: Chapters XXII., XXI I L, 
§§ 191-192. 

Determination of volumes and centres of gravity by graphic methods : 
Chapters XXIV. §§ 197-199, 201, XXV., omitting examples CVIL, 
CX. 

For the Higher Examination students will require the whole of the 
book. 
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CHAPTER I 


LOGARITHMS 


1. As numerical computation plays an important part in the methods used 
in this book, the student should have a thorough working knowledge of the 
use of four-figure logarithms, and, if he has not such a knowledge, should 
work carefully through this chapter. 

It is assumed that the student is familiar with the proofs of the following 
laws of indices, where m and n are positive whole numbers : — 

X Jt" = ; e.g-. ^ X ^ 

^ ^ — n . -T- ;ir2 = :r 

; e.g» 


2. fractional and iWegative Indices. — The student already knows that 
- XT y, X X x^ ^ X y. X X X x X X X X y. r; and, in general, when 
« is a positive whole number ;ir”=:rx;rx;irxjr. . .ton factors. 

The question now arises : What meaning is to be given to expressions 

such as x-\ etc., and, in general, to when n is negative or a 

fraction ? 

cannot have the same meaning when n\s 2 L fraction as it has when n 
is a positive whole number, but we choose a meaning such that x^y when ?t is 
a fraction, shall satisfy the same laws of indices as are already known to hold 
good for the case when « is a positive whole number. 

The product of two integral powers of x is obtained by adding the indices, 

and if obeys the same rule we must have x 3 ^ = x. 

Therefore is a quantity which gives x as the product when multiplied by 
itself, i.e . — 

= jsf X 


Similarly 

and 

In general 
so also 


X X X^ = X 

I = Ulc 

1 

(:r^)3 = X X 


\ i 

X = ^ 


i,e, is the cube of the square root of Xy and, in general, x^ is the 
power of the f root of x, 

B 
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If negative powers obey the same index law of multiplic 
powers, we must have 

:r*“2 X = jr^s + s = ^ 

and /. = ■ 


and in general 


X-‘^P : 


I 

x^ 


z\e, a negative power is equal to the reciprocal of th. 
positive power. 

Note in particular that 

X + i 

JT® = jr X -i = I 
X 

whatever tlie value of x ; Le, the zero power of any qua! 
unity. 

Examples. — I. 

1 . Write down the values of 4^, 9^, 16^, 27^, 144", 961^* 7^9 

a 4 

2 . Write down the values of 4^ ®, 27^, 100^ ®, 

3 . Write down the values of 2—^, 3 “2, 5—2^ 27“^, 125”“^) 4913 

4 . Find the values of icr-h io~-, 10®, 10^, 16^, 10^^, ib^. 


3 . Logarithms. — Definition: Ifj/ = then jris called 
y to the base a. This is denoted by the abbreviation log*, 
logarithm of a number to any base is the index of the p< 
which is equal to that number. 

The statements / = (f' and x = log^y are two different w 
the same fact ; we know that 100 = 16^ ; this fact may : 
by saying that 2 is the logarithm of 100 to the base 10. 

In the same way, we know that 

8 = 2^ ; ix. 3 = logs 8 

2 = 4^ ; ix, 4 = log4 2 

Q.j = = ioo~i ; ix, - J = logioo O' 

1002 

and so on. 

Examples. — II. 

Write down the values of the following quantities r — 

1. log* 2. 2. logs 3- 3 - 3. 

6 . Iogi4o 10,000,000. 6 . logs 7 . logjfiOU. 

9. log, 3*162. 10. logi* 31*62. 11. log„ 0*3162. 

a 

4. The three laws of indices given in § i may be expres 
form. 

L The logarithm of the prodncjEt of two immberi 
their logarithms. 
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If <31 and ^ be the two numbers, and 

log* a — log* b —n 
then a = and b ^ 
and ab = 

t\e. by the definition of a logarithm 

logx ab = m + n = log* a + log* b 

Thus, if we have a table of logarithms to any base, we can substitute 
addition for multiplication. 

Example. — We know from tables that logj^ 2*53 = 0*4031, and logj^ 3*64 = 
0*5611 

logio 2*53 X 3*64 = 0*4031 + 0*5611 = 0*9642 
and from the tables we find that this is the logarithm of 9*208 to base 10 
/. the product 2*53 X 3*64 = 9*208 

II. The logarithm of the quotient of two numbers is the difference 
of their logarithms. 

With the same notation as before, we have 

f 

b 2^ 

le, logx m - n = log* a - log, b 
Thus we can substitute subtraction for division. 


Example. — To find we have 

2*53 

logio = logic 3 '64 - logic 2'53 
= 0*5611 ~ 0*4031 
= 0*1580 


We find from the tables that 0-1580 is the logarithm of 1*439 to base 10 


3^64 . 

2*53 


1*439 


III. The logarithm of the power of a number is equal to 
n times the logarithm of the number. 

Let m = log* aj then a 
and = (2^)” = 
ix. log, (^") = mn = nx log* a 

This law enables us to perform many arithmetical operations which could 
not easily be performed by direct arithmetical methods. 

Example. — To find the value of (2 •53)^'®. 

We know that logio 2*53 = 0*4031 

then logio (2*53)^*® = i*3 X logic (2*53) 

= 1-3 X 0*4031 = 0*5240 

From the tables we find that 0*5240 is the logarithm of 3*342 to base 10. We 
conclude that (2*53)^*® = 3*342. 
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5 . Use of Tables. — Tables of logarithms to base lo are given at the 
end of the book. Some explanation is necessary as to the arrangement and 
use of these tables. 

The. integral part of the logarithm of a number to base lo may be found 
by considering the two integral powers of lo between which the number lies ; 
thus, 343*2 lies between lo^ and lo^, and therefore its logarithm lies between 
2 and 3 ; 0*00342 lies between o*oi and o'ooi, between lo-^ and ; 
and therefore its logarithm lies between — 2 and — 3. 

The decimal part of the logarithm of a number is given in the tables. 

^ • Thus, to find log 34.3*2, we find the first two figures, 34, on the left-hand 
side of the tables ; the next figure, 3, is found at the top. In the horizontal 
liiie opposite to 34, and in the column under 3, we find 5353. This is the 
decimal part of log 343. To account for the next figure, 2, we notice that in 
the table of differences, at the right-hand side of the tables, the difference 
for 2 in the horizontal line opposite to 34 is given as 3. 

This must he added to the value 5353 already found to correspond to 343. 
Thus we find that the decimal part of logio 343*2 is 0*5356. We have seen 
above that logic 343*2 lies between 2 and 3, and therefore log 343*2 = 2*5356. 

It will he noticed that the arrangement is somewha’t different in the part 
of the tables corresponding to numbers whose first significant figure is i . 

The logarithms here increase so rapidly with the numbers that two sets 
of differences are required for the interval between two numbers whose 
second significant figures differ by i. 

Thus to find log 126*3, we know as before that the integral part is 2. To 
find the decimal part, we get as before the value 1004 corresponding to 126. 

The difference for 3 must now be sought in the horizontal line opposite 
to the value 1004 already found ; this difference is 10, and therefore the 
decimal part of the logarithm is 0*1014, and log 126*3 = 2*1014. 

To find the decimSi part of log 125*3 on the other hand, we should look 
for the difference for 3 in the upper line opposite to 0969, which corresponds 
to the first 3 significant figures, 125, of the number whose logarithm is to be 
found. This difference is ii, and thus we get log 125*3 = 2*0980. 

Since 10® = i, logio 1=0, and therefore the logarithm of any number 
less than i is negative.^ This is true for logarithms to any base whatever. 

It is found convenient to keep the decimal part of all the logarithms 
positive, and to restrict the negative sign to__the integral part Thus, if the 
logarithm of a number is — 0*3, we write it 1*7, le. — 1 + 0*7 ; if a logarithm 
is — 3*7, we write it 4*3, t.e. — 4 + 0*3. 

This device enables us to use the same tables for all numbers, whether 
greater of less than i. For any number less than i may be obtained from 
a number greater than i having the same digits by dividing by 10 an exact 
number of times. 

This is equivalent to^ subtracting a whole number from the logarithm 
without altering the positive decimal part of the logarithm. 

Thus 0*03432 is obtained from 343*2 by dividing by 10^. 

A log 0*03432 = log 343*2 - log 10^ 

= 2‘5356 - 4 
= 2’5356 

Note that the decimal part of the logarithm is unaltered. Thus the 
logarithm of 0*03432 could be found directly from the tables by first finding 
as before the decimal part of the logarithm of 3432, and prefixing the integer 
2, because 0*03432 lies between lo*-^ and 10*“ 2. 

Example . — To find log 0*01594 Jrcm the tables. 

In the horizontal line opposite to 15, and in the column under 9, we find 2014. 

The difference for the next figure 4 in the horizontal liue opposite to 2014 is 1 1. 
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Adding this to 2014, we get 2025 as the decimal part of log 0*01594. Since the 
number lies between o't and o’oi, its logarithm lies between i and 2, 

/. log 0*01594 = 2*2025 

6. AntilogaTitbms. — Wheix the logarithm, of a number is giv'en and 
we wish to find the number, we may of course use the table of logarithms, 
hut it is more expeditious to make use of a separate table of antilogarithms. 
This table gives the number corresponding to any given logarithm to base 
10. The arrangement is similar to that of the table of logarithms. 

Exa-MPLE. — The logarithm of a certain number is found to he 2*0361 ; to find the 
number^ 

'We find, by using the table of antilogarithms in the same way as we used the 
table of logarithms, that the antilogarithm of 0-0361 is 10S6. These are the sigTiifi- 
cant figures of the result, but we do not yet know the position of the decimal point. 
This is found by considering the integral part of the logarithm. Since the logarithm 
is made up of 2 and a positive decimal, it lies between i and 2, and therefore the 
number lies between o*i and o*oi, i.e. the number is o*oioS6. 

7. IS'apieriEtiL Logarithms. — Logarithms to base ro are used for 
numerical calculations, but the student will also meet with logarithms to 
base <?, where ^ is a quantity defined by means of the series . 

. , II I . ■ 

I 4“ I -b X 4* 4* • • • 

1x2 1x2x31x2x3x4 

It can be shown that, however many terms of this series are taken, the 
sum is never greater than a definite limiting value ^ = 2*718 .. ., and that 
the sum may be made as nearly equal to e as we please by taking a suffi- 
cient number of terms of the series. The quantity e is accordingly defined 
as the limit of the sum of the series. 

I 4“ I 4" 4" 4* 4“ • • • 

1x2^1x2x31x2x3x4 

as the number of terms is indefinitely increased. The quantity t will be 
more fully treated in Chapter XXIX., when the student is in a better 
position to understand the theory of the subject. 

Such logarithms are variously called natural, Napierian, or hyperbolic 
logarithms. The reason for the occurrence of this base will appear to the 
student at a later stage in his work. 

The logarithm of a number to base t is obtained from its logarithm to 
base ro by multiplying by 2*3026. 

To verify this from the tables, let fi he the logarithm of a numbers to base 
10. Then, by the definition of a logarithm, n. = lo^ 

We find from the tables that 

logio = logio 2-718 =0*4343 

t = io 0-«43 

and 10 = 
substituting n = 

loge n = 2*3026^ = 2*3026 log JO n 
Examples.— III. 

Find from the tables the values of the following logarithms to base 10 

1 . Log 200, log 20, log 2, log 0*0002. , „ , 

2 . Log 7837, log 783*7, log 78-37. log 7*837, log 0-7837, log 0*07837, 
log 0*007837. 



"'“ ..35, °"7 '"‘'»P'« ’-"' ”' “"“E% to 

Jo. , 

3, !olflIf-°'s?S 

'**■'■ '”'.-f X. r «., 3 


" “ P'^odnct = . ,<, 7 - 

’^XAitPLZ ( 2 ) z. ^ 

Evaluate ^~^^^S.2!£2362t 

*d*ng,]og3x»v ^ 

35Xo-oo36ax = F-o55o 

2*2875 Jog 

•‘ H !3 5 X o'oo?fi^ ~ ^°fi'O'O0oi:;;i;.^ 

E*AMPr.E (3,_. 7 ^^ =°’°°osa53 

'3^ ^^‘^W(o- 0326 ).a 

% 0 - 0326 - - 

^ 5^32 

^ 2 X 0*5172 -~ 

'■^xVr_®;^»s 8 

z 4 


'Off 2-534 = *4028 
'°ff 75-52 


52=: 2*2875 


^4 

(o*0326jI-3 _ 

P. 0 , 3 ,. ,j4'- , 

Example ( 4 ) _ r., . ^P^rately, 

< 0 ' 03 l 4 h 0 ' ~ 1 

2-1 

'"''“■".of;;i^ 


log (0-03x4)-,,^-^ 

3 565=logx434 
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The value of log ( 0 ' 03 i 4 )~^^ in the last line is obtained by subtracting log 
(o*o 3 i 4 )*^‘i from log i. 

Example {i). —Evaluate V 132 * 5 . 

Vi 32 -s = { 132 - 5 )^ 
log 132*5 = 2*1222 

log ( 132 - 5 )^ = J log 132-5 = 0-7074 = log 5-098 

Vi32'S = 5 098 

Example ( 6 ). — Evaluate Vo ‘o 1325 . 

log 0*01325 = 2 -J 222 
1<^ Vo*OI 325 = J(2*I222) 

=i {3 + 1 * 1222 ) 

= 1*3741^ log 0*2367 
j/o ‘01325 = 0*2367 * .‘* 

Here we have to divide 2 by + 3 . As we wdsh to keep the decimal part of the 
quotient positive, we write 3 + i for 2 , so that the negative part can be divided 
exactly by 3 . , 

In working with four-figure logarithms it is found that the results are 
more likely to be accurate, especially in long calculations, if all , logarithms 
are set down in vertical columns, as in the above examples. 


Examples.— IV. 

Evaluate the following expressions to as close a degree of accuracy as the use of 
four-figure tables will permit : — 


1. 0*035621 X 25780 . 

4. 1362 X 0 * 0251 . 

5346-257 
• 1386497 

10. 0*0352 X 125 X 0 * 000561 . 

12 X 52100 X 0*0253 

0*00035 X 1*0264 

16. V 36 ^ 


2. 0-013640 X 153 - 27 . 


8 . 


2*006 
0*00345’ 
462*17 ^ 
1*12534* 


11 . 

13. V 251 . 


3. 225 * 85 .x 179 . 
152 * 056*41 
0*0005649 
12*36 X 21* 5 
32*9 

0*0065 x_i 3 ^ 


* 6 . 

9. 


0*01324 X 0*005621 
14. Vo’*o742. 


16. V36i 5- 
19. v' 217 . 


23. ^ 25 - 12 . 

27. ( 1 - 34 )"'“. 

30. (o-i854)-<’-«». 
33. (o-o65i)-3‘. 

36. (i-333)“‘''*- 
39. (0*036) -0*023^ 

42. (log, 2 * 963 )-- 2 - 26 , 

46. (o*io43)~1'2». 


20. ^2*17. 

24. V2‘5i2. 


17. Vo*o 36 i 5 . 
21, V2512. 
25. 2 iS- 8 . 

(0*035I)-2'8. 


48. 


35620 Q 
V 67 X 21 


28 

31. (o*oI625)-25-s, 

34. 7381^ 

37. (25*6i)-1'»?. 

40. (o*32655)-2*3418. 

43. (0*2461)10810^^*^. 
46. f X (i*o52)’"J* 
49 . 25*63 X 0*00036 


18. Vo‘00651. 
22. V25i*2. 

26. (0*059)1*^. 

29. (o*i754)-2-8. 

82. (o*oS 32 )i'-*. 

35. I2~88. 

38. (i*305)--2-36^ 

41. (O*2543)-0*025^ 

44. (o*3489)o w«. 


47. 


( ro36)~2- g 

5/21*2 


61. 59*32 X (logio 261 )*. 62. 


( 0 * 0125 )'* X logic 29*3 

341 x^ 0 * 036 x 252 *^ 
( 1 * 03 )* X logio 1571 ’ 


60. ^357 X (o* 2 i)« 

logio 31*3 

63. 55xV^o62ixy3^ 

' 0 0035 X ( 20 *o 6 )-^ S' 




CH \ 




r,?; 


B Meaiiiren.er4 Ang’es.. 
I: XO a- i VO a-f 


OK 


•:., \ ¥ ’ 
a.-:.a XCV ^Cx toy v CX 

Su;.;a..^:e :be i ar OP ■ ’' '■ - ‘ ' ■’ 


I I 


\ 


\P 


XC'P 





JX 


\ 


y" 




t¥.f I St, 
ovie" ■• 


XO¥ . 

., , , ■■ ; .S.f' 

-. ■' P : ;■• ■'• . 

. ■ * '■ I* 

■. '"'sop' 


CP .a.-^t-es 






i in 


OX ; wlien OP is in 
measured in the same . 

Siiniiarlv, m’hen OP 
OX and OP traced out m a c.:.;nu 
OX\ and not the acute an^Ie betuee 
When OP comes aeam to its cr -4 
round O in the same direcuon, so 


\x .^rOP ^ ■'OrZ’^i'- 
YOX' •■ c:.‘^sau 3 . 

i-.vt XOV ur.e ar;-, e XCP 

r;, l:-,' v.u,u-. OY 

^adrart. XOP r' r- ar, » - 
r-c',.'i‘.ki>':-F d aa •; , V 

. OX an.i OP 

'Ci- .t i'-o OX, 4 C-- --a’ ?t 

t y nny an 1 . . 'c a> .„. 


wc please: an angle of 7|0'' is^^cn? w... 

starts at OX, and makes two complete re% . 
30® in addition. 


u a 


cc, ana 


«If th 


ie line 
:;e ancle 
■t.cn OX ar 
l:cn a? li e 


10. Pos.itive and NegatiT® Angles, 
counter-clock^vise direction as in the .a-t ' 
sa^d to be positu'e. If OP starts from toe |k- 
the positions OY", OX , OY, in the same dmc: 
is said to generate a negative angle. j 

A negative ancle may contain any namber ct 
- is formed when OP revolves through t,ae 4!^ 

halfway through the 31^, Y’OX', in a rlockw.se d:re.:!'On 


OP 


f f i ■ ‘ - 

* *.0- 

til-' 

■ 'b ■ ’■ a 


irs ,ir , 
* XOV 


!c,. t 


Trigonometry 


9 


Similarly ~iooo° = — ii x 90® — lo*", and therefore an angle of —1000® 
is formed when OP turns through ii right angles in a clockwise direction, 
and then continues to revolve through 10° in addition. Thus the generating 
line of an angle of — 1000° is in the ist quadrant. 


11. — Circulax Measiire of Angles. — Angles may also be measured in 
circular measure. When P moves a distance 
XP equal to the radius OX along the circum- 
ference of the circle XYX', the angle XOP 
which OP generates is called a radian. 

It can be proved that when P moves 
completely round the circle XYX' to its first 
position X, the whole circumference traced 
out by P is equal to 

27r.OX = 2T.XP 

where is equal to 3*1416 . . . 

And since the angle XOP is proportional 
to the arc XP, 

OP generates an angle which = 2ir.XOP 

= radians 
360° = 2^ radians 

^ o 

and I radian = - — = 57*2958® 



We shall usually find it sufficiently accurate to take i radian equal 
to 57*3° 

It is useful to remember the following values : — 


2 right angles = 180® = x radians ; 

I right angle = 90° = - radians ; 

60® = ~ radians ; 30® = g radians ; 45® = ^ radians. 


The values in radians of angles from o® to 90® are given in the tables. 


Example (i). — express 125® in radians, 

^ We have 57 * 3 ® = i radian 

*25® = = 2‘i 8 radians 

57 3 

Using the tables, we have 

125° = 90® -f 35® = 1*5708 + 0*6109 = 2*1817 radians 
Similarly, to convert radians to degrees multiply by 57*3, or use the tables. 


Example (2 ). — A flywheel of 2 ,’^ft. radius is revolving at 120 revolutions per 
minute, what is the speed of a poitit on its rim ? 

Any radius of the wheel turns through 120 revolutions per minute = 2 revolutions 
per second = 4‘ir radians per second. 

By the definition of a radian we know that when the radius turns through one 
radian its extremity moves through a distance equal to the radius, i.e. through 2*5 
feet. 

Therefore, in one second a point on the rim of the wheel travels through 
4x X 2*5 = 31*42 feet per second, and the speed of a point on the rim is 31-42 feet 
per second. 
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Examples. — V. 

1 . Draw figures to show the following angles, and express them in radians : — 

152®, 205®, -270®, 300®, -840°, 1350°. 

2 . Draw a figure to show angles of l, 2, 3, 4, and 5 radians. 

3 . Make a protractor to measure angles less than two right angles correct to 
O' I radian. 

4 . Draw figures to show angles of 1*3 and 2*9 radians, and express them in 
degrees. 

6 . Find the length of the arc which subtends an angle of 41® at the centre of a 
circle of ii-ft. radius. 

6 . A flywheel of 3-ft. radius is revolving at 260 revolutions per minute : what is 
the speed of a point on the rim? 

7 . The earth moves roiyid the sun once a year in a circle (approximately) of 
92 '8 X 10® miles radius : find its velocity in miles per second. 

8. The earth revolves round its axis once in 24 hours : through what decimal of 
a radian does it revolve in one second ? Find the speed, in feet per second, of a point 
on the equator. Radius of earth = 3963 miles. 

9 . The armature of a dynamo is I foot in diameter, and is revolving at iioo 
revolutions per minute. What is the speed of a point on the outside of the armature ? 

10. Through what angles do the large and small hands of a clock respectively 
turn between 11.15 a.m. and 2.30 p.m. ; and between 3.44 a.m, and 7.31 p.m. ? 

11. What are the angles, measured in a positive direction from the minute to the 
hour-hand of a clock, at the following times : 3.7, 6.10, 7.15, 9.25? 


12, Co-ordinates of a Point. — If a point is supposed free to move about 
on a surface, we require to know two quantities before we can determine its 
position ; 4?.^. to fix the position of a point on the earth’s surface we specify 

its latitude and longitude, i.e, its 
distances measured in degrees 
from the equator and the meridian 
of Greenwich. 

In the same way the position 
of a point on a plane is fixed when 
its distances from two straight 
lines in the plane are known. 

From any position of the point 
P in § 9 draw PN perpendicular to 
the axis X'OX. 

Let ;ir = ON measured from O to N 
andj' = NP measured from N to P 

Then x and /, taken with their 
proper signs, are called the rec- 
tangular co-ordinates of the point 
P, y is called the ordinate and x 
the abscissa of the point P. 

The signs are chosen as fol- 
lows ; — 

X is positive when measured 
from left to right in the direction 
X'OX, and negative when measured from right to left in the direction XOX'. 

y is positive when measured upwards in the direction Y'OY,and negative 
when measured downwards in the direction YOY'. 

Thus, when P is in the first quadrant, 

;r = ON and is positive, j/ = NP and is positive 
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When P is in the second quadrant, 

X is negative, y is positive 

When P is in the third quadrant, 

X is negative, y is negative 

Wien P is in the fourth quadrant, 

X is positive, y is negative 

P is described as the point (^, y) ; e.g. the point (2, 3) is the point whose 
abscissa is 2 and ordinate 3. 

Polar Co-ordinates. — The position of the point P is also determined if 
we know the length r of the line OP and the angle XOP = which it 
gfenerates in passing from OX to its position OP. These are called the 
polar co-ordinates of the point P. 

& is measured positively in a counter-clockwise direction from OX to OP, 
and r is measured from O to P and taken positive in all four quadrants. 

P is described as the point (r, B) ; gg, the point (2, 25°) is the point for 
which r = 2 and ^ = 25®. 


Examples, — VI. 

1 . Draw a figure to show the positions of the points whose rectangular co-ordinates 
are given as follows : (2, 3) ; (5, 2) ; {3, l) ; (-3, 2) ; (-5, -3) ; (-4, 3) ; (2, -3) ; 
(i* 3 > - 3 * 2 ); (- 4 * 3 > ~ 3 * 4 )- 

2 . Show in a figure the positions of the points whose polar co-ordinates are given 
as follows : (l, 15°) ; (2, 30®) ; (2, 64®) ; (2, lio*^) ; (2, 220<') ; (2, 300°) ; (2, -60®) ; 
(2, —100*^). 

3 . Find by measurement from your figure the polar co-ordinates of the first 
6 points in Example i . 

4 . Find by measurement the rectangular co-ordinates of the first 6 points in 
Example 2. 


13 . Trigonometrical Ratios of an Acute Angle. — Let B be any acute 
angle NOP, let ON — x and NP = y be the rectangular co-ordinates of P, 
and let OP = r. Then the trigonometrical ratios of the angle B are defined 
as follows : — 


sine 6, written sin B — 
cosine written cos B = 


NP ^y_ 
OP r 
ON ^x 
OP r 


tangent 0 , written tan B = 
cosecant written cosec B = 
secant 0, written sec B = 
cotangent written cot B = 


NP ^y 

ON 

OP 

NP y 
OP __r 
ON ;r 
ON 

NP y 



Example (i ). — Find by a graphic method the sine, cosine, and tangent ^35®. 

This is most conveniently done on squared paper. The student should draw the 
figure on a large scale, and verify the measurements for himself. 

Take two axes, OX and OY, at right angles, and set off the angle XOP = 35® 
by means of a protractor. 
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With centre O and radius equal to unit length on some convenient scale, cut off 
OP, and draw PN perpendicular to OX. 

Then we have 

NP 

sin 35 ° = OP = = °'574 

ON 

cos 35 ° = OP ~ 

NP_ 0*574 

tan35° = oN-54i = °-7°° 

Note that when, as in this example, we take OP as the unit of length, the sine 
and cosine of 0 are equal to the rectangular co-ordinates y and of the point P. 

Note. — The notation sin-^ x is used to denote an angle whose sine is t.g. 35°, 
or o*6i radian is a value of sin~^ 0*574. Similarly, cos"^ :»rand tan~^ x denote angles 
whose cosine and tangent are equal to x. 

Example (2). — Find the acute angle whose tangent is equal to O'S. 

Here we require to find the angle 0, so that we may have 

NP 


ON 


= 0*8 


The student should draw the figure for himself. 

Using squared paper, set off on the axis of x the length ON eaual to unity on 
some convenient scale. On the ordinate passing through N set off NP equal to o*8 
on the same scale. Join OP. Then NOP is the required angle. We find by 
measurement that the angle NOP = 38*7®. 


Examples.—VII. 

1 . Set off on the axis of x^ ONj = i, ON^ = 2, ON3 = 3. Draw any straight 
line OP in the first quadrant. Erect ordinates NjPi, NjPg, N 3 P,, meeting OP in 

N P N P N P 

Pi) Pj) 2.nd P3. Find by measurement the values of Q"p~> ^p^» ^.nd 

(qpfvipisip ' * * 

compare them. Also measure compare. 

What do you infer from this experiment with respect to the sine and tangent of 
an angle ? 

2 . Find by construction the values of sin 25®, cos 40®, tan 65®, sin 44®, tan 45®, 
cos 75®. 

3 . Find by construction the values of the following acute angles in degrees : 
yji-i sin-^ 0*89, cos~^ 0*6, cos-^ 0*85, tan*"^ 0*4, tan-i 0*7, tan~^ 1*73, tan”^ 5. 

14. Trigonometrical Hatios of an Angle greater than a Bight 
Angle. — When the angle NOP is greater than a right angle, its trigono- 
metrical ratios are defined in the same way as in § 13 , but it is also 
necessary to take account of their signs. 

We shall consider the signs of the trigonometrical ratios when the 
generating line, OP, of the angle 0 lies in each of the four quadrants (Fig. 3). 

When OP is in the first quadrant, and r are all positive, and there- 
fore the ratios of the angle XOP are all positive. 

When OP is in the second quadrant, we have 

X negative, y positive, and r positive 

In what follows, ON, NP, and OP represent the numerical values of the 
lengths of the lines indicated without taking account of direction. 
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y + HP 

= +^ = +sin POX 
^ ^ — ON 

cos 8 = - = = - cos POX 

y + NP 

tan 8 = i = - tan POX 

When OP is in the third quadrant, we have 

X negative,^ negative, and r positive 

y - NP . , 

sin e = - sin X'OP 

r + OP 

^ X — ON \rlr\Q 

r 4 - OP 

V *- NP 

tan ^ ^ = 4- tan X'OP 

X — ON 

When OP is in the fourth quadrant, we have 

X positive, y negative, and r positive 

V - NP 

sin ^ ^ = - sin POX 

r 4 - OP 

. X 4 - ON 

« = ;: = :rop = 

V - NP 

tan ^ ^ = -7-7^1 = — tan POX 

X + ON 

We have here expressed the ratios of the angle 6 when the generating 
line OP is in any quadrant in terms of the ratios of an acute angle. 


Example. — T 7 co?tstruct an angle in the third quadra?U whose sine is — and to 
fi 7 id by measurement its cosme and tange?it. 

This is most easily done on squared paper. 

Take two axis, OX and OY, at right 
angles. We require to find a point for which 
/= -5, and r~~ 13. 

Take a point M on the axis of y, such that 
OM = — 5, and draw MR parallel to XOX'. 

Then all points for which y = — 5 lie on the 
straight line M P. 

To make r= 13, with centre O and radius 
13, describe a circle cutting fVIP at P in the 
third quadrant. Join OP. 

Then XOP is the required angle in the 
third quadrant whose sine is — -/3. 

To find the cosine and tangent of the angle XOP, draw PN perpendicular 
to OX'. 

Then, by measurement, the value of x for the point P = ON = — 13 
and cos XOP =^~=» 

tan XOP ==^=.-^= ■- 

X -13 32 
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Exami»i.es.-~VIII. 

1 . i ^un;,!ruct an angle of 40°. Find by measurement its sine, cosine, and tangent. 

2 . C ‘instruct an angle of 140®. Find by measurement its sine, cosine, and tangent. 

3 . C fjii ,!juct an angle of 220*^, and find its sine, cosine, and tangent. 

4 . fa*u’aruct an angle of 310®, and find its sine, cosine, and tangent. 

5 . Construct an acute angle whose sine is ami find its cosine and tangent. 

6. (h instruct an angle in the second quadrant whose sine is and find bj 
nr;' suiriacnt its cosine and tangent. 

7 . < ’oic.truct an angle in the third quadrant whose sine is — and find its cosine 

B. t nil .[ ruct an angle in the fourth quadrant whose sine is — J, and find its cosine 

•u.d tunjg'iit. 


15 . Ihid tho Siiio, Cosine, and Tangent of any Angle from tlie 
Tablr*n. ‘I lie results of the last paragraph give us the method of finding 
the ii ic.oii* unetriral ratios of an angle of any size from tables which give 
the vaiui^s of ilicse ralio.s fur angles between 0° and 90°. 

Draw a figure showing how the angle 
y is generated, and thus find in what quad- 

rant the generating line OP lies ; then 
look up in the tables the numerical values 
of the sine, cosine, and tangent for the 
acute angle which OP makes with X'OX, 
and before these place the proper signs 
N; \ X as found in the last paragraph. 

Example (i ). — To find from the tables the 
\J values of sin 242® and tan 242®. 

^ lu the figure, OP is in the third quadrant. 

~NP 

sin 242® = = - sin NOP = - sin 62® 

= — 0*8829 from the tables 
tan 242® = —ON ~ ~ I'SSoy 


I- x A Mill. (i). Tind the value cj cos ( — 200®). 
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The generating line OP is in the second quadrant 


cos ( — 200°) 


= = - cos PON 

= — cos 20° = — 0*9397 


*5 


When we require to find a trigonometrical ratio of an angle which lies 
between two consecutive angles in the tables, we assume that a small change 
in the ratio is proportional to the change in the angle, and proceed as 
follows ; — 

Example (i).— 7 h fiftd sin from the tables. 

We find from the tables 

sin i6° = 0*2756 
sin 15° = 0*2588 


difference for 1° = 0*0168 
/. difference for o'8°=: o*8 X 0'0i68 = 0*0134 

Adding this to sin 15°, we get 

sin 15*8° = 0*2722 


Example (2 ).— find cos 22V 

We have cos 221*4° = —cos 41*4®* 

From the tables 

cos 41° = 0*7547 
cos 42° = 0*7431 


Difference for i° = 0*0116 
difference for 0*4° = 0*00464 

Since the cosine of an angle decreases as the angle increases, this difference must be 
subtracted from cos 41°. 

We get cos 41 *4° = 0*75006 
.*. cos 221*4°= — 0*7501 

A graphic method of finding the ratios of an angle which lies between two given 
values, by means of squared paper, will be given in Chapter VII. 


Example (3 ). — To find the asigle beitueen 0° and 90° whose sine is 0*6070. 
We find from the tables 

sin 38° = 0*6157 
sin 37° = 0*6018 


Difference for 1° = 0*0139 
Thus the required angle lies between 37° and 38°. 

I^et the required angle = 37° 4- 
Then sin (37° 4 J°) = 0*6070 
sin 37° = 0*6018 


Difference for 

• X 


: 0*0052 


0*0052 

== = 0*374 

X 0*0139 

the required angle is 37*37®. 
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1 . Construct 

2 . Construct 

3 . Construct 

4 . Construct 

6. Construct 

6. Construct 
tueasurernent its 

7 . Construct 
and tangent. 

8. Construct 
and tangent. 


Examples. — VIII. 

an angle of 40°. Find by measurement its sine, cosine, and tangent, 
an angle of 140°. Find by measurement its sine, cosine, and tangent, 
an angle of 220®, and find its sine, cosine, and tangent, 
an angle of 310®, and find its sine, cosine, and tangent, 
an acute angle whose sine is and find its cosine and tangent, 
an angle in the second quadrant whose sine is and find by 
cosine and tangent. 

an angle in the third quadrant whose sine is — and find its cosine 
an angle in the fourth quadrant whose sine is and find its cosine 


16 . To find the Sine, Cosine, and Tangent of any Angle from the 
Tables. — The results of the last paragraph give us the method of finding 
the trigonometrical ratios of an angle of any size from tables which give 
the values of these ratios for angles between 0° and 90°. 

Draw a figure showing how the angle 
y is generated, and thus find in what quad- 

rant the generating line OP lies ; then 
look up in the tables the numerical values 
of the sine, cosine, and tangent for the 
acute angle which OP makes with X'OX, 
y \ and before these place the proper signs 

N:' ^ 0 \ 2.S found in the last paragraph. 

/ Example (i). — Tb find from the tables the 

/ values of sin 242® and tan 242®. 

““ In the figure, O P is in the third quadrant. 

/ —NP 

f sin 242® = - Qp = — sin NOP = — sin 62® 

P = — o ‘8829 from the tables 

-NP . , , „ . 


tan 242° = 

Example (2 ). — Find the value of cos (—200®). 


= + tan 62® = 1*8807 


X'lN 
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The generating line OP is in the second quadrant 

-ON 

cos (— 200°) = -Qp- = “■ COS PON 
= — cos 20° = — 0*9397 

When we require to find a trigonometrical ratio of an angle which lies 
between two consecutive angles in the tables, we assume that a small change 
in the ratio is proportional to the change in the angle, and proceed as 
follows ; — 

Example (i). — To find sin from the tables, 

We find from the tables 

sin 16° = 0*2756 
sin 15° = 0*2588 


difference for 1° = 0*0168 
difference for o'8° = 0*8 X o*oi68 = 0*0134 

Adding this to sin 15°, we get 

sin 15*8° =0*2722 


Example (2). — To find cos 221*4°. 

We have cos 221*4° = —cos 41*4°. 

From the tables 

cos 41° = 0*7547 
cos 42° = 0*7431 


Difference for 1° = o*on6 
/. difference for 0*4° = 0*00464 

Since the cosine of an angle decreases as the angle increases, this difference must be 
subtracted from cos 41°. 

We get cos 41*4° = 0*75006 
cos 221*4° = — 0*7501 

A graphic method of finding the ratios of an angle which lies between two given 
values, by means of squared paper, will be given in Chapter VII. 


Example (3). — To find the angle between 0° and 90° whose sine is 0*6070. 
We find from the tables 

sin 38° = 0*6157 
sin 37° = 0*6018 

Difference for 1° = 0*0139 

Thus the required angle lies between 37° and 38°. 

Let the required angle = 37° 4 - :«^° 

Then sin (37° 4- x°) = 0*6070 
sin 37° = 0*6018 

Difference for or® = 0*0052 


, X 0 * 00^2 

• . - = — = 0*374 

I 0*0139 

A the required angle is 37*37°. 
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16, Trigonometrical Katios of Angles of Equal Numerical Magni- 
tude but Opposite Sign. 

Let OP and OP' make angles 9 and — 9 with OX. 

Take OP = OP' = r. 


Y 



Fig. 8. 


Then for the points P and P' the 
values of x and r are always the same, 
whatever the value of 0, while the values 
of y are of equal numerical magnitude 
but opposite sign. 


sin ( — = 


cos (~d) = 
tan (-0) = 


NP' 

OP' 

ON 

OP' 

NP' 

ON 


-NP 

OP 

ON 

OP 

- NP 

ON 


= - sin 


= + cos < 


- tan e 


An even power of any quantity does 
not change sign when that quantity 
changes sign, while an odd power of 
any quantity does change sign with that 
quantity. By analogy, we say that sin 9 
and tan 9 are odd functions of 0, be- 
cause they change sign when 9 changes 
sign, while cos 9 is said to be an even 
function of 9 because it does not change 
sign with 9. 


17 . Angles whose Generating Iiines lie between Two Quadrants. 

L Ratios of o®. 

Let XOP = 0 be a very small angle. 
Then for the point P is very 
nearly equal to r, and / is very small. 
Now let OP move down towards OX. 
Then, as 0 gets nearer and nearer to 
the value o®, x gets more and more 
nearly equal to r, and gets more and 
more nearly equal to o. 


/. cos 0 = ~ approaches the value i 
r 



Fig. 9. 


Y 



and may be made as nearly equal to i as we 

y 

please by taking 9 small enough, while sin 0 = - 

and tan ^ approach the value o as 0 diminishes. 

Accordingly, although we cannot construct an 
angle of o®, we may still say that 

sin o® = o, cos o® = i, tan o® = o 

11. Ratios of 90®. 

Suppose OP to be approaching OY, so that 
0 = XOP is approaching the value 90®, 

Then / is getting more and more nearly equal 
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to r, so that sin = -^ is approaching the value i, so also x is getting more 
and more nearly equal to o, and cos ^ ~ is approaching the value o. 

y 

Next consider the value of tan 0 = 


I and X = , then tan 0 = 1,000,000 

1.000. 000’ ’ ’ 

I and X = , then tan 0 = 10,000,000 

10.000. 000 ’ ' 

I and X = , then tan $ = 100,000,000 

100.000. 000’ ’ 

and so on. 

Thus by taking x small enough, and consequently B sufficiently near to 
90°, we can make tan 6 greater than any number that can be thought of. A 
quantity which is greater than any number that can be thought of is said to 
be infinite, and is denoted by the sign 00 . 

We thus get the results 

sin 90® = I, cos 90® = o, tan 90® = 00 

Ui. Ratios of 1 8o®, 


Suppose^ = 
Suppose = 
Suppose^ = 


Y 



As OP approaches OX' — 

and 0 approaches the value 1 80® 

and^' w „ o 

as before we get 

sin 180° = o, cos 180® = — - = — I, tan 180® = o 
’ r 

IV. Ratios of 270®. 

As OP approaches OY', and B approaches the value 270® 

X approaches the value o 
and^' „ 

and we get sin 270® = ~ - = — i, cos 270® = o 
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By proceeding as in the case of 90° we get, if we suppose OP to approach 
OY' from the third quadrant, tan 270® = +00. 

We may here notice that if we suppose OP to approach OY from the 


Y 



second quadrant in finding the value of tan 90®, the value of x is negative, 
and we gel tan 90° = — 00 . 

Thus the tangent of an angle gradually increases from o to 00 as the angle 
increases from o to a right angle, and then makes a sudden change to -00 
as the angle passes through the value 90° 

So also the tangent changes from to — co as the angle passes through 
the value 270°. 


Examples.— IX. 


Draw figures to show the angles in the following examples, and find from the 
tables the sine, cosine, and tangent of each : — 


1, 175®, 210®, 320®, 400®. 

3 . 159®, 23S®, 294®, 516®. 

6. 23®, 123®, 233®, 3x2®, 383®. 

7 . -73^ -ifio®, -250®, -403®. 


2. 163®, 213®, 310®, 505®, 1200®. 
4 . 163®, 210®, 100®, 200°, 300®. 
6. 113®, 211®, 265®, 293°, 310®. 

8. -131°, -283® -791° 


Find the values of the following : — 

9 . Sin 267®, cos 267®, tan 267®. 10 . Sin 133*3®, cos 133*3®, hin 133*3®. 

11 , Sin 22X’4®, cos 22i'4®, tan 221*4®. 12 . Sin 3x1*2®, cos 311*2®, tan 3x1*2® 

13 . Sin 121*2®, sin 212*6®, sin (—82®). 

14 . Give the values in degrees, correct to one-tenth of a degree, of the following : — 

bin-^ 0*2x47, sia~i 0*8634, cos-^ 0*3859, tan-^ x*2985. 

15 . Find the values of the following expressions ; the angles are given in 
radians p - — 

tan 5 ™, sin 2*53, cos 5, cos 3*42, sin C-i*57x), cot (-2*34) 
o 
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16 . Find the values of cos (3^ — 1) for the cases where x = i radian, and 
X ==■ S radians respectively. 

17 . Find the value of sin {cf -{-g), where c = 60Q, /= 0*1, g= -•o*i745, and the 
angle (c/ + g) is expressed in radians. 

18 . Find the value of sin {ci where c = 400, / = o'or, g = 1*1170. 

19 . Construct angles of 2 and 3 radians, and find from the tables their sines, cosines, 
and tangents. 


18 . Complementary Angles. — If the sum of two angles is a right angle 
they are said to be complemen- 
tary angles, and each is called Y 
the complement of the other. 

To find the relation between 
the ratios of an angle and of its 
complement. 

Let XOP = e he any acute 
angle. Then in the figure 

NOP 4 OPN = 90® 

and OPN is the complement 
of d. 

Accordingly we shall get the 
values of the ratios of the com- 
plement of 0 by interchanging x 

and y in the values of the ratios of e given in the definitions on p. 1 1. 



sin (90° — ^) = sin OPN = ~ = cos d 

cos (90° - e) = cos OPN = -^ = sin 0 

tan (90° — ^) = tan OPN = j - cot e 

sec (90° — 9 ) = sec OPN = - = cosec 9 

These results may be expressed in the statement — 

Any ratio of an angle is eqLual to the co-ratio of its complement. 

This property of complementary angles is made use of in the tables. 
Each angle between 0° and 45° on the left-hand side is opposite to its 
complement on tlie right-hand side, so that the column for any ratio of 
angles from 0° to 45® will also serve for the co-ratio of angles from 45° to 90° ; 
e.g, the column of sines for angles from o® to 45° is the same as the column 
of cosines for angles from 45® to 90® thus o’4848 stands as sin 29° and also 
as cos 61®. 

This property of complementary angles may also be proved for angles of 
any size. As an example the student should prove it for the case of angles 
between 90® and 180°. 


^ 19 . Supplementary Angles. — If the sum of two angles is 180® they are 
said to be supplementary angles, and each angle is called the supplement of 
the other. 

To find the relation between the ratios of an angle and of its supplement 
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If OP generates an angle supplement of 6 which is equal to i8o°—0, 
will be generated by a straight line OQ, rotating, first from OX to OX' 


Y 



through an angle of i8o° in a positive direction and then backwards throug^h 
an angle X'OQ = in a negative direction, so that XOQ is the supplement 
of 

Thus, as OP starts from OK to generate the angle 0, OQ starts at the 
same instant from OX', and the two lines rotate round O in opposite 
directions at the same rate, crossing each other at OY and OY'. 

It follows that whatever the value of 6 the values of y and rare the same 
for the two points P and Q, while the values of x are numerically equal, hut 
of opposite sign. 


sin (i8o® ~ i 
cos (i8o® ~ i 
tan (i8o° - i 


MQ _ ^ 


OQ 

OM 

OQ' 

MQ . 

OM 


OP 

- 2 !!? 
OP 

ON 


sm 


= ~ cos # 


= — tan ^ 


Note in particular that — 

The sine of an angle is the same as the sine of its supplement ; 

The cosine of an angle is equal in numerical magnitude but opposite in 
sign to the cosine of its supplement. 


20, Formula connecting the Itatlos of an Angle. 

From the definitions of the trigonometrical ratios we get the following 
relations ; — 


. r 
sec ^ - 

jr 


I _ I 
r"" cos ^ 


• (I) 


r 


Trigonometry 


21 


cosec 8 


cot d 


sin 8 
cos & 


r _ I 

y~l 

r 

£_ I 

y J 

X 

y 

£ X 

r 


1 

sin 8 

I 

tan 8 


tan^ 


( 2 ) 

(3) 

(4) 


Example (i). — To verify from the tables that cot 56° = 

^ Examples in the verification of these formulae are given in order to fix them in the 
mind of the student. The details of the calculation should be set down in fall, as in 
this example, so that the student may obtain a knowledge of the limits of accuracy in 
working with four-figure tables. 

From the tables we get tan 56® = 1*4826. 

log 1*4826 = 0*1711 
log I = 0*0 

The tables give cot 56® = 0*6745 


cot 56® = 


I 

tan 56® 


within the limits of accuracy of the tables. 


Example (2). — Verify from the tables that = tan 31®. 

' cos 31® ® 

From the tables 

sin 31® = 0*5150 ; log 0*5150 = £7118 
cos 31® = 0*8572 ; log 0*8572 = 1*9331 


" ~ o'fioo* 

From the tables tan 31® = 0*6009 


• sin 31® 
** cos 31® 


= tan 31® 


Example (3). — To find the angle whose tangent is 82*7 correct to one-tenth of a 
degree. 

The angle is evidently between 89® and 90®, but cannot be found directly from the 
tables since tan 90® = c» . 

We know, however, ^t, if x® be the required angle, 

tan (90® — X®) = cot a: = — = 0*0125 

’ tan af 

The tangent of a small angle is very nearly proportional to the angle, and 
therefore we may find the tangent of (90® — x°) from the tables. 
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We have tan i° = 0*0175 

**. 90® — = 0*69® 

^ 0*0175 ^ 

/. j^-89‘3^ 

21 . In Fig. 13, p. 19, we have by elementary geometry, since ONP Is a 
right angle, 

3^ + y = ^ (5) 

Dividing by we get 

j/2 ^ 

■pi + ^2 == ® 


cos^ B + sin^ e =z I 


Dividing (5) by we get 


^2 

r + 


I + tan^ e - sec’* » 


Dividing (5) by^'^ we get 


y + 1 -y 

/. cot^ « 4- I = cosec® I 


Examplk (i). — To verify the formula { 6 ) for the case when 6 = 40°. 

We find from the tables 

sin 40® = 0*6428 ; cos 40° = 0*7660 

,% sin^ Q + cos® 0 = (0*6428)® 4 (0*7660)* 

= 0*4130 4 0*5866 
= 0*9996 

= I to an accuracy of 0*05 % 

By means of these formulae, if one ratio of an angle is given, all the others can 
be found. 

Example (2). — Given sin 6=0*2 ; find cos 6 and tan 6. We shall assume that 6 
is less than 90®. 

We have by (6) sin* 6 4 cos* 6 = 1 

/. cos® 6 = 1 — sin® 6 = 1 - (0*2)® = I — 0*04 = 0*96 
cos 6 = V'96 = 0*98 

, ^ ^ sin 6 0*2 

and tan 6 = -_ = - = 0*204 

cos 6 0*98 


We may also proceed as follows 


Draw the triangle OPN so that OP 
= r = I, and PN = 0*2, to any con- 
venient scale, and ONP is a right angle. 

Then sin NOP = 0*2 
NOP = 6 
and since x'- 4 = r® 

jr® = r® — = T — 004 = 0*96 
X = ^/?9^ = 0*98 

X 

and cos 6 = ~ = o*q8 
r 

tan 6 = =s 0*204 

X 0*98 ^ 
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If tan t i>. given in the first instance, vie may find see & from the formala (7) : 
cos & is then given by (i), and sin B isy {4). 


Examples.— X. 

1. Verify from the tables that sin* B + cos= & = 1 for the ca^e when 5 1 

• S’l 

2. Verify by numerical calculation that = tan 2^®. 

' cos 23® ^ 

3. Verify that i + tan* 25® = sec* 25®. 

4 . Verify that cot S5° = 


- j jjo 

5. Verify that i + cot* 0 = cosec* B for the case when B = 25®. 

0. The sine of an angle is 0*3 ; construct the angle, and find its cosine and 
tangent. 

7. The cosine of an angle is 0*25 ; find its sine and tangent. 

8. The tangent of an angle is 2 ; find its sine and cosine. 

9. Sin $ = 0*5341 ; find cos B and tan 0. 

10. Cos B = 0*4746 ; find sin B and tan B, 

11. Sec B = 7*9604 ; find sin B, cos 0, and tan &. 

12. Construct an angle whose tangent is |, and find its sine and cosine. 

13. Sin B = 0*350 : find cos B and tan 0. 

14. Construct an angle whose sine is and find its cosine and tangent. 

15. Construct an angle whose tangent is |-|, and find its sine and cosine. 

16. Construct an angle whose secant is and find its sine, cosine, and tangent. 

17. Construct an angle whose cosine is JJ, and find its sine and tangent, 

18. Construct an angle whose tangent is and find its cosine and sine. 

19. Construct an angle whose cotangent is and find its sine and cosine. 

20. If tan f = find sin and cos 

21. If X* 4*/^ 4- 3* = and cos 0 = find sin B and tan @ in terms cf x, j, and », 


CHAPTER III 


SOLUTION OF TRIANGLES 


22. A triangle may be considered as made up of three sides and three 
angles. These are called the six parts of the triangle. When any three 
of the six parts are given, one given part being 
a side, the triangle can be constructed and the 
remaining parts found. The process of finding 
the remaining parts when three are given is 
sometimes spoken of as solving the triangle. 

We use A, B, C to denote the angles of the 
triangle ABC, and 3, c to denote the sides 
opposite to the angles denoted by the correspond- 
ing letters ; thus a denotes the side BC opposite 
to the angle A. 



23, Solution, of Right-angled Triangles. — If it is known that one of 
the angles, C, is a right angle, this part of the triangle is known, and we 
require to know two other parts, one of which must be a side, in order to 

solve the triangle. 

I. Let one of the angles, and one of the 
sides containing the right angle, be given as 
A, a. 

Then we have 

A 4- B -f C = and C = 90° 

/. A + B = 90"^, and B = 90® - A 

Thus B is determined. 
d 



Also ™ = cot A, and 
a 


^ ^ cot A 


Thus b is determined. 

a 


To find c we have — = sin A, and c — 
c * 


sin A’ 


i and c is determined. 


Example. — Le^ ^ = 2*7 ft., B = 54®. Solve the triangle. 

Wc have A -f B = 90® ; A = 90° — B = 36° 

- = tan B : ^ = a tan B = 2*7 tan 54® = 2*7 X 1*376 = 3*715 ft 

a 

Also^=smA; = = ^8=4-59 ft 

A A = 36®, b = 3*715 ft., r = 4'59 ft. 

The student should draw the triangle ABC to scale from the given data, and find 
the values of b, e, and A by mcasurcineiit. 
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II. Let one of the angles and the hypotenuse be given as A, c 
Then, as before, B =: 90° - A. 

= cos A h = c cos A 

“ = sin A *. a = c sin A 

c 

Thus B, and a are determined. 

Example. — JUt c = 3*4 ft., B = 29°. Solve the triangle, 

Wc have A = 90° — B = 61® 

a = f cos B = cos 29® = 3*4 X 0*8746 = 2*975 
^ ^ sin B = r sin 29® = 3*4 X 0*4848 = 1*649 fL 

A = 6i®, a = 2*975 fL» ^ = 1*649 ft* 

The student should verify these results by construction and measurement. 

III. Let the two sides containing the right angle be given as t. 

Then tan A = ~ 

B = 90° - A 

- = sin A, and c = — r 
c sm A 

or ^ = a/ 

Thus A, B, and c are determined. 

Example. — Let a = 3*4 fLy 3 = 2*6 ft. Solve the triangle, 

'■307 = tan52-5'> 

A = 5 2-5°; B = 9 0° - 52-5° = 37-50 

£ = sja- 4- ^* = V3*4* + 2*6* = 4*28 ft. 

/. A = 52*5®, B = 37*5®, ^ = 4*28 ft. 

Verify by construction and measurement. 

IV. Let the hypotenuse and one other side be given as r, a. 

Then sin A = — 
c 

B = 90® — A 
b 

~ = sm B b ^ c sin B 

or 4. ^2 = ^ ^ ^ 

Thus A, B, and h are determined. 

Example.— Z^ f/ e = 5*4//., b = 2*6 ft. Solve the triangle. 

We have sin B = - = ^ = 0*4815 sin 28*8®, and B = 28*8® 
c 54 

^ = 9 0° ~ 2S *$® = 61*2® 

a = aJ<^ — 3^ = 29*16 — 6*76 = 4*73 fl. 

B = 28*8°, A = 61*2®, a = 4*73 ft 

Verify by construction and measurement 
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Examples. — ^XI. 

ABC is a triangle having a right angle at C. Solve the triangle, having given the 
following data. In each case verify your result by construction and measurement. 


1. A = 32® ; = 1*7 ft. 

3 . B = 49® ; £■ = 2*7 ft. 

5 , ^ = 55 ins. ; € = 167 ins. 


2 . A= 56'^; 

4 . 3 = 3*4 ins. ; « = 2*7 ins, 
6. a = 32 ins. ; r = 98 ins. 


24, Tlie Sides of a Triangle are Proportional to the Sines of the 
Opposite Angles. 



B 





1 


In the triangle ABC draw AN perpendicular to BC or BC produced 
Then in both figures 

I O an . ^ AN 

sin B = — ; sin C = 


* j- ‘j* X sin B 

dividing we get • 


c 

AN 

b 


that 


Similarly, by dropping a perpendicular from B on AC, we may prove 


and similarly 


sin C . 
sin A 
sin A 
sin B 


. c 
a 

. ^ 
’’b 


ao 


Thus the sides of a triangle are proportional to the sines of the opposite 
angles ; or 

a b _ c 

«_ _ _ _ __ _ _ ^ 0 ® • • • 

sin A sm B sin C 

Example. — To verify the formula /. numerically. 

Let ^ = 2, = 3. With any point A as centre, describe two circles of radii 
3 and 2. Draw any straight line DE to cut the circles iu B and C respectively. 
Join AB and AC. 

sin. B 

Measure the angles at B and C, and calculate the ratio Compare this 

. , 1 , b 2. 

with the ratio - = 

c Z . . , 

Then draw the straight line DE in another position, so that it still cuts the two 

circlCsS. Find before, and compare with the ratio -- 

sin C if ^ 
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In an actual case it was found 

B = 34<>;C = 56-4<> 

• ^ 3 4 *^ _ ^* 55 ?^ _ 

sin C sin 56*4° 0*8329 ^ ^ 

while - = S = 0*666 , . , 
c ^ 

Similarly, by drawing DE in other positions, so that B and C arc on the re- 


A 



spective circles, and therefore B and r have always the same values, we find that 
is always equal to-^wdthin the limits of experimental error in drawing. 

This formula may be used in the following cases of solution of triangles. 


25 . I. Given two angles and a side as B, C. A 

Since A + B -f C = iSo®, A = 180“ — B + C, and is determined. 

We now know all three angles. 

To find we have 

sin B • * ^ ” ^sin 8 

and can be calculated, since all quantities on the right-hand side of this 
equation are know-n. 

To find a wq have 

a sin A ^ ^ sin A 

^ ^ sin B • * ^ sin B 

We have now expressed A, <r, and a, in terms of known quantities. 

Example. — In tiu triangl/ ABC given, B = 49®, C = 63®, b = 36*3. Find A, 
r, and a. 

In this and subsequent examples the logarithmic working has been shown ia full, 
as an example to the student of how his work should be set down. 

Since A + B + C = 180® 

A = x8o® - (B + C) = i8d» - to® -f 63®) = 68" 
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To find a we liave 

a _ sin A . 
b sin B ^ 


^ ^ sin A _ 36*3 sin 68*^ _ 36*3 x 0*9273 

sin B sin 49® 0*7547 

log 36*3 = 1*5599 
log 0*9272 = 1*9672 


^ j '5271 

log 0*7547 = 1*8778 

log a = 1*6493 = log 44*60 
a = 44*6 

To find £ we have 

g _ sin C . _ ^ sin C _ 36*3 sin 63*^ _ 36*3 X 0*8910 

b sin B * * ^ ” sin B sin 49 ® 07547 

log 36*3 = 1*5599 
log 0*8910 = 1*9499 

1*5098 

log 0*7547 = 1*8778 

log c — 1*6320 = log 42*85 
A £ = 42*85 

Thus the required values are 

A = 68®, £ = 42*85, a = 44*6 

The student should construct the triangle from the given values, and find the 
values of a and b by measurement. 

The percentage error of the measured as compared with the calculated value 
should be found and stated. 

26 . II. Given two sides and the angle opposite one of them, as 3 , B. 

Draw AB equal to the given value of c. 
Make the angle ABC equal to B. With 
centre A and radius equal to the given 
\h value of b describe a circle. This will in 

^ general cut BC in two points, C, 0 \ 

C/ \C ^ less than these points are both 

— on the same side of B- Join AC, ACh 

Thus there are two possible triangles, 
ABC, ABC^, having the given values of 
c, and B. 

If h is greater than <r, only one of the points of intersection, C, is on the 
same side of B as the given angle ABC. 

In this case there is only one triangle satisfying the given conditions. 

If the circle of radius b touches BC the two triangles ABC and ABC^ 
coincide, and we have a right-angled triangle ABC. 

If we find that b is shorter than the perpendicular from A to BC, the 
circle will not reach the line BC, and there is no possible triangle having 
the given values of and B. 

Whenever two sides and the angle opposite one of them are given,^ the 
student should first draw the figure to scale ; he will then see what solutions 
to look for. 

To solve the triangle by calculation we proceed as follows : — 


/. sin C = 


c sin B 
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Since c, 3 , and sin B are known, this gives sin C. Since angles in both 
the first and second quadrants have their sines positive, this value of sin C 
may correspond to either of two values of C, one the acute angle ACB, and 
the other its supplement, AC^B. 

In Fig. 20, for example, we should find from the tables the value of ACB 
corresponding to the value of sin C, but the angle AC^B, which is the 
supplement of ACB, has the same sign, and is a possible solution. The 
figure will always show what values to take. 

Taking first the acute angle ACB as the value of C, we now have 

A = 180® ~ (B + C) 

The side BC may now be found from the formula 

/z sin A . _ 3 sin A 

~3 ^ sSTb sin B 

We have now found all the parts of the triangle ABC. 

Similarly, taking the obtuse angle AC^B as the value of C, we may solve 
the triangle AC^B. 

Example (i). — thi triangle ABC, given = 5*631, <“ = 473^» B = 47 ®, 
findO. 



By construction we find that there is only one possible solution. 


sm C _ ^ 
We have — 5 ~ Y 
sm B o 


sin C = 


csin B ^ 473 2 X 073H 
5*631 


log 4732 = 2:^75^ 
log 0*7314 = 1*8641 

0*5392 

log 5*631 = 0*7506 

log sin C = 1*7886 = log 0*6146 
A sin C = 0*6146 sin 38° = 0*6157 

sin 37® = 0*6018 sin 37® = 0'6orS 

difference = 0*0128 difference for i® = 0*0139 

.% C = (37 + = 37*9® 


Verify by construction and measurement. 


52A6 
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Example [a).— Given a = 3 = 31*6, A = 2^^ ^ find B and O. 

By construction we see that there are two possible solutions. 


W e have 

,*«, sin B = 


sin B _ ^ 
sin A a 

— ^ ^ — 31*6 X 03907 

25*2 



log 31-6 =£’4997 

logo-3907 = 1-5919 

i ’09 i 6 
log 25*2 = 14014 

log sin B = 1*6902 = log 0*4900 
sin B = 0*4900 = sin 29*3° 
and B = 29*3® 

This is the angle CBA=CB^Bin the figure, 

CB’A = 180° - CB'B = iSo® - 29*3® = 150-7® 

and the possible values of B are 29*3® and 150*7°. 

If B = 29-3° C = 180° - (A + B) = 127*7® = 

If B = 150*7®, C = 180® - (A 4 B) = 6-30 = ACBi 

Compare these results with the values found by construction and measurement. 


Examples. — XII. 


Solve the triangle ABC completely when the following data are givens— 

1. A = 28” B = 35®, c = 6 . 2 . A = 58®, B = 73°. i = 3-4i- 

3 . A = 75°, B = 43®, b = S462 yds. 4 . A = 85®, B = 42°, a = 4-65, 


Given — 

5. 3 = 5-631, 2= 4-732, 


B = 


47®, find C. 
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11. a = 3'2i, B = 2*65, B = 31®, find A, O, and c. 

12 . a = 256 ft., A = 64®, B = 31®, find d and c, 

IS. ^ = 3, = 4, A = 32°, find B, C, and c. 


Solve the triangles in which 

14 . a = 2*561, £ = 3*261, A = 41®, 

15 . A = 120®, C = 29®, d = 252 yds. 

1 ®. = 35*6, B = 47*2, B = 55®. 

Given — 

17 . a = 2*71, c = 3*75, C = 64®, find B and A. 

18 . = 2*1, B =: 3*4, A = 32®, find B and O. 
10. B = 4*6i, £• = 3*74, C = 41°, find A and B. 


27 . = a® + ^ — 2aB cos C. 

In the triangle- ABC let two sides a and and the angle C between them, 
be given. To find the remaining side c. 

Draw BN perpendicular to AC. g 

I. Let the angles A and C be acute. 

Then, since BNA is a right angle, 

AB2 = BN^ -f NA^ = BN^ + (AC - CN)* 

= BN^ + CN 2 + AC^ - 2AC . CN 
= BC^ + AC 2 ~ 2AC . CN C 

But AB = c ; BC = a ; AC = B 

^ CN _ 

and = cos C ; 



Fig. 23. 


CN = <2 cos C 
substituting — zab cos C 

II. Let the angle C be obtuse. 


( 11 .) 



AB^ = BN 2 + AN 2 = BN 2 + (AC + CHf 
= BC^ + AC 2 + 2AC.CN 

But CN = a cos BCN = a cos (180® ~ C) = — a cos C 
/. substituting — or + b^ — zab cos C 


(§ 19)- 


A simpler proof of this formula will be given in Chapter XXL, on 
Vector Algebra. Similarly, we may prove that 

^2 - ^2 ^ _ 2 bc cos A 

and — zca cos B 

If the three sides of a triangle are given, we may use these formulae to 
Bnd the angles ; e.g, from I. we have 


cos C = 


^2 4. ^ , ^8 

zab 
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Example {i).— Given a = 3*412, b = 2735, ^ 

^ z=i -Y b~ — zab cos C 

= (3-412)- + ( 2 * 735 )’' “ 2 X 3*412 X 2735 X o' 573<5 

log 3*412 = 0*5331 log 2*735 = 0*4370 

2 2 


log (3*412)^ = 1*0662 = log 11*65 log (2*735)* = 0*8740 = log 7*482 

log 3*412 = 0*5331 
log 2*735 = 0*4370 
log 2 X 0*5736 = log 1*1472 = 0*0596 


log 2^3 cos O 1*0297 = log 10*71 

/. r* = 11*65 + 7*482 — 10*71 = 8*422 

c = V8*422 
log 8*422 = 0*9254 
log ^8*422 = 0*4627 = log 2*902 
/. C = 2*902 

Compare this with the value obtained by construction and measurement. 


Example (2). — Given a = 10, 3 = 5, f = 5*86, find the angles. 

We have ^* = — 2 .ab cos C 

^2 4. _ ^2 1^2 4, ^2 _ ^.gg, 

cos C = 7 = ^ 

2 .ab 2 . 10 , 5 

100 + 25 — 34*34 __ 

= _ 0-9066 = cos 25<> 

/. C = 25® 


To find B when C has been found, it is better to use the sine formula I., as it is 
more suitable for calculation with logarithms. 

sin B _ 3 

We have 

sin C c 

r 5-86 

2*1130 ^ ^ . 

= = 0*3606 = sin 21*1® 

B = 21*1° 

A = 180® - (B 4- C) = 180® - 46*1® = 133*9® 


.*. the required angles are 


A = 133*9^ B = 21*1® C = 25® 


Compare with the values obtained by construction and measurement, and find the 
percentage errors. 

Note that the error of the graphic method is often considerable with small angles, 
especially with angles less than 30®. 


Examples.— "XIII. 

1. a = 3*2, 3 = 4*31, 0 = 56®; find<r. 

2 . a = 3, 3 = 5, C = 42® ; find r, A, and B. 

8. a = 1*3, 3 = 4'5» C = X57*5 ; find A and c, 
4 . a = 3*412, 3 = 2*735, C = 55® ; find r. 
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tj ^ 3*74^N C — 7^^ » find c, 

B, s ^ 4’55^'\ ^ C = 42^ ; find c, 

7 , a = 5’i’34. £ = 27 iS, B = 69® ; find 3 . 

8. ^ r= 34fi"i ftj ^ = 200 ft,j A = fo® ; find a. 

S. 3 = 231, r = 4325 A = 37® ; find a. 

10 . c2 = 5*62, 3 = 371, C = 65® ; find «r. 

11 . 3 = 322 yds., r = 254 yds., A = 53° ; find a. 

12 . ^ = 331 yds., c = 567 yds., A = 70® ; find &. 

13 . a = 5, ^''= 4, C = 59® ? find B and A. 

14 . ^ = 3*6, ^ = 23, r = 4*9 ; find the angles. 

16 . ^ = 5, ^ = 7, f = 9; find A. 

16 . ^ = 51 yds,, ^ = 62 yds,, C = 72° ; find c. 

17 . a = 2, ^=3, c = 4; find the angles. 

18 . a = 532, 3 = 374, t* = 436 ; find the angles. 

19 . a = 31 ft., ^ = 42 ft,, C = 62® ; find c. 


28 . Area of a Triangle. — To find the area of a triangle in terms of any 
two sides and the angle between them. 

Let a, and C be given. g 

Draw BN perpendicular to AC. 

Then — = sin C, and BN = a sin C* 
a ^ 

Area of triangle = I (base x height) 

= BN 

= . a sin C = I sin C 

Similarly it can be proved that 



Area of triangle = |A" sin A = Jtcz sin B 

_ |l (product of two sides into sine of 


angle betw’een them) 


. (IIL) 


Example, — In iriangle ABC, a = 223 ins.^ B = 35"6 C = 49®, 

find ikt area. 

Area = sin C = | x 223 x 35*6 sin 49® 

= irisx 35 * 6 X 07547 
log 105 = 1*0472 
Lg 35 = £' 55*4 
log 07547 = 1*8778 

log sin C) = 2*4764 = log 299*5 
Area = 299*5 square inches 


29 . Given three sides of a triangle, to find its area. 
W c have area = ^ oB sin C 
+ 


The relation cos C = 


2ii3 


gives cos C in terms of the sides. 


From this wc find sin C = — cos^C, and substitute in the formula fm 

the area. 


Exampi.E.- — 7> Jind ike area §f a triangle whose sides 3, and e art 4 , 3 , and 
2 ins. in length respectively, 

D 
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^2 4. ^2 - ^2 j 5 ^ 9 _ 4 

5 r~ * 

sin C = Vi — cos* O = aJi — = o'4S4.i 

/. area = sin C 

= 1.4.3. 0-4841 = 2*9046 sq. 

Verify by construction and measurement. 

It may also be proved that the area of a triang-le is equal to 


aJs{s — a) (s - bX^ — 


where s = 


4 “ <5 + ^ 


We shall here show that this formula is equivalent to the preceding. 


We have s — a : 


^ 4 “ ^ 4 “ 


b 4r ^ a 


. a — b 

similarly x — ^ j ~ ^ = 


2 

4- <5 — c 


^s(s - 2)(j-^)(^ - r) = iV(^ + ^ 4 -^Xa 4 '^~/^X^“^ 4 -^)(-fl: 4 -H^) 

= :J V •+■ 2 A2 4- 'zd^b)^ ^ ty 

multiplying out 

= 4" 4* 4- 2d^b'^ - 2 ^ 2 ^ - 

= V I " <^os^ C = sin C 

= area of triangle ABC, as already proved 

Example . — In the example, p. 33, we have 
a^ 4 ,,h-i,c^Z 
j=l±i±f = 4-5 
j — tf = 0'5;x-^ = I*5; = 2' *; 

area ~ aJs{s'- a){s — ^)(j — e) 


= V4*5^o'5x 1-5 X 2-5 


= iV 9 ><5x3x1 = f V15 = 2 '9046 

which agrees with the value found in the above example. 


Examples. — XIV. 

Find the area of the triangle ABC, when the following data are given: — 
1 . a = 3572 ft., b = 4621 ft., C = 59®. 

S, a = 2784 ft, h = 3685 ft., C = %2^. 

5. f = 31*6 ft., a = 21*25 ft., B = 16®. 

4 . ^ = 331 yds,, ^ = 567 yds., A= 76®. 

6. = 562 ft., b = 343 ft., C = 65°. 

6. 0 = 3% yds., ^ = 62 yds., C = 72®. 

7 . 4f = 5 ft., ^ = 7 ft, f = 9 ft. 
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9 , a = 3*5 ft., b = 2*7 ft., c = 4*3 ft. 

9 . ^ = 2*5 ft., 3 =: 3*8 ft., = 2*3 ft. ; find B and the area. 

10 . a — 4*32 ft., b = 6*71 ft., c = 9*32 ft. ; find C and the area. 

11 . « = I ft., ^ = 3 ft., c = 2'5 ft. ; find the three angles and the area. 

12 . = 5 ft., ^ = 6 ft., ^ = 7 ft. ; find A and the area. 

13 . Prcjve the relation 

sin A _ sin B _ sin C 
a b c 

by means of the formula TIL, for the area of a triangle. * 


30 . Miscellaneous Problems on Solution of Triangles. 

Definition. — The elevation of an object which is higher than the 
eye of the observer, is the inclination to the horizontal of the straight 
line joining the eye of the observer to the object. 

If we suppose a telescope to be first horizontal, and then to be turned in 
a vertical plane till the top of a hill can be seen through it, the angle through 
which it is turned is the elevation of the top of the hill. 

The depression of an object which is lower than the eye of the 
observer is the inclination to the horizontal of the straight line 
joining the eye of the observer to the object. 

If a telescope is placed in a horizontal position on the top of a hill and 
then turned downwards in a vertical plane till some object below can be 
seen through it, the angle through which the telescope is turned is the 
depression of that object. 


Example (i). — A and B are two points in the same horizontal plane^ and in the 
same straight line^ with the foot of a tower, CD. From B the elevation (f the top C of 
the tower is 23° ; from A it is 39^. AB = 50^?. Find the height of the tower and its 
distance from A. 


Let the height, CD, of the tower be h, and let ^ 
AD = X. 

AD X 

Then ” 4 = 39 ° == 1*2349 

DC ^ DBC=cot 23 °= 2 - 35 S 9 D 

»ubuacting, ^ = i-i2io 



B 

Fig. a6. 


1*1210 


= 44*6 ft. 

x-hx 1*2349 = 55*1 ft. 

height of tower = 44*6 ft. Distance from A = 55*1 ft. 


In problems on the solution of triangles, the student should, whenever possible, 
verify his results by construction to scale. 


EXAMFI.E {2).--Fyom the deck of a ship the elevation of the top of a mountnin is 
^ 6 ^, and from the masthead it is 44®. 7 'he mast is 120 fi. high. Find the height of the 
mountain above the deck. 

In the figure, AB is the mast ; E is the top of the mountain ; D is a point at the 
level of the deck vertically under E. 
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LetED=//, AD 



We have - = tan 46® = i *0355 

k — 120 ^ o 

= tan 44® = 0*9657 


subtracting, — = 0*0698 


0*0698 

h = X tan 46® = = lySo ft. 

0*0698 * 

Example (3). — The area of the cross-section of a rectangular prism is 92*30 
sg. ms. IVhat is the area of a section making an 
angle of 25® loith the cross-section ? 

(Board of Education Examination, 1904.) 

Let A BCD be the cross-section, ABEF the 
section whose area is required. 



Then 


area A BEF ^ AB. BE ^ BE ^ 
area ABCD AB.BC BC ' 


cos EBC 


Fig. 27<x, 


A area ABEF = = ^^-^ = ioi*8sq.ins, 

cos 25® 0*9063 ^ 

In a similar way it may be shown that, for a prism 
of any shape, 


area of cross-section * 7 . . 

— _ — ~ cos (angle between A and cross-section) 

area of any section A ** ' 


Examples. — XV. 


The foot of the ladder is 
What is the height of the 


1 . A ladder, 35 ft. long, is resting against a wall, 
found by measurement to be 6 ft. 3 ins. from the wall, 
top of the ladder above the ground? 

2 - A vertical cliff is 452 ft. high. From the top of the cliff the depression of a 
boat at sea is 18®. What is the distance of the boat from the foot of the cliff? 

3 . From a boat 1250 ft. from the base of a vertical cliff, the elevation of the top 
of a cliff is observed to be 15®. Find the height of the cliff. 

4 . The shadow of a tree is 37 ft. long when the elevation of the sun is 39®. 
What is the height of the tree? 

6, From a point A the elevation of the top of a chimney is 27®. From B it is 
14®. BA = 120 ft., and is horizontal, in the same straight line with the foot of the 
chimney. Find the height of the chimney. 

6. From a point A on the bank of a river, a post further down the stream on the 
opposite side is seen in a direction making an angle of 58® with the bank. From a 
point B, 72 ft. up the stream, the post is seen in a direction making an angle of 35® 
with the bank. The banks are straight and parallel. Find the width of the river. 

7 . From the lower windows of a building, which are 15 ft. above the ground, the 
elevation of a balloon is 56® ; from an upper window, 92 ft. above the first, the 
elevation is 48®. What is the height of the balloon above the ground ? 

8. Observations to find the height of a mountain are taken at two points, A and 
B, 3521 ft. apart, at the same level, and in the same vertical plane with the top ; the 
elevation of the lop at A is 54°, and at B 37®. Find the height of the mountain. 

9 . From a milestone on a straight road going from E. to W., a distant church 
tower is seen in a direction io° W. of N, From the next milestone it is seen in a 
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direction 15® E. of N. Find the shnrtesf distancj* from th^* rluircli Nj ihr road, aLiul 
the distance from the church to the first milestcuie. 

10 . There is a district in which the surface of the hr re|nualri| ir. a 

sloping plane ; its actual area is 3*246 s'p miles. It is shf»wii <»ii the iiiap as an area 
of 2*875 sq. miles. At what angle is it incline«l ({> the heu iruntai / 

(Ihard of Education Exandiiation, 1^)414 ) 

31 . Example (i). — jFr^m a tdi^raph /Vrr/ A, a honu apprnri 4? be IS*' 

From the next telegraph post B, the house appears to be 20® ir. of AC If the hm BA 

is 88 yds. long in a direction lo® IV. of N., find the distance if 

the house from A. pj 1.1 


Let C be the position of the house. We require to find AC. 
In the triangle ABC we have the side AB erjual to 88 yds. 
We shall find the angles ACB and CBA, and then solve the 
triangle by the formula (I), p. 26. 

We have ABC = 20^ — 10® = 10® 

CAB = 155® 

BCA r:r i8o® - CAB - ADC 

- — 155" — uI 15° 

CA _ .sin ABC srn JcA 
AB sin BCA ;in 15'’ 

• CA ^ 0*1736 

*“ sin 15''^ 0*2588 

log 88 1-9445 

log 0-1736 = 1-2395 

1*1840 

log 0*2588 =*: 1*4130 

log AC = 1*7710 = log 59*02 
A AC =: 59*02 ytls. 



r»o. vn 


Example (2). — At a point C the elamtion of the top of a hnoer is \ V 
D on the side of a hiil^ in the same swf tic al plane ns G and 


the tower, the elevation of the top 


hill from C through D to the foot of the tower 
the horizontal, and the distance OD is 52 ft. 
height of the tower. 


I 'he slope 0/ she 


tt 20 to 
bind the 


I^t AB be the tower of height h. 
Then the angle CAB rr 90*^ — 51 
the angle DAB - 90^ 


72 ^ - 


39" 

18 "* 


CE 

_ sin CAB 
.sin BCA 

_ sin 39® ^ 
sin 31® ' 

.% CB 

h in to® 
fiin 31*' 

DB 

_ sin DAB 

_ sin 18® ^ 

/. DB 

h sin 18® 

h 

sin BDA 

sin 52'' ' 

Mil yf' 


But we have CB — DB 


: CD r 52 ft. 

h sin 29^ ^ 4 sin i8” 
sin 3r” 

>l=r 


mn 39 
iin 3t' 


Mn j 

52 


Mm 


0*^150 


i2 


0^5090 

078 ^ 


Sa 


. Sa 
o* 829 i 


'in 


/!/ a /on fit 


\ 


‘C 


1 10. 


3^ 


Practical mathematics 


logo-6293 =£7989 
logo-5150 = 17118 

0-0871 

= log I -2220 

0-3922 


log 0-3090 = 1-4900 
log 0-7880 = 1-8965 

‘i’-5935 

= log 0-3922 


0-8298 

log 52 = £-7160 
logo-8298 = 1-9190 


log h = 1-7970 = log 62-66 
h = 62*66 ft. 


Example (3). The top ^ 0/ a hill is observed from two jpoints A ajid B, 2150 ft, 

apart. The elevation of P at ^ iz 30°. The 
angles PAB and PBA are 71° and 62° re- 
spectively. Find the height of the hill above the 
level of A. 

In the triangle APB we have given two 
angles and the base AB ; by the sine formula 

tliis and the 

angle PAN we find the height PH =z h 

The angle APB = 180° - 71° ~ 62°*= 47°. 
In the triangle APB 

^ _ sin PBA 
AB 



Fig. 30 . 

Also in the triangle APN 


sin APB 

AP = - AB sin P BA _ 2150 X sin 62® 
sin APB ~ “ sin 47° 


h. 

= sin PAN = sin 30° 


= AP sin 30° = L". 5 . o.sm 62 °_. sjn 30° 
sin 47° 

= ^^50 X 0*8829 X o- t; _ 2150 X 0-441 j 
07314 0*7314 

log 2150 = 3*3324 
log 0*4415 = 1*6449 


2*9773 

log 0*7314 = 1*8641 


logh=z 3*1132= log 1298 
/. h = 1298 ft. 


Examples.— XVL 

1., From a milestone on a straight road goinn from S to N fluo 

milestone, and the shortest distance betvrecn lhe“churcMotrandX\ 
heig^" milestone uIH find its 

a. A tower. PQ, stands on a hiU which is inclined to the horizontal at an angle 
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of i(i'. A! twu pMijjt;, A uu«i B» on th<* sitlr of the bill, anti in the same vertical 
pli’if a. 'he t *i» * i 'hv lsr*vf'r» tie* eh-vatiou . of the top of the tower are 65''* and 79”. 
AB 121 n. 1 ijid the le is'ht <.f rnwer. 

3 . A tree 'tand i on tla: tf<p ot a Iiill whieh has a iinifnrin r.lope of (/* to the 
h«iji7,Miifah At points A and B on tlie hill, in the same veitieal plane as the tree, 
the elevatioiri cif the tftp of the tree are foiiml to be 62*^* and 72® respectively. 
AB I V2 ft. I‘itul tl’e hri dil of the tree. 

4 . ( . atiorvN, to find the height of a rnmintaln are taken at two stations, A and 

B, ft, apart, 'fito elevation of the top P at A is 54”. The angles PAB and 

PBA are (»%"' and 41'’ le* |}ec:tively. Fiml the height of the mountain. 

5 . hind the height in a similar ease to that <»f the last example, when AB 

72>I ft., elevatitm of P at A is PAB r* 35% PBA 49^. 

Ci. I* in I thr hriglit when AB 4^35 tdevation of P at A is 38'^, PAB =5 65®, 

PBA 'Hz'K 

7 . hind the Iteigh! wlien AB 5321 ft., elevation of P at A is 45'’, PAB = 67°, 

PBA 7f. 

S. hind tilt hright when AB 1321 ft., elevation of P at A is 46”, PAB = 61®, 

PBA ■■ ys""' 

8, In a nrvry it u mp.dii d to continue a straight line, AB, jiast an obstacle ; a 
line, BD, irHi ytl'K Ifiiip i . inea aired ;u right angles to AB. Krtun D the lines DP 
an.! DQ jff ’r» <41 o that BDP 4^ ^ BDQ : 5<>A Find the lengths of DP and 
DQ, .0 in, It f^Q may be in the same ntraight line with AB. 

io. ,sbrvr Uoi.aid is seen from Skiddaw in a direction id” S. of W., and from 
.Srifnvfh n in a ilirecpon .jff’ nf S. If the distance in a straight line from Skiddaw 
lo Sn«m’f!M}i h iiH miles in a direcihm iH''^ \V. of S., fiml the dhdance from Skiddaw 
to Mirve Bouard, and from Snowdon to SUeve I tonard. 

1 L A tsr r sinr AB is measured in a dirfction N. to S., and found to be 12$ ydu. 
long. A rhsuf h ifnvf'f apfiears in a direcaion Cxf* W. of S. from A, and 70^ W. of 
N. from B, Fmd the ddsfame ..f the church tower from B. 

12 , A IS n pirfdiead., L is a liglithouse, AL 15 known to be 2*5 miles in a direction 
due S, A sli^p *siih from A to C'in a north-easterly direction. At C the lighthouixt 
fipprais in a direction Ho'" W. of N. How far has the ship sailed from A to C? 

Idl. A ''Jf-el bar measures I inch *‘at:ro‘.s the flats.'’ Find the area 

of aij .d/.hp':c sctliiui »sf the bar by a plane making an angle of 70'* with its length. 


CHAPTER IV 


THE ADDITION FORMULAE 

32. Sine of tke Sum of Two Angles. — It is a common mistake of beginners 
to think that the sine of the sum of two angles is equal to the sum of their 
sines. It is, of course, obvious from the geometrical definition of a sine that 
this is not so. Also, taking a numerical example, we find from the tables 
that 


sin 10° = 0*1736, sin 30° = 0*5000 
sin 10° + sin 30° = o 6736, while sin 40° = 0*6428 

We require then to find an expression for sin (A +• B) when the 
trigonometrical ratios of A and B are given. 



33. To prove that sin (A 4- B) = sin A eos B 4- cos A sin B. 

Let A and B be any acute angles, 
n Construct the angles ROP and ROQ 

equal to A and B respectively on opposite 
sides of the straight line OR. 

Draw PRQ perpendicular to OR. 

Let OP = OR = r, OQ = q. 

Then A OPQ = A OPR -f- A ORQ 
sin (A 4- B) = J sin A + I rq sin B 

sin (A 4 B) = — sin A 4- -rsin B 

, ^ P . 

= sm A cos B 4- cos A sin B (i) 

34. To prove that sin (A — B) = sin A cos B — cos A sin B. 

Let A and B be acute angles, A being 

greater than B. Construct the angles ROP 
and ROQ equal to A and B respectively on 
the same side of the straight line OR. 

Draw PQR perpendicular to OR. 

Let OP = OQ = q, OR = r. 

Then A OPQ = A OPR - A OQR 
\pq sin (A — B) = i sin A - J qr sin B 

f ^ f 

sin (A — B) = — sin A — ^sin B 

P 

= sin A cos B - cos A sin B ( 2 ) 



S5i cos (A 4- B) = cos A cos B — sin A sin B . 

cos (A — B) = cos A cos B + sin A sin B . 
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Let Aaii 4 B be anite an.^^ks. Then the complement of A will also be 
iu ute, and in the foi iiuil:!* fur sin (A L B) we may write the complement 

(90^ — A) in'.tea.rl of A. We 

sm (cp^ - A -f- B) - sin OfP -> A) cos B + cos (90® - A) sin B 

.*, sin ( fp” — (A — B i( ™ cos A res B -f sin A sin B 

that is, cos (A -» Bj ™ cos A ros 8 + sin A sin B 

since any trigononietrical ratio of an angle is equal to the co-ratio of its 

complement. Similarly 

sin (,^/f — A 0 ) ^ sin (90^ — A) cos B - cos (90® — A) sin B 
that hi, con (A -f B) - cos A cos B sin A sin B 

Note that these formula* hav-e not yet been proved for any values of the 
angles A anti B, but only for the case wlurn the angles A and B are acute. 
A general proof for any values of A and B will be given in Chapter XXL, 
tin Vector Algebra. 


hiXAMt'SE. /V vrr/fy fhr formula Jor nn (A — B) for tlu case whrti A ~ 83®, 
hy ft 0m the tabirf. 

?ii:i (A — B) sin A cus B — cos A sin B 


Whrn A ^3'’, B 3^/; tlun brcoiacg 

sin 44 ' r-: sin 83*’ <:<r, yp — cor, 83*’ sin 39'’ 

r Oop 25 X Q'TiTt — 0 ’I 2 I 9 X uf >293 
" 0*7713 — 0*0767 •“ 0*6946 

lug 0*9925 ; I *9967 log 0 *ia 19 =S I *0860 

log €*7771 rr 1*8909 log 0*6293 

trig 0*77 13 rHSya 10^^0*0767 — 2*8849 

From ihr !uh!cr^ wc find %iu 44'^ - 0*6947. 


m Van {A B) :r 


tfiU A F tan B 
I — tan, A tan B* 


We have. 


tan TA -I’ B) 


sin (A -h B) 
m.H {A 4** B) 

sin A {.os B 4 “ cos A sin B 
cos A cos 8 — ^in A sin B 


Dividing the numerator an«i denomiinator of this frartion hy cm A cos B, 

wo get 


tan fA 4 


sin A ^ fiin B 
an A cos B 
___ sm A Hin B 
cos A * cais B 


tan A 4 ' tan B 
t - tm A tan S 


• - ( 5 ) 
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Similarly tan (A — B) = — 

^ ^ cos (A - B) 

= sitt A cos B cos A sin B 
cos A cos B -h sin A sin B 
s in A __ sin B 
— A cos B 
, , sin A sin B 

^ * A • 

cos A cos B 
= — tan B 

I +■ tan A tan B 


37 . The following examples are important in the study of oscillations 
in mechanics : — 

Example ( l). — Let x — a sin pt + h cos pt for any value of i where by and p an 
constant numbers ; shozv that this is the same as sin [pt •k' g) if the vahtes of A 

and g are properly chosen. 

(Board of Education Examination, 1901.) 

We have A sin {pt-^ g) = A cos ^ sin /Z' -f A sin g cos pt. 

To make this the same as a sin pt b cos pt for any value of we must choose A 
and so that 

A cosg = a; A sin g=zi 

Construct a right-angled triangle whose base is a and* 
N. height b. 

A its hypotenuse be equal to A, and the angle at the 

^ V. base be equal to g. Then, evidently 

Nv a = A cos b = Asin g 

/V X 

Ll- Therefore A and g have been chosen to satisfy 

the condition (i), and, with these values of A and g. 
Fig. 33. a sin pt cos pt is the same as A sin [pt -f- g) for ,any 

value of /. 

To calculate A and g we have 

A •= ff dl 4 - ; tan g — ^ 


Example (2 ). — To express jr = 3 sin Ap '\-*j cos Ap in the form A sin (cp -f- ^). 

We have A = V9 4- 49 = 7*616 
tan g- = 5 = tan 66 ' 8 ° 

g = 66*8'^ = I'l66 radians 
X = 7*6i 6 sin (4/ -h ri66) 


Similarly, if 


x" = 3 sin 4^ — 7 cos 4t 

we have A = 7’6i6 ; tan ^ J = — tan 66”8® 


/, if wc take the numerically smallest angle which has its tangent equal to 
- hg'= ~ i ' i 66 

and X = 7 * 6 i 6 sin [op — i *166) 

The reason for expressing the angle {pi “h g) in radians will appear at a later stage. 
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EXA.MPLES.--XYII. 

The student should work through the following examples in verification, in order 
to fix the formulae of this clio-pter in his memory, and also to gain a knowledge of the 
degree of accuracy attainable in working with four-figure tables. 

1 . Verify from the tables the formulae for sin (A B) and sin (A — B), when 
A = 6o°, B = 30®. 

2 . Verify the formula for cos {A -f B) for the case when A =15®, B = 31®. 

3 . Verify the formula for sin (A — B) for the case when A = 37°, B = 34®. 

4 . Verify the formula for cos (A ~ B) for the case A = 42®, B = 43°. 

5 . Verify the formula for tan (A -f B) when A = 12®, B =15®. 

6. Given tan (A + B) = 2, tan A = 0*5 j find tan B. 

7 . Given sin A = §, sin B = ^ j find sin (A + B). 

8. Given sin A = cos B = f ; find sin (A •{- B) and cos (A -f B). Also 
construct the angles A, B, and A -f B ; measure their sines and cosines, and verify 
from the measured values. 

9 . Given tan ^ % tan B = ; find tan (A -h B). 

10 . Given sin A = cos B = ; find cos (A — B). 

11 . Given cos A = 4 sin B = -Ji ; find sin (A 4 B) and tan (A 4 B). 

12 . Given sin A = tan B ; find cos (A 4 B). 

13 . Express 2 sin 2 r 4 3 in the form A sin {2/4 ^)j expressing the angle g 
in radians. 

14 . Express 3 sin zi — 2 cos zt in the form A sin {zt 4 g)> 

15 . Express 45 sin {nrnt) 4 28 cos {zrni) in the form A sin [Zvnt + 

16 . Express 35 sin — 12 cos in the form A sin ( ^ . 

P P \ P / 

17 . Given tan (A - B) = 0*0893, and tan A =0*4; find the angle B to the 
nearest degree. 

18 . If tan 9 = having given that wi, = tan 0 = J. 


38. To prove 


sin 2A = 2 sin A cos A 
cos 2A = cos^ A — siu^ A 


tan 2 A = 


2 tan A 
1 — tan? A 


If in the equation 


sin (A 4 B) = sin A cos B 4 cos A sin B 


we put B = A, we get 

sin (A 4 A) = sin A cos A 4 cos A sin A 
or sin 2A = 2 sin A cos A 


( 7 ) 


If in the equation 

cos (A 4 B) = cos A cos B - sin A sin B 

we put B = we get 

cos (A 4 A) = cos A cos A ~ sin A sin A 
or cos zA = cos^ A — sin^ A , , , , 


This gives cos 2 A in terms of cos A and sin A, 


( 8 ) 
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To find cos 2A in terms of cos A only, we have 
sin^ A = I — cos^ A 

cos 2A = cos^ A — (i - cos^ A) = 2 cos^ A — I . • (9) 

To find cos 2A in terms of sin A, we have 
cos^ A = I — sin^ A 

cos 2A = (i - sin^ A) — sin'^ A = i - 2 sin^ A „ . . (10) 


If in the relation 


tan (A 4 B) = 


tan A 4 tan B 
I — tan A, tan B 


we put B = A, we get 


tan 2A = 


2 tan A 
I — tan^ A 


(ii) 


If in the relation 

cos 2A = 2 cos^ A — I = I — 2 sin^ A 
we write ^ for A, we get 

A A 

cos A = 2 COS^ —- 1=1 — 2 siif^ - • « • . (12) 

These equations enable us to find the cosine or sine of the half of an 
angle when the cosine of that angle is given. 

Example (i). — 71? find the sine and cosine ofi 80®, having given the sine and cosine 

^40°. 


sin 40® = 0*6428 ; cos 40® = 0*7660 
sin 80® = 2 sin 40® cos 40® = 2 X 0*6428 X 0*7660 = 0*9847 

From the tables sin 80® = 0*9848. 

cos 80° = 2 cos* 40° - I = 2(0*7660)* - I = 1*1735 - I = 0*1735 
By the tables cos 80° = 0*1736. 

Example (2). — Given tan 45° = l, find tan 90®. 

2 tan 45® 2 

fan90°=taii(2 X45°) = 1 _taii» 4 go =o =« 

which agrees with § 17. 


Examples. — XVIII. 

1 . Calculate the values of the sine and cosine of 60® by the formulae of this 
paragraph, having given sin 30® = 0*500, cos 30° = o*866. 

2 . Calculate the values of the sine and cosine of 56®, having given sin 28® 
= 0*4695, cos 28° = 0*8829, and compare your results with the tables, 

3 . Given cos A = 0*4, calculate cos 2A. 

4. Given cos A = 0*3, calculate sin 2A. 

6 . Given sin A = f , find sin 2A, cos 2A, tan 2A. Verify your result by con- 
structing the angles A and 2 A, and finding the sine and cosine of 2 A by measurement. 
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d. Given tan A - calculate tan 2A, and verify by construction and 
measurement. 

7 . Given tan A = 0’25, calculate tan 2A. 

8. Given sin 45® = calculate cos 90°. 

a/2 

9 . Given sin A = 0*85, calculate cos 2A and sin 2A, and verify by construction. 

10 . Given sin A = f , calculate sin 2A, cos 2A, and tan zA. 

11 . Given cos A = 07, find sin zA and cos zA. 

12 . Express a cos (zttw^) -}- if cos {/^rni) in terms of cos {zirn^). 

13 . Given cos 66° = 0*4067, calculate cos 33® and sin 33® by formula (12), and 
compare with the tables. 

14 . If A is an acute angle, and cos A = 0*28, calculate cos — . 

A 

15 . If A is an acute angle, and cos A = 0*68, calculate sin 

A A 

10 . If .sin A = and A is acute, calculate sin — and cos and verify by 
construction and measurement. 


39 . To express the Suin or Difference of two Sines or Cosines as 
a Product. — The following re.sults have been proved : — 

sin (A -f B) =n sin A cos B + cos A sin B 

sin (A - B) = sin A cos B - cos A sin B 

cos (A + B) = cos A cos B - sin A sin B 

cos (A - B) = cos A cos B 4 * sin A sin B 

By addition and subtraction we get 

sin (A -f B) + sin (A - B) = 2 sin A cos B 

sin (A 4 B) - sin (A - B) = 2 cos A sin B 

cos (A 4 B) 4 cos (A - B) = 2 cos A cos B 

cos (A 4 B) - cos (A - B) = -2 sin A sin B 

LetA 4 B=P,A^B = Q 

P 4 O 

Then zA = P 4 Q , A = - 

P - Q 

2B = P - Q, B 

And the above formulae become 

r. .P 4 Q P~Q 

sm P 4 sin Q = 2 sm — » cos * — 

2 Z 

p + Q . P - Q 
Sin P - sin Q = 2 cos — - - • sin — 

r. ^ P 4 Q P~Q 

cos P 4 cos Q = 2 cos — ~ . cos - 

. P 4 Q . P - Q 
cos P — cos Q = —2 sin — ^ . sin — 

These fonmihc are important, and .should be remembered. 

They may be exprc.ssed in words as follows i-™- 

Sum of two sines = twice sin (lialf-sum) - cos (half-difierence) . (13) 

Difference of two sines twice cos (half-sum) - sin (half-difference) . (14) 

Sum of two cosines = twice cos (half-sum) - cos (half-difTerence). (15) 
Difference of two cosines = - twice sin (half-sum) • sin (half-difference) (16) 
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Nu rE.~In fuuHn" the difTcrence in the above formulae it is understood that the 
two arc fal:<-n in the same order on both sides of the equation ; e.g. if -v^e put 

cr>s P br-frjrc cos Q in fuidint^ the diflerence of two cosines in formula (i6), we must 
also put P before Q in finding the sine of half the difference. 


Example. ^x^ras sin 15° — sin li^ as a product. 

2 

= 2 COS 13® sin 2® 


sin 15" — sin n® = 2 cos — ' sin : 

2 2 


'fo verify this we h.ave, substituting the values from the tables, 

sin 15® - .sin ii® = 0*2588 - 0*1908 = o*o6So 
2 cos 13® sin 2® = 2 X 0*9744 x 0*0349 = o‘o68o 


Example. 


" I'o f.x press cos 11® — cos 17® as a product. 

Tr® 4 -i 7 ® 

COS 1 1® — cos 17 ® = — 2 sin - sin 

2 


II® 


= — 2 sin 14® sin ( — 3®) 
= 2 .sin I4® sin 3® 



To verify we have, from the tables, 

cus n® — cos 17® 0*9816 - 0*9563 = 0*0253 

2 sin 14® sin 3® = 2 x 0*2419 x 0*0523 = 0*0253 


Examples.— XIX. 

Esprrr.:* the frdlovvinj^ as products, and verify by the tables : — 

1 . .Sin ^>5® -f 5H®. 2 . .Sin 74® ~ sin 46®. 3 . Sin 45® ~ sin 77®. 

4 . i M . ifp — co:; 54®. 5 . f 'os 47® — cos 19°. 0 , Cos 39® -1- cos 27°. 

7 . < ’ti\ 155'' 4* ros 2o-\ 8. CiKy 200® — cos 135®. 0 . Sin 210® — sin 135°. 

10 Sin 4 * f*iii 2fX)®. 11 . Cos 400® — cos 200®. 

12 . Tmve that eoi 4 oo.s 15® x-r cos 45®, 

13 . Trove that run 45'’ 4 sin 15® cos 15®. 

14 . Trove that sin 3A 4 *ni 5 A 2 sin 4 A cos A. 

Ib. Ts *vr that €«> , 3A cos A — 2 gin A sin 2A, and verify from the tables for 

iiif when A ■ ■ 2<A 


40. To oxpresn tlio Product of Two Sines or Cosmes as a Sum or 
Iliffbronco. I<evcr.'dng the eriualions obtained in the last paragraph, we 

get 

2 f»in A 8 sin (A 4 B) 4 sin (A — B) 

2 < os A f.in B ^ sin (A 4 B) — sin {A — B) 

2 r o', A urs B ’ cos (A 4 B) 4 COS fA — B; 

2 r^in A ?dii B cos (A ~ B) — cos (A 4 B) 

l'hp%r. relations nay he exinessed in words as follows : — 

Tivp r the t of a sine and cosine = sin (sum) 4 sin (difference) (17) 

1 r. the |irodtirt of two cosines = cos (sum) 4 cos (difference) (18) 
'Ewp r flic po^rlut t of two sines = cos (difference) — cos (sum) (19) 

Suir tlial the first of these statPinents includes the two equations_above, 
giving 2 %m A C O'* B, and 2 cd.s A sin B, if it is understood that in finding the 
difrciencc A — 8 or B »- A,, we take the angles in the same order as that 
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CHAPTER V 


USE OF FORMULAE 

41. It is one of the objects of an exact science to express the connection 
between different physical quantities by means of formulae, and a great part 
of the practical work of applied science consists in the evaluation of such 
formulae. In carrying out any particular calculation we have to notice (i) 
the degree of accuracy with which the data are given ; ( 2 ) the degree of 
accuracy in the result needed for the purpose in hand. It is evidently 
meaningless to carry out a calculation to more significant figures than the 
accuracy of the data will warrant, while it is a waste of time to carry it out 
to more figures than are needed. It is a common fault of beginners, while 
possibly making large errors in the magnitude of a result, to be unduly 
solicitous about carrying out the calculation to a large number of significant 
figures. 

In engineering calculations an accuracy to three or four significant 
figures, such as can be obtained with a good lodnch slide rule, will usually he 
found sufficient 

As accurate numerical working is extremely important in applied science, 
a number of examples in the evaluation of more complicated formulae is given 
in this chapter. 

The degree of accuracy aimed at is that which can be secured by using a 
table of four-figure logarithms. 

Example (i). — Calculate the valut of 

■w = 

Having given that = 10, =r 3, // = 0*9, - 3000, and 

we hawe W = _ 

O-I I Of 

log 10 = I 

log 10^ ® = 0*9 = log 7'943 
log lo®'^ r= o'l = log 1*259 
log 3 = 0*4771 

A log 3®’^ = 0*0^771 •= log I *11 6 

"W =30000 X 7-943 (1*259 — t*ii6) 

= 238290 X 0*143 = 340S0 

Example (2 ). — Calculate the valw of ae-^ sin {rit-\-g) 

when = 5, ^ = 44, ^ = O'oo5, n = 1000, g = 1*2217 

The angle is measured in radians. 

= 5 X (2*7i8}~®'!“ 
log 2*718= 0-4343 

— 0-22 __ 

log (2*7 i 8)~0‘22 _ 0-09555 = I ‘90445 = log O*8025 
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M-kt = 5 X 0-8025 = 4*0125 
ni = (5 + 1*2217) radians 

“ (5 57‘3 + 70) degrees by tables 

= 356*5° 

{/// 4 -^) = sin (356*5°) =: - sin 3*5° 

= —0*06105 
log 4-0125 =0*6033 
log 0*06105 = 2-7857 


log (4-0125 X 0*06105) = 1-3890 = log 0*2449 
ar-^ sin {ni + ^) = — 0*245 


Example (3). — 

If — 1-0565 + 9 X 10-^ — 502*96/^ + 0*0902 

find the value of ^ when t = 393*7 to as hig-h a degree of accuracy as can be obiahud 
with four’-figure tables. 

Calculations of this type occur in many problems on the steam-engine. 

^ i = 393*7 

■•os 65 log.~=- 

log.|f? = .-30.61og.|m 

logi« 3937 = 2 ‘S 9 S 2 
logi. 2737 = 2-4373 

logi. 5^ = 0 -IS 79 

1*0565 loge = 1-0565 X 2-3026 X 0-1579 

log 1*0565 = 0*0238 
log 2*3026 = 0*3622 
log 0*1579 = 1*1984 

logu( I 0563 log. ) = 1-5844 = log,. 0-3841 


2737 

A 1-0565 log. = 0-3841 


(<*) 


fit ^ 

2 - 502-96/ ) = 9 X io-v(- - 502 -96 j 

= 9 X IO-' X 3937(196-85 - 502-96) 
= -3543-3 X 306-11 X IO-' ' 
log 3543-3 = 3-5494 

log 306-11 = 2-4858 

l®g (3543-3 X 306-11) = 6-0352 = log 1085000 
*'• 9 X io-'(^i_ 502-96/^= 

combining { a ) and (3) 

^ = 0*3841 - 0*1085 + 0*0902 = 0*3658 
.*. ^ = 0*366 to 3 significant figures 
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The student who has not had much practice with logarithms will find that 
he is particularly prone to make arithmetical mistakes in working from 
complicated formulae of this kind where logarithms occur in the formula 
itself. The only way to ensure accuracy is to set out every step of the 
working clearly, so as to show every figure used in the calculation and the 
reason for its appearance. This process may seem long, but it will be found 
to save time in the long run. 


42. Variation. — If we examine the graduations on a spring balance we 
find that they are situated at equal distances apart. If we alter the weight 
so that it is multiplied by any number then the extension of the spring, as 
measured from its length when no weight is attached, is multiplied by the 
same number n. We describe this connection between the two variable 
quantities by saying that the extension varies as the weight. We may 
express this fact by means of a formula. Suppose we find that the divisions 
representing successive pounds are ^ inch apart, then, if e be the number 
expressing the extension of the spring in inches when supporting a weight 
W lbs., it is evident that e is always numerically equal to ; i.e. the 
equation e = -^W expresses the fact that e varies as W. 

In general, if A varies as B, we may write A = kB where is a constant 
quantity, which does not change as A and B vaiy ; in the above example the 
constant k is Simple variation such as this is the simplest way in which 
two variable quantities can be connected together, but there are, of course, 
many other possible modes of connection. 

If we enclose a portion of a gas in a tube and change the pressure to 
which it is subjected, while keeping its temperature constant, we find that, if 
the pressure be changed so that its value is multiplied by any number «, then 
the volume is changed so that its value is divided by the same number n. 
We describe this connection by saying that the volume varies inversely as 
the pressure. 

It may be expressed in a formula by writing V = p for, if we put for 
k V 

P in this equation, V becomes ^ ~ 

Similarly, if a variable quantity A depends on two variable quantities B 
and C, in such a way that A = kBC^ we say that A varies jointly as B and C, 

or, if A = we say that A varies directly as B and inversely as C. 

The sign oc is used to denote the words “ varies as,” thus “ A oo B 
means “ A varies as B.” 


Example (i ). — volume of a gas varies inversely as the pressure and directly as 
the absolute te7?iperaiure. If a certain quantity of a gas ?neasures 500 c,c. at temperature 
13® C., and pressure 754 tnm.^ what is its volume at pressure 784 mm. a^td temperature 
29° C. 

The absolute temperature T is obtained by adding 273*7 to the temperature 
Centigrade. 

RT 

We assume v = where R is some constant 

When T = 286*7, and p = 754, we have v = 5<x) 


substituting 500 = 
R = 


R X 286*7 
754 

500 X 754 
286-7 
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when T = 302*7, and / = 784 

- ^ X 3Q2*7 _ 500 X 754 X 302*7 
^ ” 784 “ 286*7 X 784 

= 508 cc. 


Example (2), — In any class of turbine P is the power of the waterfall^ H the 
height of the fall^ and n the rate of revolution. It is knenvn that for any pa 7 'ticular 
class of turhmes of all sizes n cc P— 

In the list of a particular maker I take a turbine at random for a fall of 6 yi?., 
100 H.P., 50 revolutions per minute. By means of this I find that I can calculate n for 
all the other turbines on the list. 

Fmd n for a fall of 20 ft, a?id 75 H.P. 

(Board of Education Examination, 1901.) 


We have n = kW--^ P-o-*^ *’ 

When H = 6 and P = 100, « = 50 

50 = i . 6 ^-^ icx)-« ' = - . 61 -i' 

10 


and k = 


<500 


when H = 20 and P = 75 we have 
, 500 X 20^-23 

" “ VP “ X VTs 


- r-^n*2B 

5V3 • 


ICX> 


v'S 


( 3 ' 333 )’'’' 


log 3‘333 = o '5228 
log £ 3 • 333 )''® = f log 3’333 = o' 6S3S 
log V3 = i log 3 = i(0'477i) = 0-23855 


log = 0*4149 = log 2*599 

Vs 

w = 260 to 3 significant figures 


Examples.— XXI. 

1 . The weight of a cylinder of metal varies as its length and the square of its 
diameter. A cylinder 10 ins. long and 4 ins. in diameter weighs 30 lbs. ; find the 
weight of a cylinder of the same metal 12 ins. long and 6 ins. in diameter. 

2 . The weight of a sphere varies as the cube of its diameter. If a sphere of 
diameter 5 ins. w’eighs 16 lbs., find the diameter of a sphere which weighs 50 lbs. 

3 . The electrical resistance of a wire varies as its length, and inversely as the area 
of its cross-section. The resistance of 1000 yards of No. 7 copper wire of cross- 
section 15*659 sq. mm. is 1*0056 ohms ; find the resistance of i mile of No. 10 wire 
of cross-section 8*301 sq. mm. 

4 :. The force between two magnetic poles varies jointly as their strengths, and 
inversely as the square of the distance between them. If two poles of strengths 6 and 
10 units repel one another with a force of 2*4 dynes when placed 5 cm. apart, wdth 
what force will two poles of strengths, 5 and 12, repel one another when placed 
7 cm. apart ? 

6. The heat produced in a conductor of resistance R when a current of strength C 
passes through it for a time t, varies directly as (i) the square of the current, (2) the 
resistance, (3) the time. A current of 5 amps, was sent through a wire of 10 ohms 
resistance for two minutes, and the heat developed was found to be 12,500 units. How 
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much heat is developed when a current of 7 amps, passes through a resistance of 
6 ohms for 3 minutes ? How much heat is developed when i amp. passes through 
I ohm for I second? 

6. If a number of sources of light give the same intensity of illumination at any 
point, the candle power of any source varies as the square of its distance from that 
point. A photometer screen is placed between a standard lamp of two-candle 
power and a lamp A whose candle-power is required, so that the intensity of the 
illumination is the same on both sides of the screen. If the screen is 121 cm. from 
the standard lamp, and 354 cm. from A, what is the candle-power of A ? 

7 . The resistance F lbs. of the air to the flight of a bullet of diameter d inches at 
velocity v ft. per sec. may be taken to vary as d‘^ {v — 800), when v is greater than 
1 100. Given that when d = 0*303 in., and v = 2000, F = 1*532 ,* find F when 
d = 0*5 in., and v = 1500. 

8. The greatest horse-power that can be transmitted by a rope on a certain pulley 

varies as T^ ®, where T is the greatest tension, and W the weight of the rope 

per foot of length. When T = 918 lbs., and W = 0*36 lbs., the greatest H.P. trans- 
mitted is 42*2 ; find a formula for the greatest H.P. transmitted for any values of T 
and W. 

9 . If D inches is the deflection in the middle of a beam, supported at the ends 

WL* 

and loaded in the middle, then D = where W = load in lbs., L = length 


(inches), E = modulus of elasticity of beam in pounds per square inch, I = moment 
of inertia of section. 

For a wrought-iron bar of rectangular section, 2 ins. deep and i in. wide, I = f , 
E = 29 X 10*. If the supports are 5 ft. apart, find the deflection caused by a load 
of 2 tons. 

10 . With the same data find the modulus of elasticity of phosphor bronze, when 
it is found that a bar i in. wide and 2 ins. deep, which is supported at two points 
3 ft. apart, is deflected 0*233 in. in the middle by a load of i ton. 

11 . If Q is the maximum quantity in cubic feet per hour of gas of specific gravity 
G, which can be supplied through pipes of diameter D inches, and length L yards, 
under a pressure of H inches of water. 


DocQ®-^(GL)0-2 11-0-3 


It is found that a pipe of diameter i in., and length ro yds., will supply 298 c. ft. 
per hour of gas of specific gravity 0*45, under a pressure of 0*4 in. of water. Find 
the maximum quantity in cubic feet per hour of gas of sp. gr. 0*45, which can 
be supplied through a pipe icx> yds. long and 1*5 in. diameter, under a pressure of 
0*75 in. of water. 

12 . Find the pressure needed to supply 1067 cu. ft. per hour through a pipe 
5000 yds. long and 4 ins. in diameter (sp. gr. = 0*45). 

13 . Calculate the value of (o*i352)“0'08 X (cos 35®)®*®^, 

14. Clculatcihe value of X V^ X _ (rg2)^ 

cos 31® 

16 . Evaluate V^cos 31® sin 12® + (log,, 151)^*^ 

— ^ 

16 . Find the value of ae a when ^ = 2, ^ = 2*718, k = 0*0036, t = 15, 

Calculate the value of ae~^ sin («/ + for the following cases (the angle 
(«/ 4- g) is measured in radians) : — 

17 . a = 6, = 300, H = 500, ^=0*1222, / = 0*01. 

18 . a = k = 300, « = 500, t = 0*001, ^ — 0*1341 radian. 

19 . « = 6, /& = 400, n — 1200, ^ = — 0*5061 radian, and t = 0*01 and 0*001 

respectively. 

20. Ti is the applied force, and T» the pull at the fixed end of the band-brake of 
a bicycle ; x is the length of the band in contact with the drum, and the radius of 
the arum is 2 ins. ; /x is the coeflRcient of friction between the band and the drum, 

X 

Then, if the brake is fixed so that the drum rotates towards the fixed end, = Ta « 
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and if it is fixed so tkat the rotation is from the fixed end, Tj = T The bralc 

ing force is the difeence between and T,. If ^ = 10 ins., m = 0*54, and 
= 400 Ids., calculate and compare the braking forces in the two cases. 

21 . Calculate tie value of 

.. = P°g K + x/”;" — I) T 
Llog («, + — i)J 

where = 2*31 ; = 2*82. 

22 . Calculate tie value of the same expression when 2n. = 2*14 : 2« = 2‘co 

23 . Calculate the value of • 20* 

L= (D 4 <0 (- + *+_L-l 

^2 tan Qf 

given C = 20, D = 6, = 3 j Sin 6 = — — ; 9 is measured in radians. 

24 . The pressure and volume of the steam in a cylinder follow the law = C. 

If ^ = 6000 when = I, calculate the values of p when v has the values 2, 3, and 

4 respectively. 

25 . If = C, and^ = 100 when v — t, calculate the values of p when v has 
the values 2, 3, and 4 respectively. 

28 . If the pressure p in lbs. per square inch, and the volume u in cubic feet of 
I lb. of saturated steam, are connected by the equation = 479, calculate the 

volume at pressures of 20, loo, and 300 lbs. per square inch respectively. 

27 . If pm ~ P\-^-^~r^i values of p^ when >, = xoo for the following 

values of rj 1-333, 1*5, 3, 8,20. 

28 . Calculate the values of 

sr-'^ — 

Pm = A J _ J 

when A = J = o'9> and r has the values 1*333, i'5> 3» 8, and 20. 

29 . Given = C, and / = i when = i, find the values of w when _^ = and 
k has the values 0*9, i, 1*13 and 1*37 respectively. 

80 . Calculate the values of p^n, from the formula of example 28, when A =100, 
; = I *0646, and r has the same values as in example 28. 

31 . Calculate the value of 

-- ^ 7 ~ 

w 4* I 

when C = 150, « = — 1*13, = lo, = 2. 

32 . Calculate the value of 

C 

I — » 

when C = 147, n =? 1*37, z/i = 0*8, — 9. 

33 . Calculate the value of 



when A = = 5, y = 0*9, A = P\^\^ = A, z'j =2. 

34 R is the combined resistance of resistances in parallel. 

R 

What resistance must be put in parallel with resistances of 5*3, 6'2, and 7*1 ohms 
to give a combined resistance of i *0375 ohms. 
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35 . Calculate the value of 


ifivrn h 8, a rr 0*062, / 350. 

3 B. < 'alculatc the value of 

<) 




■ (//j* - ht'i) 


haviii;; |;iv'pn ff- 32-2, h =: 3.^ - j 

hyllw f Pi'U'itl of water at absolute (einperalure C. is giv 

^ e. 10565 ^ 4-9X lo-7(^'-- 502-96/^ +0-0902 

Calcul.Jlc the vahics uf </> when / ha.s the values 273*7, 303*7, 333*7, *'63*7. 

of dry saturated steam it absolute temperatu 
i C, IN i;ivcu by tlic ionuuU ^ 

^ — loj'^ ^ ^ — — 0*695 

273*7 / 

Fiiul the value of ^ when / r= 413*7. 

30. If r- 0-7J7 l.,jp + 2 «75 X io-«(/» - 1096/) + 0-6., 3 

call tilafi' tfi when / 5 ck>. 

40 . I h^' fullovviuj; iMfuiuIae arc useU to calculaic the cntr«.>py d» of one pound of a 
at piCNMur />, volume v, and ahNulule temperature Z'" F. 


P 0-1688 log. + 0-2375 log. 

p - 0-2375 log. - 0 06.S7 log. 

0'i6H8 1r>|j, ^ 4* 0*0687 lo|^< ^ 

493 *2*39 

/, 7', rind / arc cormci fed by the cipiaticm pt> ^ lit. 

n li 53*2, ami / 63^8, when v - 6*195, ralciihue the value of <p whe 

h'Uji. 

^ 43 . AIno cah ulate /, and from thib find the values of ^ pjven by the second an 
third iormulir. Verity that the three values thus found are the same. 


43. Cojupoiind Inturcet. Ttj find a fornuila for the amount of ;^] 
invf’Nied tor zr ymuh at r por cent, per annum, compound interest, payabl 
anntially. 

At lire end of the first year each ^100 invested has become jf(ioo + r] 
and therefore each invested has become 4- amoun 

at the end of the first year is 4- 

'fhi'. is the principal for the second year. In the same way it follow, 
that after this has been invested for another year it bcconies. 


(' ^ K«,) 10.;)^ 


the amount at the end of two years is 


( 


I 4. -C Yp 
^ 100/ 


Umc of Pormtjiim 


5S 
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{3*',n''-A ! ■ 35- k 

0. I'in i 4 t' m -\4 t <t 4jn ••■.nl y4 /J* m *i >^ 4 .'^ aI. *- i^ri .r^jt |.rj .tiiHni**, 

•,ili4*k’ rjV'fr','!, 

|f> ',! J..-4- M|.-:. */ / »*i 5nv<”'."<*4 iH * ’ « 4 * /, |<''f ilMf*”. I' ii*4 

3i ^♦■;2^i .'.5 ^ a f,.'^ -4 •.L-^-.,i.f- : N-.y* 'Ar- ttusi 5:, vr'.i*-"! NV|^|,rj f > 4 nl^-r, 4 |;;r*-. 

11. i\7 : . 5 , :4 f ''■■** ’f .r -.i* ..j;,! !* mIj 4 l-AI fif /, A ‘Ujr #| «*'4Alr- Itrff* f- 

a* f 1 m'.J 4 ;• 'rr*-.^ 

I'A, I',!,-; 4 -A f-.| ’1.3I*.-*- ^ iki«- »nr 4|.'! fijr kjtnkrjV. 

A' -■ ■ :h tt, 

in, ,;k<" * 4 l v'- ‘.f 4 n 4 .rr;, a'- V - f ;"*-f -ii.<’- 5 i<i f’^r « 4* ?■ |^<- i*-lil. 


I- (.n.iY: 


Fw.Af Ihr|,irr*.r|'i - f -t.'.-" A? '4 I '-i f*‘t jn yrgn^ r!f4i,4^Mi?|j4 

il<*f fr-.' Hi I 5 r •/, , 

14 i*sf.4 3l,r ftt-N 3‘*! fnf |»> iAlfh 

CMfL]- ■■■;?<*•! ir.Vfrt* ** ^’1 J.r? r #.•,». 

lf> 1 Xr «• f -A A i- f i %fa|'S, '-«f.fin|f^ 

c .' ♦'. i,r ) “Hi' |ii| X' ■ Wr'h *v,|»r.’.;y 'i »•' ;• | t I »|,r Ijff *4 

thr ^ 
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16 . A of 6o has an average expectation of life of 13 years ; what will it cost 
him to buy an annuity of £100 a year for the remainder of his life with compound 
interest at 2^ per cent. ? 

17 . j is the cost price of a machine which will last n years. There is also a 
more durable machine which will last N years. If i is the interest on ;£■! for i year 
expressed as the decimal of a pound, the price x which may be paid for the more 
durable machine, so that it may be as cheap as the former in the long run, is given by 
the formula 

(I + - I 

If a machine which lasts 5 years costs /180, how much should be paid for a machine 
which will do the same work and last 20 years, taking interest on capital at 4 
per cent. ? 


44. Formulae in Mensuration. — The following list of formulas in 
mensuration is given here for reference, the proofs of the simpler formulas 
are assumed to be known to the student, proofs of others will be given at 
a later stage. 

The references are to the proofs. 

Area of a triangle = K^ase) x (height) 

= sin C 

= a/ s(s — a){s - c) 

where s = ^ • . . • (§ 29.) 


Area of a trape2ium = half the sum of the parallel sides multiplied by the 

AD -j- BO 

perpendicular distance between them = h • — — — 



In particular for the case where the two parallel sides are perpendicular 
to the base AB 


Area = (base) x (mean height) = AB x 


AD + BC 
2 


Circumference of circle of radius r = 2Tfr 

Arc of a circle subtended by an angle of 0 radians at the centre = 


r0 


Huygen*s Rule . — Length of arc of a circle = approximately 


where p = chord of half the arc, 
c c= chord of whole arc. 
Area of a circle ?= 

Area of sector of a circle = 
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Area of segment ABC = area of sector OACB - area of triangle OAB 
= \r\e - sin e), ^ 

A.rea of segment less than a semicircle = ^+ich approximately, 

where h = height of segment* 




Area of curved surface of right circular cylinder = 27rrA. 

Volume of right circular cylinder = 

Volume of frustum of cylinder = 

Volume, of pyramid = Kareaof base) x (vertical height) 

For the case of a right circular cone this becomes 

= J (volume of cylinder of the same height on the same base) . § 199 

Volume of frustum of pyramid = -(a + v^AB + B) 

where = height of frustum, and A and B are the areas of the two 
parallel races 

For the frustum of a cone A = ; B = Trr^^ 

and volume = 2 + ^ 

where r, and are the radii of the parallel circular faces. 


B 


k 


Area, of curved surface of cone = Kperimeter of base) x (slant height) 

where r = radius of base and I = slant height. 

Area of curved surface of frustum of cone = 

Volume of sphere = 

where r = radius § loo 

Area of surface ) , 2 

of sphere / ““ 

= area of curved surface of cir- 
cumscribing cylinder 

Volume of zone of sphere = 4- r^) + 

where r j and ^2 are the radii of the circular faces, 

F or the case = <? we get the volume of a segment 


~ z;' 7 . : 


A 

Fig. 38. 
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^ iZf'i + 

Surface of zone of sphere = 2vrh (where r = radius of sphere) 

= area of curved surface of circumscribing cylinder of the same height 



If a circle of radius r revolves round a straight line in its plane, so that 
its centre traces out a circle of radius R, the solid which it traces out is 
called an anchor ring. 

Volume of anchor ring = 2irV2R 

Area of surface of anchor ring = 47r2Rr § 210 


Examples.— XXIII. 

1 . What is the diameter of a circular lake whose area is 3 acres ? 

2 . A running track is in the form of a circular ring. Its outside diameter is 350 
yds., and it is 6 yds. wide. What is its area ? 

3 . Find the area of a sector of a circle of radius 3 ft., and angle 56°. 

4 . Find the area of a sector of a circle of radius 2 ft., and angle 154°. 

6. A pyramid stands on a rectangular base 2 ins. by 3 ins., and is 10 ins. hif^h. 
Find its volume. 

6. The radii of the circular faces of a frustum of a cone are 3 ft. and 4 ft., and 
its height is 5 ft. Find its volume. 

7 . With a radius of 6 ins. describe an arc of a circle of which the chord is 5 ins. 
long. Measure the reciuired quantities and calculate the length of the arc by the two 
given formulce. Compare the results. 

8. A dome is in the form of a segment of a sphere of radius 100 ft. The heij^ht 
of the dome is So ft. How many square feet of lead would be required to cover it ? 

9 . A basin is in the form of a zone of a sphere. The bottom is a circle of radius 

3 ins., the top a circle of radius 9 ins., and the depth of the basin is 5 ins. How 

much water will it hold ? 

10 . A piece of sheet zinc in the form of a rectangle measuring 12 ins. by 9 ins., 
is found to weigh 0*787 lbs. What is its thickness? Zinc weighs 0*252 lb. per 
cubic inch. 

11 . Copper wire of size No. 5, S.W.G., weighs 718 lbs. per mile : find the area 
of its cross-section and its diameter. Copper weighs 555 lbs. per cubic foot. 

12 . Find the weight per foot of a lead pipe of in. bore and ^ in. thick. One 
cubic foot of lead weighs 711*6 lbs. 

13 . A lead pipe of i in. bore weighs 2*193 per foot length. Find the thick- 
ness of the metal. 

14 . What is the thickness of a lead pipe of 2^ ins. internal diameter if it weighs 
7*862 lbs. per foot length? 

16 . bind the weight of an iron pipe I2 ft. long, 14 ins. external diameter, i ft. 
internal diameter. Weight of i cu. in. = 0*27 lb. 


Umc of Vormiiim 


59 

10 . A ras’.-if'Hi t"\ lU *4 h»4rr, ami J in. thick, wci|;h.s 121*4 Ihg, 

Wliat i.» t’-*' wri.;':.! > . ■■ i'-ihc- lU'^'h i 4 i sj -n / 

17 . A fu) r ti." .'"i ;:ci. if4riti4i * 4 .^..';} uf (-tjpjK'f o*.'. {2 in. thick. U 
wri|f\ . 2.41 1^3- :'•'*• ^ 'nr w^i.'ht I4 a uihic ii^ni f»f Copper,* 

IB. 'ii.r II. a;*' ‘ll-vnai-f ’*? A it-n K-*'‘i' 5 p’ j'-| i»"*. ^ i‘* 4 f'l . loiif!:, 

wr;j;]i:. jr 4 -> Ih'*. ^ *r»r;* I,, a'. -It uli a'S:* Ih. per e:u. inch, find ith 

uuI'.iAc 

10. W; 4 rr 4 ^ a . a! ?h<’ f a!*' of .poo are- hmu.d, .1 <-yliiulncal pipe of 

II ill-, diauif'tri. \*vh -4 4-p^? lu aAian*. pri nnnntr pall'-.. i cu. ft. 

20 . Thr «n;t ;dc o: a oa’rf ^ and ic. nui'.idc width 4 ft.* The 

i*.c'?.d 3 '. 2 in--., ihicl » n n' ^ mr.^ t % iru^r. li j-. tju.rd af the cndfi which arc plain?, 
and I jj*. ‘i'nr a.^lc an t Ijaiad^ wriph u Ih-,.^ and the nn-tal of which the 

rullcr i-, uud- wriph . 4 Tf *•• ■• i'd»n hrfj?, h'ind the wci|dit of the rtdh?r. 

21. If cw Uw . ) 'Mi y . v.i:. : r rr.purod p, jpr* %idrc of a well 30 fl. deep and 

4 ft. in i*'-’- / J'-'i n h-’c K nc'aviir-.* iir*. I^y 4I ina, hy 3 in;;., includins' mortar, 

and lie* innnt: o to n> 4^ c.. M.i' 1- , 

22. \M..e i> thr ot a IcTmw Mrd pillar lo ft. loop, who'w? <*xtern5il 

dumrtcf j . 5 m-i,, and inl-rn.il dM-nr'-s 4 tm hrn SVliat i'l the diameter of a .Holhl 
pillar of the 'citne and .r.n--;;'h .■* { If. of ‘(ff-rl weipji , 4tjf^ lh;i, 

fl; .11 i ol h/c^caSi n 1 .iuuinatioii in Naval Architecture, I902.) 

23 . A phec. fir'ic i - i_^ >-n. I ‘O,:, »u--\ it.-i oiitcidr diameter in 4 mm. It wciph!> 

4 iptn'c Vt hat S‘* }* • 41 .ic^ 4.4 t.f-'ri p | c.i-:. nf |da.-i wei'dei 2*52 jprur., ? 

24 . A ,: 4 n;'c' coi^ rir» 4 n f ah.'.r sMie-nf-i of a r yiindricai coppi-r wite, fairroumled 

by a f oatinp • t nc-niad* *31, and an *» *.V| t ^.Cmp of lead, d'he ahm of tiie croas-fiection 
of the top-;. rr r. '.d. ni , thi «.f fiie innulalutii i- ten in., and the thick- 

ncji# of the outrr c-e.ruj ^ r; o 1 1 rn. a? i*, the dj.iineter of the wh<de cahlc ? 

If l c',}. in. - ‘tpprt wrjjjhx 0*32 lb. 

», o l*’ 3 »d wriph?l a'41 

it ujMiiauon wriglr, iC {.»34 ,, 


fmd ihc wetphi per fo-4 of the % -*h*r, 

25 . Fimi the we-ph^ of » i.<-pn,rnt of a .piirr*- t#i lead. HeipUtof sepment ■*•“. 3111*; ; 

ratlm , d la.-.c lo m:*, I i:u. m. *4 lead onp^^l lb, 

20. A hollow '4 'here of 1,4 o.'. I- ^-md Im -aeipji ;,t^ Ucn. I t.c extcnial diaincler is 
IQ ins. ; whu* r. Pa in’eir,,il d.-on- / l m. no of brass vvrjphs ov4 lli, 

27 . A h' dhciv %phrrr of ra-P tf’-n wt^i,.:hs p/) lbs. Its mr.idc <ii:itm?tcr is o*C6 of 
Usptid'.id*' ».h;m.r!rf. Idnd p.s is. .o.-j oucsrie diaincleni. i cu, in. of csist-iron 

Wfd|ph,'.. fC20 ih. 

2B. l-dn l the are.i '•t'-d. ■. -t". • i.f ibe ftit-.^cinof a cone ; radius at bai-rc ... ^ 

in;.., n; he, .it ’-.p d cc.. , N' p'n slajp -a-h* 4 m-., 

20. Ibtw many vpmre u< s'-s of f;n wdl b'^' re-juiied to make a cylindriad can 
4 in-.. i..ip.’4 tM h -hi I .',-.-.-13 •. ■' .%• !% f n. ft,/ 'itseie is no lit|. 

30 . A mdk can i. n nt*,. -n ; i.-c. a diameter of 4 irri. at the bottom. What 

i'-. its «ii,jinel^.f a* tic t'P r- P h .-c, I p --u? ? 

31 . A rah-Aaycnh li la f*. the top is 2H ft, wi«}c, and the sides 

Inive n -,1*4-^’ ‘ d I sfi 2 fo ‘.h'- fc IImw iininy cubic feet t 4 earth arc iieefled 

to make l’4i tl, of '1,^ rju^Slik ..e:,| / 

45. A|.»pi’^cxtiun,U- .-n Fc'-durd of two ftinoinial Factorfs. '-Wc know 
that- 


ti -t i M r) t 4 - 4 jf T zy 

Omnicks A rase wi.eir t Mild y ’i non* 

I1icn zy , .4.1 IS very sjoab compared with .r jind and may there- 
fore be nrplcf irs! il wr orhy rr*»p.nr.r wn imult to b-c ra^rrect ttj an accuracy 
r»f, fcif example, c,ne p.ij» sn one ibon-.and, 

Thus w'e rieiy i.tke 1 4 r f 1* 4.1 the- approxsinaie; value of (j 4- + y) 

wiicri 2 and / arc sr,.:,f 1 
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Example. — 'The two sides a and 6 y and the angle 0 ^ of a triangle are observed^ and 
the area calculated by means of the formula^ Area = \ ah sin C. 

If the observed value of a is 2 \ per cent, too large ^ and the observed value of b i \ per 
cent, too smally what is the resulting error in the calculated value of the area ? 

Here we have taken (i + 0*025)^ instead of the true value of and (i — 0*015)^ 
instead of the true value of b ; i.e. we have taken (i + 0*025) (i — o*oi5)<r^ instead 
of ah. This is approximately equal to (i + 0*025 — o‘oi^)ab = (i -f o*oi)^r^, since 
the errors in a and b are both small. Therefore the calculated value of the area is 
approximately, i per cent, too large. 

The error introduced by neglecting the term xy is here 0*000375^^, or about 0*04 
per cent., and may be neglected, as it is extremely unlikely that the errors in a and h 
are known to this degree of accuracy. 

By multiplication we have 

(l 4 - ^)(i 4 - y){i + + + xyz 

and if x^y and z are sufficiently small, the last four terms may be neglected 
in comparison with the first four, and we have 

(i 4- 2 r)(i 4- y)(y approximately 

If this result is applied to the case of small errors, as in the last example, 
we may state it in words as follows : — ’ 

If there are small errors in each of three quantities, the resulting error 
in their product is the sum of the separate errors. 

This result applies whether the errors are positive or negative. 

This method of proof may be extended to the case of more than three 
^[uantities, and it can be shown in the same way that, if there are small errors 
in each of n quantities, the resulting error in their product is the sum of the 
errors in the separate quantities, taken with their proper signs. 

If there is the same small error x in each of n quantities it follows that 
the resulting error in their product is 9tx approximately. 

This is equivalent to the statement that 

(i 4- x){i 4- x)(i +x) ... ton factors = (i 4- xf - 1 + nx approximately 

We have here taken 72 to be a whole number. It can also be shown that 
if is less than i, as it must be when it denotes a small error, the state- 
ment that (i 4 - = I 4* approximately is also true when n is negative 

or fractional. 

The result of this paragraph maybe applied to the calculation of fractional 
or negative powers of certain numbers. 


Example (i ). — To find the value of ^ 145. 

We hare Vl 4 S = {l 44 (* + ~ «(i + xii)' 

= 12(1 4 - i X -I approximately 
= 12(1 4 - ajff) = 12 4 - ^4: = 12*0416 

This agrees ict four places of decimals, with the value of a/ *45 found in the ordinary 
way. 

Example (2).~(ro2)® = i 4 6 x 0*02 approximately 

= 1*12 
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2 . Calculate the value of by the approximate method, and al?o by actual 

division to 6 decimal places, and find the error of the approximate method. 

3 . Find the value of 1*002 x rooiS x 0*996, correct to 4 decimal places. 

Find approximate values of the following quantities : — 


4 

I -oca' 

6. 1 : 523 , 
o ‘997 

e. 5123 

I 005 

7 . 

1*0023 X 0*9984 

I *0016 

8. 

9 . fijvoz. 

10. fj 102. 

11. 


12. 

13 , V224I 

14 . \l'^. 

15 . 

iJjzS. 

16 - h 

17 . — 

506 

18 . — . 
1*009 




19. An error of 1*5 per. cent, excess is made in measuring the side a of a triangle 
and an error of i '8 per cent, defect in measuring the side b. What is the resulting 
percentage error in the area as calculated from the formula ^ nh sin C ? 

20. If there is an error of 5 lbs. in the value of the weight of i mile of copper 
wire given in example ii, p. 58 , what is the resulting error in the calculated value 
of its diameter ? 

21. If the length of the seconds pendulum is increased by part, how many 
seconds will the clock lose in a day ? The time T of a complete oscillation of "a 


pendulum is equal to 27r where / is the length and ^ is a constant quantity. 

22. The radius of a sphere is found by measurement to be 5 ins. What error 

will be caused in the calculated value of the volume by an error of I per cent, in the 
measured value of the radius ? ___ 

23. The value of ^ is found, from the formula T = T is the time of a 

complete oscillation, and / the length of a pendulum. What will be the error per 
cent, in the calculated value of ^if the observed value of T is i per cent, too large? 

24. If power U ft. lbs. per second is transmitted over a distance / ft., by water at 
a pressure oi p lbs. to the square foot, along a pipe of radius r ft. ; then 


loss of energy 
energy put in 


AUV 


What is the effect on this ratio of an increase of 5 per cent, (a) in the pressure, {^) in 
the radius of the pipe ? 

26. If V c.c. per second of a liquid of specific gravity s flow through a capillary 
tube of radius r and length I. under a pressure of IL cm. of the liquid, the viscosity tj 
of the liquid is given by 

8z/L 

What percentage errors arc caused in the calculated value of 77 by errors of i per cent, 
in the observed values of r, II, and v respectively ? 

26. The value M of the magnetic moment of a magnet is calculated from the two 
formula? 


' -\/ Ml 


M 

Mil H ^ 


(<P - PY 
2 d 


tan # 


I, d, /, 0 and T are observed quantities. If an error of 2 per cent, excess is made In 
observing the value of T, and all the other readings are correct to 0*1 per cent., what 
is the approximate error per cent, in the calculated value of M ? 

40 . Units. — 'Fhe exact expression of a physical quantity consists of two 
parts — the unit in terms of which it is measured, and the measure expressing 
the number of times the unit is contained in the quantity : e.g, we speak of a 
certain length as 5 ft. or 152*4 cm. ; in the first case 5 is the measure and 
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one foot is the unit, in the second case 152*4 is the measure and one 
centimetre is the unit. We speak of a certain velocity as 15 ft. per second, 
or 457*2 cm. per second : in the first case 15 is the measure and one foot 
per second is the unit of velocity ; in the second case 457*2 is the measure 
and one centimetre per second is the unit. 

■ ^ Note that the measure of a given quantity varies inversely as the unit in 
terms of which it is measured. In the first example above, when the unit of 
length is changed from i ft. to i cm., Le. the unit is divided by 30*48, then 
the measure of the given length is multiplied by 30*48. 


47 . Dimensions of Units. — The various units used in mechanics, with 
the exception of the unit of temperature as measured by expansion and 
those units which depend upon it, may be ultimately defined in terms of the 
three units of length, time, and mass. 

These are called the three fundamental units. Thus, for example, the 
unit of velocity is the velocity of a point which moves through the unit of 
length along a straight line in the unit of time. We denote the three 
fundamental units of mass, length, and time by the symbols [M], [L], 
and [T]. 

If the fundamental units are changed, all other units which depend upon 
them will in general be changed as well. 

The unit of velocity, for example, will evidently be changed in the same 
ratio as the unit of length, and inversely as the unit of time. 

We express this by saying that the dimensions of the unit of velocity 

are • 

Similarly, since the unit of acceleration is the acceleration of a point 
moving so that its velocity increases by unit velocity in unit time, its 
dimensions are 


In general, when any unit varies as the nth power of a fundamental unit, 
we say that it is of n dimensions in that unit. 

Thus, for example, the unit of volume is the volume of a cube whose edge 
is the unit of length and its dimensions are [L^]. 

The unit force causes unit mass to move with unit velocity, its dimensions 

rMLl 
are [.p J- 

As an example, the student may verify the following statements from his 
knowledge of mechanics : — 

rML^n 

The dimensions of the unit of work or energy are J 
The dimensions of the unit of power are 
The dimensions of the unit of momentum are 


Those units which are directly derived from the fundamental units are 
called absolute units. In some cases the absolute unit is too small for 
practical use, and a special practical unit has to be used. 

I ft.-lb. per second is the absolute unit of power when 32*2 lb., i fl.^ 
and I second are the fundamental units ; but, as this unit is small, the 
horse-power, which is equal to 550 such units, is used instead for pracitcal 
purposes. One erg per second is the absolute unit of power when i grm., 


64 


Practical Mathematics 


I cm. and i second are the fundamental units ; as this unit is very small, 
the watt, which is equal to lo^ such units, is used for practical purposes. 

Example .— practical unit of power in applied mechanics is l horse-power^ in 
dectricity it is I wait. Find the number of watts in a horse-power. 

In changing from the first system of fundamental units to the secondj 

[M] is multiplied by ^ 453*6 grms. in a pound ; 

[L] is multiplied by since i cm. = 0*3937 in. 5 

[T] is unchanged ; 

The dimensions of the unit of power are 
the absolute unit of power is multjpl; 

changing from the foot, 32*2 lb., sec. system to the cm., grm., sec. system. 

550 is the measure of one horse-power iri the first system of absolute units, and, 
since the measure of a given quantity varies inversely as the unit in which it is 
measured, the measure of one horse-power in ergs per second is 

550 X 32*2 X 453*6 X 12 ^ = y46 X 10“ ergs per second 

( 0 - 3937 )* 

=r 746 watts. 


Examples.— XXV. 

1 . One erg is the absolute unit of work when i grm., I cm., and i sec. are the 
fundamental units j one foot-pound is the absolute unit of work when 32*2 lbs., i ft., 
and I sec. are the fundamental units. Find the nuniber of ergs in a foot-pound. 

2. One pound is the absolute unit of force when 32 ‘2 lbs., i ft., and i sec. are the 
fundamental units j one dyne is the absolute unit of force in the cm., grm., sec. 
system. Find the number of dynes in a pound. 

3 . The modulus of torsion of steel is 8253 kilogs. per sq. mm. ; what is it in 
tons per .square inch ? 

4 . The measure of the acceleration due to gravity is 32*2 absolute units when 
I ft. and I see. are the fundamental units, Find the measure of this acceleration 
when I cm. and l sec. are the fundamental units. 


ed by 


32*2 X 453*6 




3937\2 
12 J 


CflAPTKK VI 


MrscKLiAyEors EQirArio.vs and rnEAVr/rrES 


48. In this Lha{>i«!r we ^hall disil with t ertain puitbiis of elcineiil.iry algebra 
wlii^.h are of iin|Kir{ .nice ia the^ app!icati<ms cif tho stihjei t. 'rhis treatment 
is intended to siipplcrneni ;tn<i not to fake the phu e of oidiuai y U*xt diooks 
in alj^ebra. 


4a Q,uadratic Kquationa. IVi find a fonriula fur the valuer ef r which 
satisfy the cjuadralic et|iiatMm. 

a.%^ 4" in- A c a 

where o', and c arc any cfjii.stant quantities. 


have .1 4 I 
a 

P 

Acid tu both suich of llu:. cqnatic^n 
4 fr'^ ^ 


Then x‘^ 4 - .r 4 ; a 

a 4/r 

.3 


!■ 






X 4- 


za 
and X 


a • 4 ^^ 

- 4ar; 

4; p — 4nrf 

lit 

— ^ t - 4 /X 4 !: 

Za 


I his formula gives llm i%vf} na;*'; uf’the rpiadratic C(j[uatifni 
ax^ 4“ /cr 4« c ' • 0 for arry values ofn, and «. 
Let 3..1" 4 2.r - 4 o 

Here a 3, E - 2, c ' — 4 


and A x-- 


- 7 , b 4. 48 


CO 


1-535 or 0*868 


do. CandltlonB for Roal. Kf|ual, and Imai^inary Hootii.-'dn the; 
^bove cxain|)lc we liad no difticuliy in cahulatinK the rocits, lierair.e the 
quantity P - 4ac, untler the sf|iiare root was positive, and its square root 
could he finind. It may lirippen that J^ac h negative; fV. # is leas 
than 4nt, as in the following example r-** 
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3ji: 2 4. 2;r -f 4 = o 

Substituting in the formula (i) we find 

- 2 ± V4-" 48 —1 ± \/ - II 


Since we cannot find any real number whose square is — iijthe roots 
of this equation are said to be imaginary. 

We shall find, however, at a later stage, that for certain purposes we may 
use the imaginary roots of an equation as if they were real, and that, in the 
applications of the subject, the results have a definite physical meaning. 

We may write the above expression for the value of x 

-^±^ 11 ^^ .. = _ 0-33 ± I-I 05 .' 

where i is used to denote ^ — 1. • / \ 

If ^ is equal to the quantity — 4 ac under the square root m (1) 
vanishes, and the two roots of the quadratic equation become equal, e.g. ; — 

4;t^ — 20jr -i- 25 = o 


Substituting in (i) we get 

20 ± y4oo — 400 

8 


2*5 ± o 


i.e. the two roots of the equation are each equal to 2*5. 

Note that in this case a:^ 4 - hx 4 r c is an exact square. 

We have thus shown that in the equation 

ax^ + 4- <: = o 

If 32 is greater than ^ac the roots are real and unequal j 
If is less than i^ac the roots are imaginary ; 

If is equal to ^ac the roots are real and equal. 


Examples. — XXTI. 

Find the values of x which satisfy each, of the following equations, correct to two 
places of decimals : — 

1 . nxP- — + I s= o. 2 . 3jc:* -f lox 4-2 = 0. S. 5^:^ ■— 4r — 6 = o. 

4 :. 3.x:’ 4 - 5^ — S = o. 5 . 3 — — 4jr = 0. 6. 3.* — 4 — = o. 

7 . 3^:^ — a: 4- 4 = o. 8. 234:* 4- 134: 4-11 = 0. 9 . i *34?* - 2’54f 4 5*9=®. 

10 . 2'5 X io“* 4 ;® 4 2*1 X loV 44 X 10® = o. 

11 . 2*5 X 10-^4:242 X io- 4 f 44 X 10® = o. 

12 . 2*5 X 4 1*9 X lo^x 44 X lo'* = o. 


61 . Solutions of Equations by Resolutions into Pactors. — Let a and 
jB be the roots of the equation 

ax^ 4 4 ^ = 0 

then , -.y^- iff 


2 a 


xa 
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From these values vre get 




4a^ 


b € 

Thus, if any quadratic equation is written in the form jir^ + +• - = o, 

so that the coefficient of is unity, and all the terms are on the same side of 
the equation, then the sum of the roots is equal to the coefficient of x with 
its sign changed, ^ and the product of the roots is equal to the constant term. 
E.g, in the equation 

+ 6 = o. 


the sum of the roots is 5 and their product 6. We see that the roots must 
be 3 and 2, and this quadratic equation may be written 

(jr-3)(jr-2) = 0 


.In general, it follows in the same way that, if a and >8 are the roots of a 
quadratic, the equation may be written 

(X - a){x - / 3 ) =z O 


since we know that in the product of these two factors the coefficient of is 
- (tt 4- y6) and the constant term ajS. 

Otherwise, it is evident that if an equation can be put into this form it is 
satisfied if either factor is zero, zV. if x - a or x = and therefore a and >8 
are the roots. 

Thus, when the factors of a quadratic expression can be found by 
inspection, the roots of the corresponding equation can be written down. 


Example. — the equaikn, 

— I IX + 3 = o 


We notice that the equation may be written 

(24? - 3)C34: - i) = o 


This is satisfied either if 


— 3 = 0 and 4: = I 
or if 34: — I = 0 and x = \ 
the roots of the equation are | and 


Examples.— XXTII. 


Solve the equations — 

1. sx -h 2 = 0. 

2 . 4 2x — 3 = 0. 

8. 

+ 2 X + i = 0. 

4 . X® 4 ” 5ji; 4 - 6 = 0. 

6. 2x^ 6x — 20 = 0, 

0. 

3x* — rqx-f 6 = 0, 

7 . 6 x' 4 - 34^ - 45 = 

8. 1 54?*— 36X 4 12 = 0. 

9 . 

77 ^-+ 57 -«~ 54=‘0 

10, 65X® — 390X 4-520=0. 

11. x^ 4 = 0. 

12. 

2: 

^4 _ 

10 . In the equation 

Lx^-l- JU+ 1 = 0 




suppose R and K are known, Write down the conditioife which must be satisfied by 
the value of L that the roots may be real, equal, or imaginary. 

14 . Solve the equation in example 13 for the cases when R =5 200, 
K =0*5 K 10 and L has the following values : — 

(a) T = 0*002 ; (^) L = o’oi j (e) L = 0 005. 
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if one or more roots can be found by inspection, we may take out the 
corresponding factors of the first degree and the remaining factors may then 
be more easily found. 

Example . — Soht iht equation 

3^ -f 2:1:’ + — 2Jr 3 = o 

We notice that this equation is satisfied when we substitute jr = i, and therefore 
I is a root and i is a factor. By division we find that the equation may now be 
written 

(or - i)(^»4-3^ + 5^ + 3) = o 

The second factor vanishes when we substitute = — i, and therefore contains 
X + I as a factor. By division w'e find that the equation may now be written 

{x - i)(:s: + l)(^ + 24: + 3) = o 

Since 2* is less than 4 X 3 X i, the roots of jr* + + 3 = o are im^inary, and 

there are no more real roots. The roots of x* -f 2j: + 3 = o are — i ± \/2 . i. 

Thus the original equation reduces to two equations of the first degree and a 
quadratic. The roots arc i, — i, — i + /, —1 — 4/2 f. 


Examples.— XXVIII. 


Solve the equations 

1. — lOJir + 8=0. 2. jr* - yjr- + + 15 = o. S. — 2 = o. 

4. + lox + 8 = 0. 5. — 5^^ + 5x^ + 5x — 6 = o. 


63. Logarithmic Solution of Equations. 

Example (i). — Solve the equation 

3*2 x 2’8 = 

Dividing by S‘ix^% we get 

o*62y 5x1*2 — j 

Taking logarithms of both sides 

I '2 log X + log 0*6275 = o 

1*2 log X = — log 0*6275 

= I — 07976 = 0*2024 
log x = 0*1687 

X = I *47, or X = o 

Note that we have divided out by the factor xi’i, which gives the root x = o. 

Example (2). — Solve the equation 

2*53 = 3 ' 59 ’'^* 

Taking logs of both sides 

log 2*53 = i*2xlog 3*59 
0*4031 = i*2x X 0*5551 
= X X o*666i 
/. X = 0*605 


Examples.— XXIX. 

2 . 3-9Sj: 1^ = y.gx. 

4 . a*4i~i*:’-« = 2* 73-1 -s* 


Solve the equations — 
1. i*2x*'® = 2’3x^’®, 
3 . 3*2i2®* = 8*9. 
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16. Solve tlie equation 4- i = o. 

16, If W, and h are kno’wn in tkc equation 

\V 2 , , , I 

— JC* -{-kx 4- _ = o 

write down the conditions which must be satisfied by the value of k that the equation 
may have real, equal, or imaginary roots. 

17. Solve the equation of the last example for the case when W = i, 32*2, 

A — — 002. 


62 . Hqua,tioiis of the Degree Higher than the Second. — We shall not 
here give any general methods for solving equations of degree higher than 
the second, as the student will probably find the graphic method described 
in Chapter VII. most suitable for any case with which he may meet. 

In certain cases, however, equations of higher degree than the second 
may be easily solved. 

EtlAMPLE.— ' — 3^* — 4 = 0. 

First solving this as a quadratic in x\ we get jt- = 4, and = — i. 

The case x- = 4 gives jr = 4- 2, or x = - 2 

The case = ~ i gives ;r= + A/—i, orj:=--V— I 

the four roots of the equation are 2, — 2, i, — V — 

We might also proceed as follows : The expression on the left-hand side of the 
equation may be resolved into factors 

{x ~ 2)(.a:+ 2)(x^-f 1) = O 

The equation is satisfied if any one of the three factors is equal to zero. Thus the 
equation is reduced to two equations of the first degree and a quadratic equation, 
The roots of these arc 2, — 2, d: V i as before. 

We may in this way extend the method of § 5 1 to equations of any degree. 
If the equation is arranged so as to have zero on the right-hand side, and the 
left-hand side can then be resolved into factors, the equation is satisfied if 
any one of its factors is equal to zero. Thus the problem is reduced to that 
of the solution of a number of equations of lower degree than the original 
equation. 

It can be proved that every algebraical expression of the nih degree can 
be resolved into real factors of the first or second degree; thus the expression 
— 4 in the above example has two factors of the first degree and 
one of the second. 

Each factor of the first degree evidently gives a single real root of the 
corresponding equation. Thus, in the above example, we found two real 
roots 2 and —2 corresponding to the two factors of the first degree. Each 
quadratic factor which cannot be further resolved into real factors of the first 
degree gives two imaginary roots of the original equation ; thus, in the above 
example, the quadratic factor -{■ 1 gives the two imaginary roots ± V “* 

It follows that the imaginary roots of any equation always occur in pairs. 
It can be shown, conversely, that if there is a real root there must be a 
corresponding factor of the first degree, and also that an equation of the nx!si 
degree has n and not more than n roots, real or imaginary. 

No general rule can be given for resolving an expression into factors, but 


I 
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B. Find the value of to satisfy the equation 

~ = 220 

T“ I 

given C = 200, « = — 1*13, 7/1 ~ 9*3. 

0 . If W = loga — , find the value of having given that = 2250, = 10, 

W = 31,200. 

7 . Find a value of V which satisfies the equation 14VI-3 = 95(V — 14)^’®. 

8. Find a value of x less than i which satisfies the equation 


a y 

—X 

y 


■(..ly., 


having given that 7 = 1*41. 


64. Simultaneous Equations. — We may require to find the values of 
two or more quantities, so as to satisfy two or more conditions. It can be 
proved that, in order to determine the values of any number of unknown 
quantities, we must have the same number of independent equations. Such 
equations are called simultaneous equations. It is assumed that the student 
is familiar with the solution of simple simultaneous equations. We shall 
here give some examples of types which are often found useful in the 
applications of algebra to geometry and physics. 


Example (i). — Find the values of m and c so that the equation y = mx -f c may be 
satisfied when x = i and y = — 3, and also when at = — 2 and y ~ 5. 

Substituting in the equation, we have 

— m -h-c 
5 = — . 2ni + c 

Subtracting, we get 

3w = ~ 8, w = - I 
and by substitution r = ~ J 

/. the required values are and r = — -J 

and the equation is^ = — J .v — J 


Substituting x = i we get ^ = — 3, substituting x = — 2 we get thus 

verifying that the equation now satisfies the required conditions. 


Example (2 ). — Find the values of x andy which satisfy the equations 
^ = 3JC -f 2, and = 3 + 2x* 

When, as in this case, one of two equations is of the first degree, we may always 
eliminate one variable by substitution. 

Substituting 3X -f 2 for^ in the second equation, we get 

9x* -f r2x 4-4 = 34- 2x® 

yx^ -f I2x 4-1 = 0 

• — — - 28 

'14" 

= — 0*088 and — I *626 

Substituting these values of x in the first equation, we gety = 1*736 and — 2*878. 

Example (3). — D is the density of dilute sulphuric acid when 100 parts hy weight 
contain S parts of the pure acid. 


Miscellaneous Equations and Identities 


r* 

Jpind a ftir mu ia, S anti D, of the f*>rm 

S r= /I -I* hi ) f rT)’ 

whrf'f ^ i:on%tantt^ hmnng idven that 

I) n 1*840 ivheu S — 99*20 
Dr:: 1*50 „ S “ 59*70 
I> - 1*07 „ S = 10*19 

Sii^ce Ike thrfe ijWen pairs of correr.pontling values must satisfy the required 
formula, wc have, sulislituting 

99*2 = tf + 1*84^ -h 3-386^ (i) 

59*7 z= 4- I *505 4 - 2*250^ (2) 

ro*i9 = + ro7^ 4 i-i45r (3) 

Subtracting (a) from (it ) and (3) from (2), we get 

39‘5 =o-34<^ 4 i-I36c (4) 

49*51 =0*43^ 4 i*i05r (5) 

We have now two sinnxltancous equations to find h and c. 

MuUi|dying (4) hy 0*43, and (5) by 0*34, and subtracting, we get 

o*i$2 = o*U26r 
/. 1*351 

Sulmtituting in {4) wc g;et 

0 * 34 ^ r-. 39 *s -- 1*534 = 37-97 

/. rs I n *7 

Substituting the values of h and c in equation (i), we get 

a = 99*2 - 205*6 - 4*57 
= - 110*97 

the required formula is S r: 111*7!) 4 1*35^^^ 110*97 

To verify, sul^stitute 1 > s= 1*5 ; wc get 

S 59*62 

which h within 0*1 of the l^lvcn value. 


KxaMI’LK F /r frictional rtsistance in fonmfi fer square inch in a certain 
bearing running nt a vehci^y ofV ft. per minute. 

/i is hmrwn that F and V are connected by a formula of the form F = /'V”, isihere 
k and n are com t ants. 

Jf^Tz 0*368 when V 105 
and F = 0*613 when V ~ 314 

find the fialuet of k and n. 

We have F - 4V« . , , . . (i) 


Talcing logs, 

logF- 

For the given values of F and V, 


^ « log V 4 log * 

wc find from the tables that 


lag F 1*5^6 when log V ~ 2*021 
and If»g F =rl*7875 when log V r- 2*497 

Substituting in (2), wc get 

J *566 =r 2 * 02 irr 4 log , , 
1*7875 « 2*497^4 log • 




(3) 

(4) 
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Subtracting 

0*2215 = 0*476;/, and n = 0*465 

Substituting this value in equation (3), we find 

log k =jr ^66 — 0*940 

= 2*626 = log 0*0423 
k - 0*0423 

the required formula connecting F and V is F = 0*0423 

Example (5). — A body is raised to a temperahire of 20° and ihm allowed to cool i 
100 seconds aftenuards its tejnpei'ature is foimd to be li°. If Q is the temperature at 
time t secotids^ and it is knawn that 9 and t are connected by an equation of the form 
9 = ae^^y where a and b are constants ^ and e = 2*718, find the values of a and b. 

We have 9 — ad*' « . (i) 

Taking logs, 

log 9 — ht log e 4 - log a 

- 0 * 4343 ^^ + log (2) 

It is given that when / = o, 9 — 20®, and log 9 — 1*3010 j also when t = 100, 
0 = 11, and log 9 = 1*0414. 

Substituting in equation (2), we get 


1*3010 = log , . . 

1*0414 = 43*43^ + log ^ 


We have here two simultaneous equations to find b and a» 
From (3) a = 20. 

Substituting in (4) 

43*43^ = **“ 0*2596 ; 3 = - 0*00598 
*•, the required equation is 6 = 20^“°'°°®^ 


Examples. — XXX. 

1 . Find the values of x and so that the equation 7 = mx + c may be satisfied 
when m — \ and r = 2, and also when m — \ and ^ = 2*6. 

Verify your result by substitution. 

2 . Find the values of 7 ?i and c^ so that the equation y — mx + c may be satisfied 
when jr = 4 andj^' = 7, and also when x = 3*5 andy = 6*4. 

3. X and^ satisfy the equation ax by c o. 

Ify = — 4*5 when x = 2, and y — — 10*5 when :r = 4, v/hat is the value of y 
when X — q. 

4 . J t is given that r, y, and z satisfy the equation 

a b c 

when = 2, b = 2 f ^ ^ ^ilso when a = i, 3 = i, c = i» Find an expression 

for y in terms of x. 

5 . Find the values of x, y, and z which satisfy the equations 

X — 2 _ y — I _ g — I 
325 
and 2x + 3y + g = 42, 

0 , Find the values of x andy such that x* + jy’ = 16, and y = 3^ + 2. 

7 . If jy® = i6jr, andy' = 3jr — i, find the values of x a.ndy. 

8. y^ = 4^7x, y = mx + c ; m, a and c are known constants. Find the relation 
between c and so that these equations may have equal roots in x and equal 
roots Iny. 
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9 . Solve tlic equatinn*’. : 3 -^” 7 -^}' ^ I v 3 -*' 

10. ^Hvcn xy ■ <?.r + fy\ nud v ' <»'47 •’f ' 9'3» y ■ ■*' 

Find the value uf}* wloui .r ■■ 1 1 ‘4, 

11 . If 4- /u' -I- < where <r, ^ und r ur^* fon .tai.t'i ; and v in’fji; wtiru 

X = 2 * 4 , y = S 4 'H 2 when x 5*9, y ' whm x ■- l rj : had fhr vahtr uf y 

when X = 7*2. 

12. y and x arc connected by the equation r • - ^ ^ v.tbir*. ».f 

the constants ^ and e, having;; f'ivxn that y 41-0 when x 0*6, / Srcji v%hrfi 
X “ 2*1, y = 26*45 when X = 5'4, 

13 . It is known that^ varies a.*; sonic |»ovvtT #>f x in the follrtwinij two exain|dra ; 

U y = 26*8 when x ~ 2*8, — ^89*5 when x ■ 8*3, hud the equ.iti ai t oniirt tinu y 

and X. 

14 . 9/ varies as some power of x ; i(y -- 0*4845 when x yS»y o'it^k/ when 
X rz 9'6, find the ecpiation connectin'^ and x. 

16 . Given 7 = a -b bx^\ y r- 3*6 when x 0,/ 10*46 wlieri x 1*4, y I jo* | 

when X = 3*7 ; find the value of 9^ when x = 2’5. 

18 , V is the Sf*eed of a certain vessel in knri^ ; when the mjpne; are wnrliou at 
P horse-power. Find a formula of the f«»rm P a } /A'^, eorme? fiiqj I* and V. It 
is found by exjieriinent that I* " 2.S7 when V 5, 1' 1856 when V" n. 

17 . It is known that / and 2/ are eomiec’tetl l-y an rquatitni tlie tnriu /•; ’» G. 

If /> r; 1577 when V = 3*5, and / 447'5 when ?/ 9*t>, find die valnr% <,{ n an«l (!. 

18 . ifnf^ C, = 213 when v - 2, /* ' 23*4 uhni r/ 10, Mnd n and < 

19 . In Ih*aucham|) Tower’s experiioerits «*n fri< lion it was tonnd that the eorfin ient 

of friction in a certain bearing was 0*0021 when the sperd wa*. 157 It. per nmufr, 

and 0*0036 when the speerl was 419 ft. per minute. It thr li}t ti..n vanr% ii\ sMiiie 

power of the spe.ed, fuifl this po\s 4*r. 

20. In Ilodgkinr.on'.s experiment i on the St reni^h uf » ;r,t ir#in pillars, a pillar <*f 
2i ins. diameter and 10 ft. hmit was found to break with a hsoi nf t^. h^o lbs. W hm 
cut down to 7*5 ft. lon[j, a pillar of the same diameter and mafenal w .ii (bund ?•» 
break with a load of i(x>^ 2(.)0 lbs. If the lueakinu lo.id varies as some p^wer «d die 
length, find thif? power. 

( Phil, ‘I’ran .., iK }i ,) 

♦21, U p - a{0 d- b)\ and / - 69*21 when # - 150, p 79 03 when 0 1 fmd 

the values of a and b, 

/, ~ 210, ?/, = 2*5, Vy r- ID ; find p^. 

23 . If/V'*^ ~ (*,, and (*2, and •/ i 4 rmistanf, find the eqi5Hfi«>n rorne* ting 

/ and p, 

24 . If it h known that /,?/,'>' ’ - /^rj \ ami th-it i ^ ^ ^ re;*';, fmd fy, 

having given that /, ~ 350. 

26. ;rhe entropy 4, of a certain <pi:tnt;<y of gas at prrv.uT»' A, ruhnnr tempera^ 
turc k O. It.s entr(*py at pres ure /, volume rq temprratmr r, h given hf 

*P ^ f d” K log/' 

/V •'« 

It is known that /?/ R/, /=,r, R/„ H - K !•. Ivxprr-s ^ (t) in Irnin of 

volume and temperature ; (2} in ternm of tern* etafure urei press nm. 

20 . If / = / "■: 24*8 when xr 12-5, ami / ■ • 540 wi.rn x 33; fin I 

a and b. 

27 . y = y - I 2 d >0 when X 6*5, r flH-f-Gjenx i-pK. I* ind rs »fid 

28 . W W r- 5*35 when $ i W 2**9 when i jr. Find the 

value of fji, 

29 . fi is the coeHicient of friction in a certain bearing a* irrrq.eratUfr /'* F'. If 

♦ Examples 21 -34 may he postponed to » later *tagr. 
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there is a law of the form fi = connecting /.t and /, find the constants a and b. 
Given fi = 0*0059 when / = no, and fx — 0*0124 when / = 70. 

30 . V is the voltage at time t across a condenser of capacity K, discharging 

through a resistance R. V = where A is constant.' If the condenser is 

allowed to discharge itself through the insulation resistance R of a certain length of 
cable, it is found that V = 100, when / = o, V = 55 when / = 1800, K 
Calculate the value of R. 

31 . / is the pressure of saturated steam at absolute temperature C. The 
following values are found by experiment : — 


p 

1*78 

20*80 

101*9 

lbs. per sq. inch. 

t 

324 

384 

439 

degrees Centigrade. 


rri A ® C 

Iflog,oi> = A--“^ 

Find the values of A, B, and C. 

32 . In some experiments to find the viscosity of a liquid, if s is the distance through 
which the pointer of an oscillating disc swings at time r. 

s = ae-^ sin ni h 

s = 648*0 when / = — radian 

s = 380*7 when t = 

^ * 2 n 

s = 616*8 when t ^ and ^=1*3 

2 n n 

Find the value of k. 

33 . In another experiment like that of the last example 

5 = 460*3 when / = — 

2n 

s = 538*0 when / = 

2 n 

5 = 477*3 when F = 1*5 

271 n 

Find the value of 

34 . S is the quantity of common salt which will dissolve in loo parts hy weight of 
water at temperature C. 

There is a formula connecting S and t of the form 

logS = a + i(-L)+ c ( —V 

\ioo/ \iooy 

Find the values of a, and c from the following data : — 


S 

3613 

37-25 

38-22 

/ 

25 

60 

So 


56. Identities. — We have said that an equation of the ;ith degree has 
only n roots, Le, that it is satisfied by n values of ;r. If we find that an 
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equation involving an unknown, quantity x in the «th degree and a number 
of constants, is satisfied by more than n values of ;r, it can be shown that it is 
true for all values of ;r ; it is then spoken of as an identity. 

The sign = is used to express identity, e.g. the equation 

{x +■ i)(jr 4- 2 ) = 4* + 2 

is true for all values of x. 

The coefficients of each power of x must be separately equal on the two 
sides of an identity. 


Example. — Find the value of the product {x 4- 2)(jc — 3)(:r* 4- 5). 


The result will evidently be of the fourth degree in x. 

Let {x 4 - 2){x — 3)(^ 4- 5 ) = + E, where A, B, C, D, E 

arc numbers which we require to find. 

Since this is identically true for all values of Xy A must be equal to the coefficient 
of X* on the left-hand side of the equation. A = i. 

This process is known as equating coefficients of x*. 

Similarly B is equal to the coefficient of on the left-hand side of the equation, 
B = 2 - 3 = - I. 

In the same way, by equating coefficients of and Xy and the constant terms, we 


get 


C=-i, D=-5, E=-3 o 


and the required product is equal to 

X* 30 


Examples. —XXXI. 


Before reading the next paragraph the student should work the following 
examples : — 

Reduce each of the following to a single fraction in its lowest terms : — 


1 . 

3 . 

5 . 


„ 3 __ __ __ 3 _^ 
X — 2 X + 2’ 

^ _ 3 

X -jr I X 2 


4 - 


X' i-2X + s “ 3 


q 4 2 

X — 2 {x — 2 )^ X — 1 


lx + 2y ‘^;c4-l‘ 


11 . 


2I(X 4 “ 2) 28(;t- — 5) I2(jr— i)* 


2 . 

4. 

6. 

8. 

10 . 


.r — 3 '^j:4-3"^jc — 2 ‘ 

— 3___ __ 5 

2;»r 4 - 9 3;c - I X + f 

4 '_ 7 _ 3 __ 

~ 4JC 4- 9 X-2‘ 

^.±±1 , __ 3 „ , __ 4 __ 
(x 4- 5)‘ + 5 ^ + 2‘ 

_„9 __ ^8 _ 

5(^ + 2) 5(2X-I)* 


56. ^Resolution into Partial Fractions. — The student already knows 
how to express the sum of a number of fractions as a single fraction whose 
denominator is the least common multiple of the denominators of the given 
fractions, as in the above examples. It is sometimes necessary to carry out 
the converse operation, t.e. having given a single fraction, to express it as the 
sum of a number of simpler fractions. This process is spoken of as the 
resolution of the single fraction into partial fractions. The method will be 
best understood from a consideration of the following examples. 
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Example (i). — To resolve the fraction 


Practical Mathematics 

2JC — 5 


2JC- + 3 -^ 2 


into partial fractions. 


Resolve tlie denominator into its simplest factors x + 2 and 2:r — r. We see that 
;r + 2 and 2 x — 1 are possible forms of the denominators of simple fractions of which 
the given fraction is the sum. 


B 


, where A and B are constants. 


Assume . — ; — r -, — t = — ; — t 

{x + 2)(2jr — i) X -k- 2 2 x ~~ i 

Multiply both sides by the L.C.M. of the denominators. 

2JC — 5 ~ A(2:i: — i) + B(x + 2) 

This is an identity, and is true for all values of x. Assume jp = — 2, and substitute. 
Then the coefficient of B vanishes, and we have 


9 = - SA A = I 

Then the c 

. 4 = f B B = - f 


To find B assume and substitute. Then the coefficient of A vanishes, and 

we have 


2X — ^ 


8 


{x + 2){2X - I) 5(j: + 2) “ 5(2jr - I) 

Note that this agrees with example lo above. 

I 


Example ( 2 ). — Resolve the fraction 
I A 


Assume 


> - j)ix + 2)ix - 5) 

B C 
' + “ + ■ 


into partial fractions. 


[x - ){x + 2 )[x — 5 ) X - I X 2 '^ X - S 
I = A(;r + 2){x - 5 ) 4- B(jr s){x - i) + C{x - i)(jf 4- 2 ) 
Let = I ; then, substituting 

I = - 12 A 4 -oxB 4 -oxC /. A=-"|^ 

Let .r = — 2 ; then i = 21B and B = ^ 

Let = 5 ; then i = 28C and C = 

. I I 




" {x- l){x + 2){x- s) I 2 {x-i) 2 i[x-i- 2 ) 28 (jr-s) 

This agrees with example ii above. 

Example (3). — It sometimes happests that the factors of the frst degree in the 
denominator are not all different^ one or more factors being squared or cubedj as in the 

In this case a fraction of the form — A__ as well as a fraction of the form — 

X - l (x - l)^ 

may occur among the partial fractions of which the given fraction is the sum. 


Assume ■ 




B 




(x — l)^(x 4- 2)(x — 5) “ X — I (X — l)^ ■ X 4- 2 ’ X - 5 
t = A(x-i)(x4- 2)(x-5) + B(x 4- 2)(x-5) 4- C(x-5)(x-i)2 4- D(x-i)2(xf2) 
B, C, and D may be found by substituting suitable values of x as before. 

If X = I we get I = -- 12B B = — 

If X = ~ 2 „ I = - 63C /. C = - ^ 

= S >» i = ii2D D = 
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Since the above equation is an identity, the coefficients of each power of x must be 
separately equal on both sides of the equation, 
equating coefficients of we get 

0=A-i-C + D = A— + 

A = xJt 


{x- iy{x + 2)(x - s) I44(jf ~ I) l 2 [x-lY 63 (^“- 2 j II 2 (r- 5) 

In the same way if (jc - i)^ had occurred in the denominator we should have 


assumed 


B 




x-l {x-lY {x- I) 


as the corresponding partial fractions. 


Example (4). — It may happen that the denotnhiator cannot be completely resolved 
into real factors of the first decree. Any algebraical expression can be resolved into real 
factors of the first or second degree. 

"\x 4 “ ^ 

Resolve r^r-r~^ — ^ partial fractions. 

(jt' 4- ^ -h i)(.^ - 6) 

^ 3^ + 5 _-Aj_B.r4-C 

Assnme = i-:r6 + ■+T+ i' 

Multiplying across we get 

3JC 4- 5 = A(jir^ 4 - jr 4 - 1) 4 - Bx[x - 6) 4 - C(jr — 6) 

Substitute x = 6 ; then 23 = 43A, A = 

Since no real values of x will make the coefficient of A vanish, the constants B and 
C must be found by equating coefficients of powers of x. 

Equating coefficients of x^ on both sides of the equation, we have 

0 = A4-B = |§ + B A B=- J| 

Equating constant terms 

s = A-6C c=-L:^l=_ jf 

. 3 ^ + S = ?3 ^ 3 ^ + 32 

** (44 4-a:+ i)(^ - 6) 43(-^-6] 43(-^" + ^ + i) 


Examples.— XXXII. 


Resolve into partial fractions- 

1 . 


11 . 


19 . 


4 0 

2 

3 3 ^ 4-8 

jc^- 4 ' “'jp^+Sor+lS 

2^-+-5 K * 

^ 4 - 7 ^ 4 - 6 * 

6 . 5 -^ 4 - 7 

»* + 5 x + 6 ' ' X- - 

- 4 : — 20 * 

{x-l){x+ 2 ){x 

4 ^ + 23 

8 . 

y 4 + 4 x - 2 

{ 2 X + 1 ){X - S){X + 2 )’ 

{x 4 - i)''{x - 2 )* 

X“ — X+ 2 

10 . 

2 X — 1 

[x - 2 ){x + 3 )(-* + i)’ 

(X - 4 )( 2 X + i){x + 3 )' 

3 ^ + 2 

12 . 

I 

‘ x^ 4 r 2 x^ — 4 : — 2 * 

{x ~ 2 ){x 4 - z){x - 4 ){x + I)‘ 

X — 2 

14 . 

jc* 4 - - 4 - I 

'■ (* - 3 )('* + 3 )(* - 4 )' 

{x + 4 )(x H- 3 )(x - i)‘ 

I 

16 . 

7 j 4 — 24 j 4 + 6 x — 25 

'■ (•*■ - 3 ){'* + 4 )( 2 ^ -t- 1 )' 


{x - i)^{x - 4 .){x 4 - 3 )* 

+ I 3 -* + 9 

18 . 

4 * II 

( 2 * — i){x^ ■ 4 - •^x - 4 - 4 )' 

{x -- 2 ){x^ + X i- 3 )' 

. 3 -f + i 

20 . 

I 

4 - JP 4 * 2 ,)[x - 2 f’ 

a* 4- 4- b)e + ad 
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PLOTTING OP FUNCTIONS 


67. Function. — Consider the following table, which gives the value of the 
coefficient of friction for certain bearings at different speeds. 


Velocity v. ft. per min. . . 

I 

1 

3 

5 

7 

10 1 

15 

20 

Coefficient of friction fx . 

0*15 

0*122 

0*104 

0*092 

i 

1 

0*079 

1 O'o66 

0058 


We have here two variable quantities, ix and v, connected in such a wav 
that whenever v is fixed the value of is also fixed. If we choose any value 
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We express this relation by saying that ^ is a function of Plot a 
number of points on squared paper having values of v for their absciss® and 
values of ft for their ordinates (see § 12). Eg. in Fig. 40 the co-ordinates 
of A are i and 0*15, the co-ordinates of B are 10 and 0*079. 

Draw a curve trough the points thus obtained. Then, if we choose any 
value of the probable corresponding value of ^ is given by the ordinate to 
the curve which corresponds to the chosen value of the abscissa r* ; fg, mhen 
I? is 8 we find that the ordinate CN, corresponding to the abscissa ON, which 
is equal to 8, is equal to 0*087, /u is 0*087 when the speed is S feet per 
minute. We say that the curve AB represents m a function cf r. AH the 
functions with which we shall have to deal can be represented in this way by 
continuous curves, and, at the present stage, the student should consider the 
statement that jp is a function of x, as meaning that values of j can be 
represented by the ordinates of a curve for which corresponding values of a* 
are the absciss®. 

A function of x may be given in the form of an expression in terms of x. 
x^, 3 x^ + 2x^ + I, sin (2x 4 - i), tan (x + i) are functions of x, for, when any 
value of X is chosen, the value of each of these expressions is fixed, and froin 
a number of values of x we can calculate a number of values of each of the 
above functions, and so plot a curve giving the value of the iunction for any 
value of X between two chosen values. 

It is not, however, necessar>*that wc should know* any formula to calcuiate 
y in terms of x. We may have merely a list of observed values of j and x, 
as in the case of ft and v above, but so long as a regular curv'e can be drawn 
to show the connection between y and x we speak of as a function ef x. 

We speak of y as the dependent and x as the independent variable, and 
if the connection between j and x is given by an equation we call ibis the 
equation to the curve representing 7 as a function of .r. 

If, for instance, it is given that g = 3^4 _ 2x*® 4 * i, we can calculate a 
number of values of g corresponding to selected values of x, and thus plot a 
curve representing this equation. 

68. Interpolation.— When the values of a function of x are given by 
tables for equal intervals in the value of the independent variable x, we often 
require to find values of the function between tne values given m the tables, 
eg the table of sines at the end of this book gives the values of sin x at 
intervals of one degree in the value of x; w*e often require to use this table 
to find the sines of angles which do not contain an exact number cf degrees. 
This process is called interpolation. 

If the difference between two successive values of x is small, we may 
plot on a large scale points representing the function for the tw*o values of x 
given in the tables nearest on each side to the value of x for whdeh the 
function is required. We may usually assume, if the values given in the 
tables are sufiiciently close together, that the portion cf the curve representing 
the function between these tw^o values is a straight line. Joining the two 
points wt may obtain from the straight line the required intermediate value 
of the function. This is equivalent to taking a small portion from the curve 
representing the function, and magnifying it. In the case of ali functions 
with which w*e shall have to deal, the portion of the curve taken will be 
approximately straight if sufficiently magnified. 

Note. — In the worked examples of this and the following chapters the measure- 
ments are taken from figures drawn on squared paper on a much larger scale thars can 
be used in the figures of this book. Owing to difficulties of reproduction, the small 
squares of the squared paper have not ail been shown. The student sh^^uld in all 
cases draw the figure for himself on a large scale on paper ruled into squares by thick 
lines at mtervak of i in., and fine lines at intervals of ^ in. 


So 
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For this purpose the numerical data have been given to a higher degree of 
accuracy than can be shown in the figures. 


Example (r ). — Find the values of sin 25*45°, sift 42*36°, sin 65*42°, sin 81 •83°. 
These values haTe been selected so as to test the accuracy of the graphic method 
of interpolation at different places in the table of sines. 

From the tables we find sin 25° = 0*4226, sin 26® = 0*4384. 

Plotting these values at A and B, and joining AB, we find that the ordinate to 
the line AB at the point corresponding to 25 ‘45° is 0*4297. 



X 


Fig. 41. 


I 


The value given in more complete tables is 0*42972. ^ 

In the same way we obtain the following results, which the student should verify 
by plotting the points for himself : — 


Angle. 

Sine by plottiiig. 

Sine frotn tables- 

42-36° 

0-6737 

0-67379 

65*42° 1 

0*9092 

0-90938 

81*83° 

0*9899 : 

0-98985 


Til us the error is in none of these cases greater than 0*0002, or about 0*02 
per cent. 

Since the same table is used to find cosines, it follows that we may rely upon it to 
the same degree of accuracy in interpolating values of cos x. 
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Example (2). — It is fou?id that the sine of a certain angle is 0*4318; to find the 
angle, 

T 2 ie value 0*4318 is not given exactly in the tables, but lies between sin 25® 
-= 0*4226 and sin 26° = 0*4384. 

Plotting these values as in the last example, we find that the point C in AB has 
the ordinate 0*4318. The abscissa corresponding to this is 25*58° 

0*4318 = sin 25*58°, 


Examples.—XXXIIL 

Find the values of the following : — 

1 . Sin 27*45° J sin 27*8° ; sin~^ 0*4612 ; sin~^ 0*4570. 

2 . Sin 71*5°; sin 71*32°; sin“*^ 0*9500 ; sin"^ 0*9482. 

3 . Cos 57*6° ; cos 57*9°; cos“' 0*5336 ; cos"^ 0*5417. 

4 . Tan 33*6° ; tan 33*25° ; tan""^ 0*6523; tan“* 0*6602. 

6. Sin 0*45°; sin 1*45°; sin 2*45°. 

6. Express 34*25° and 34*7° in radians, and 0*6000 radian in degrees, using the 
tables at the end of the book, and a graphic method of interpolation. 

7 . Express 1*195 radians and 2*3998 radians in degrees. 

8. Find the value of log 12*8873, having given log 12*88 = 1*109916, log 12*89 
= 1*110253. 

9 . Find log 10*7352, given log 10*73 = 1*030600 and log 10*74 = 1*031004. 

10 . Find the values of cos 135*61° and cos“^(— 0*7167). 

69. When the interval between the given values is not comparatively 
small, and in any case when we are not sure how far it is accurate to take 
the portion of the curve between the two given values as a straight line, 
we may plot three or four successive values from the tables, and draw the 
curve through these. 


Example. — The following values are taken from a table of cube roots : — 



Find the values of^tj 6*25 and 

On plotting the given values we get the curve AB (Fig. 42), A and B ore the 
points whose abscissae are 6*25 and 8*13. 

Reading off the ordinates at A and B, we get 

V6*2S = 1*841 ; i/8^ = 2>oio 

The correct values to 5 significant figures are 

?y6*25 = 1*8420 ; 5/8*13 = 2 *0108 

G 
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3 . From the following data find the values of (2*253)* and {3*861)* : — 


X 

2 

3 

4 


4 

9 

16 


4. Given 


X 

10 

11 

12 

1 

0‘I ' 

0*090909 

0-083333 

X 

1 

1 



Find the values of and 


6 . Given 


X 

4 

5 , 

6 

7 


64 

125 

216 

343 


Find the values of 4 * 361 * and 5732*. 
0. Given 


X 

6 

7 

8 

9 

5 A 

1*8171206 

1*9129312 

2*0 

2*0800837 

Find the values of and V^'I3. 



7 . Given 





X 

6 

1 

7 

8 

9 

•/X 

2*4495 

2-6457 

2*8284 1 

3*0 


Find the values of v'y'S and VS'25. 

60 . Graphic methods of interpolation may be used to solve problems like 
the following : — 

Example. — TAe propridor of a certain patented article finds that the number which 
he can sell at various prices is ^ven by the following table : — 
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Selling price in pence . . 

1 

6 

12 

i8 1 

24 

30 

Number sold .... 

1 

38,000 

35,000 

20,000 

8400 

5600 


Each article costs him sixpence to make. 

Plot a curve to show the probable number sold at any price from Sd. to 2s. 6t/., and 
find the number which he will probably sell if he fixes the price at is. efi. 

Also plot a curve to show his total profit at any price^ and find at Tnhat price it will 
be most profitable for him to sell the article. 


On plotting the given values we get the curve A (Fig. 43), showing the number 
sold at any price from (id. to 2s. 6d. The number sold at u. ^d. is given by the 
ordinate at A, where the abscissa is i6. The ordinate at A, and therefore the 
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ordinate is greatest at C, and therefore it wit! be most profitable to sell the article at 
ij. 4//., the total profit at that price being about j^ioSo. 

Example ( 2 ). — It is required to deznse a graduated scale of incotne tax, so that 
incomes of f 160 shall jiay nothing, and incomes of £*J00 shall pay js. 2d. in the pound. 
All other incomes are to be taxed according to a linear law satisfied by the two given 
cases. What would be the tax on incomes of ;^500, and fiooo ? 

We are given that the curve connecting income and rate of tax is a straight line. 
Taking values of total income as abscissae, and rates of income tax as ordinates, 
and plotting the two given cases, we get the points A and B (Fig. 44). 



0 200 400 600 800 JLOOO 

Total Income (pounds) 

Fig. 44. 


The straight line through these points gives the proper rate of tax for other 
ncomes. 

From the figure we find the following values as ’ given by the ordinates at the 
points C, D, and E. 

Income. Rate of Income tax. 

£ r. 

300 O 

500 O 

1000 I 91 


Examples. — XXXV. 


1 . The following table gives the amount which £100, accumulating at 2^ per cent, 
compound interest, will reach in the times specified : — 


Time in years . . , ^ 

10 

20 

30 

40 

SO 

Amount of j^’ioo . . . 

128*01 

163*86 

209*76 

268*51 

34371 
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Plot a curve to sliow the amount of £ lOO at 2^ per cent, for any number of yean 
froDo o to 50. 

From your curve find the amount of £100 in 7 and 24 years respectively. 


2. S is the distance in yards at which a train can be stopped on the level when 
going at a speed of V miles per hour. 


V 

30 

40 

55 

60 

S ' 

100 

iSo 

340 

400 


What is the distance for speeds of 35 and 50 miles per hour ? 


3 . A steam electric generator on three long trials is found to use the following 
amounts of steam per hour for the following amounts of power : — 


Pounds of steam per hour . . . 

, 4020 

6650 

10,800 


210 

480 

1 

706 

Kilowatts produced ..... 

1 14 

290 

435 


Find the I.II.r. and the weight of steam used per hour when 330 hilowatts arc 
produced. 

(Board of Education Examination in Steam, 1902.) 


4. K is the modulus of elasticity of wrought iron, in grammes per square milli- 
metre, at temperature C. 



0 

20 j 

100 

200 

300 


*1,483 

21,441 

21,212 

20,458 

19.17s 


What arc the probable values of E at temperatures of 50% 150®, and 250® 
respectively ? 


5. 'f is the tensile strength, in tom per square inch, of steel confidning jf per ccht. 
of carbon. 


X 

o'X4 

0*46 

0-57 

0-66 

078 

o'8o 

0*87 

076 

T 

28*1 

338 

3 S ’6 

40 

41*1 

45'9 

467 

527 


Plot a curve to show as accurately as the data will allow the probable tensile 
strength ofBtecl containing any percentage of carbon from o‘i to i percent 

What strength would you expect to find in steels containing 0*40 per cent., and 
070 per emUt of carbon respectively? 
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6. S is the sag in the middle of a i20*foot span of trolley wire of copper, 0*4 in, 
in diameter, and T the tension at temperature F. 


/O F 

0 

loS 

152 

180 

S inches 

3 

i 

6 

9 

12 

Tibs. 

3,600 

1800 

1200 

900 


Find the sag and the tension at temperature 70® F. 


7 . / is the pressure in lbs. per square foot of saturated steam at temperature 0 ^ C. 
Make a table to show as accurately as you can from the given data the value of p for 
every exact number of degrees from 105® to 125®. 


0 1 

los 

no 

ns 

120 

I2S 


2524 

2994 

3534 

4152 

4854 


What is the pressure at temperature 108*4®? A.t what temperature is the pressure 
4320 lbs. ? 


8. u cu., ft. is the volume of i lb. of saturated steam at pressure p lbs. per square 
inch. 


P 

60 

6S 

70 

75 

80 

85 

U 

7‘03 

6-52 

609 

5*70 

5*37 

507 


What are the volumes at pressures 69*21, 79*03, and 89*86? 


0 . H is the horizontal intensity of the earth’s magnetic field in latitude 50® N. at 
the following longitudes : — 


Longitude 

10° W. 

1 

1 

0 

. 

10® E. 

20® E. 

30° E. 

H 

i8i 

188 

195 

201 

217 


What is the probable value of H in longitude 3® W., and 15® E. 


10 . The following table gives the time of sunset at the following dates . — 


Jan. I. 

Jan. xo. 

Jan, x6. 

Jan. 30. 

Feb. 5- 

1 

3 -S 9 

4-9 

4.18 

4.42 

4-53 


Plot a curve to show the time of sunset on any day in January. Find the times of 
sunset on January 4th and January 20th. 
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to follomng table gives the expectation of life of ma’ 


■?s at all s.^e? frota o 


Age . 

1 0 

5 

10 

^5 

20 

25 

Exp>ec- 
tation 
of life 

41*35 

50-87 

47 ‘60 

43*41 

39*40 

35 - 6S 

1 : 

Age . 

• ‘ 

55 

60 

65 

1 

70 

75 

Expectation of 
life . . . 

I 5‘95 

! 13*14 

10-55 

8-27 

6-34 


oi ^ 40 45 


25-30 22-C7 iS*93 


90 : 95 ! 100 


and^4fy:“: = 7 y--. >4 yea«. 

ao-«^w ^ number of males oat of every million bom surviving at the following 

tfcgca 


Age. 

N. 

0 

1,000,000 

I 

836,405 

5 

723.716 

10 

689,857 

15 

672,776 

20 

651.903 

25 

624,221 

30 

595,089 

35 

564,441 

40 

531,657 


What is the probable number surviving at 1 7 years of age ? 

Out of looo living at the age of 17 years, how many will probably survive at 
33 years ? 

13 . An examiner has to give marks to papers ; the highest number is 185, the 
lowest 42. He desires to change all his marks according to a linear law, converting 
the highest number of marks into 250, and the lowest into 100 ; show how he may do 
this, and state the converted marks fox papers already marked 60, 100, and 150. 

(Board of Education Examination, 1932.) 

14 . jCr is the total return in money obtained from a certain farm when £C pa- 
annum of capital and labour are invested in it. 


c 

100 

1 

150 1 

1 

200 

250 

300 

350 

r j 

60 

67 

i 

95 

los 

loS 

109 


riot a curve showing the probable return for any investment from £100 to /jSC. 
What is the probable return for an investment of ;^22S? 
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15 . Green peas are brought into the market of a county town. Early in the 
season loo lbs. per day are brought in and sold at is. per lb. Late in the season, 
when peas are plentiful, 10,000 lbs. are brought in and sold at i\d. The intermediate 
amounts and prices are given in the following table : — 


Quantity brought into 
the market . , 

100 

500 

1000 

2000 

5000 

10,000 

Price per lb. . , . 

12 

6 

4 

3 

2 


Cost of growing and 







marketing per lb. . 

4 

3*2 

2 

2 


If 


Plot curves to show the price and cost per pound for any supply in the market from 
100 lbs. to 10,000 lbs. 

Also plot a curve to show the total profit on the whole amount sold for various 
supplies. What quantity must the producers bring into the market so as to make the 
total profit on the whole supply the greatest possible ? 

To construct the last curve use your two previous curves ; do not construct it from 
the given numbers alone. 


16 . In the wholesale wheat market, on a certain date, A is the amount which 
holders of wheat will be willing to sell at a price /. B is the amount which buyers 
will take at price p. 


P 

31^. 

30X, 6^. 

Zos. 

29^. td. 

29/. 


A 

292,000 

275,000 

250,000 

210,000 

150,000 

bushels 

B 

150,000 

183,000 

225,000 

280,000 

350,000 

bushels 


On the same paper plot (l) a curve to show the price required to call forth any 
supply A from 150,000 to 300,000 bushels ; (2) a curve to show the price required 
to cause any demand B from 150,000 to 350,000 bushels. 

The market price tends to settle at that value for which the amounts supplied and 
the amounts demanded by buyers are equal. What is the probable market price in 
this case ? 


01. The Straight Line. — Let us plot the curve such that the co-ordinates 
X and^ of any point on it satisfy the equation ^ = 2 Jir + 3 - 

By calculation we find the following corresponding values ofy and x 


X 



I 

**S 

y 

3 

4 

5 

6 


On plotting these points we get PB, Fig. 45 . 

This is a straight line, and we shall find that if we take any other values 
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of :r and calculate jr the corresponding points will lie on the same stai^hl 
line, when = 075,/ = 4*5, and the point (075, 4-5) is found to licVa 
the straight line PB. 

It can be proved that any equation of the first degree, such as j = «x 4- a 
where m and c have any constant numerical values, represents a straight 
line. In the above case ;// = 2, r = 3. (Ex. XXXVII., 9.) 

A straight line is fixed if we know the position of any two points upon it* 
and we can find the equation of the straight line from the co-ordinates of any 
two points upon it 

Examphe . — Find the equation of the straight line joining the points (i, 3), mmd 
(1*5, 2). These are the points Q and R in Tig. 45. ’ 


Let the equation be = rnx -p c. 

Then, since the point (i, 3) is on the line, the values x = i and j = 3 mast 
satisfy the equation ; 

A 3 = ^ ^ 


Similarly, = 1*5 and^y = 2 must satisfy the equation 5 


A 2 = I *5 »» 4 - 

We have now a pair of simultaneous equations to find m and f. 

Solving these we get m = —2, ^ = 5 ; therefore the equation to the straight line 
QR is jy = — 2;r 4- 5. 

To verify this we may take any other value of x, calculate from the equation, 
and find whether the point obtained lies on the straight line ; e.g. when a: = 2, 
^ = —445=1, and we find that the point S, whose co-ordinates are (2, i), lies oa 
the straight line QR* 


r 

I 

i 

I’ 


I 




Examples. — XXXVI. 


Draw the straight lines represented by the following equations. Calculate tlie 
values of y corresponding to two values of x in each case ; draw the straight line 
through the two points thus obtained ; calculate from the equation the value fcM 
a third point, and verify that this point lies on the same straight line. 

I,y:=z2x+1. 2 ./ = 4^4 2 . 3.y=:x^i. 

4. >/= - 2jr + 2. 5 . / = -3x-o’S. 6. jF = 4 f~ 4 * 

7. ^ = 1-4^4 0*3. 8. / = — i'4v 4 0 * 3 * 


Draw the straight lines through the following pairs of points, and find thcis 
equations. 


9. (121, 59) and (128, 62). 

11 . (-2, 13) and ( 3 , ~I 2 ). 

13 . (2, i) and (-3, 4). 

15 . (-5, 4) and (6, 3). 

17 . (II, -i’2) and (17, -o*6). 


10 . (I, -5) and (4, 1 ). 
12. (2, -3) and (5, -7). 
14 . (-2, 3) and (3, -5)* 
16 . (I, 5) and (-5, 23}. 


62 . To find the Meaning of m and c in the liquation + c. 

Plot the following straight lines : — 

(i) y = io 2 r 4 3 ; (2) X = 22 r + 3 i ( 3 )> = 0 X r + s; 

(4) y = -3jir 43; (s) J' = + 3 

These equations are all of the form ^ ^ + r, r is equal to 3 « all of 

them, hut the.values of « are different 

We obtain the straight lines PA, PB, PC, PD, PE. 
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These straight lines all start from the same point P, where > = 3 on the 
axis of y, but make different 
angles with the axis of We 
notice that when fn is large 
the line slopes steeply up* 
wards. As m gets smaller the 
line becomes less steep, and 
when m is zero the slope of the 
line is zero. 

When m is negative the line 
slopes downwards as x in- 
creases. 

If we take any two points P 
and A on a straight line, and 
draw lines PH and AN parallel 
to the axes of x and y respec- 
tively, then the value of the 
AN 

fraction is called the slope 

of the line PA, AN and PN 
being each measured on the 
scale proper to the axis to which 
it is parallel. 

When the same scale Is 
AN . 

taken on the two axes is the 
PN 

tangent of the angle which the 
line PA makes with the axis 
of X. We may note that when 
X increases by the amount PN, 
y increases by the amount AN, 
and therefore the slope of the 
straight line measures the in- 
crease of y per unit increase of 
X, or the rate of increase of y 
with respect to x. 

We find, by measurement, 


! 

7[ 
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Fig. 4S« 


Slope 

of PA = 

^ 

0*3 

10 = ;« in 

equation (i) 

M 

PB = 

2 _ 

I “ 

2 = m 

»> 

(2) 

ff 

PC 

= 

0 — m 


(3) 


PD = 

zJ - 

I 

- 3 = ;« 

n 

(4) 

M 

PE = 

~ 4 

0*4 

— 10 = w 

n 

(5) 


Similarly, it will be found in any case that in the equation y — ntx 
m measures the slope of the straight line represented by the equation. 

To find the meaning of c we note that if we put :r = o in the equation 
y = mx + <r, we get ^ and therefore c is the value of y when ;r = o ; 
i.e, c is the length cut off on the axis of y by the straight line - mx-]r c) 
e.g, in Fig. 45 all the straight lines cut off the length 3 on the axis o(y^ and 
^ = 3 in all the equations. 
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Examples.— XXXVII. 

1 . Plot the straight lines y =: 2x + 6 ; y = 2x + i ; y = 2x o; y = 2x 2; 
y = 2x 6 ; and show from your figure that in each case c is the intercept on the axis 
of y. Since these lines all have the same value of m, we should expect them all to 
have the same slope, to be parallel. Verify this from your figure. 

2 . Draw the following straight lines : y =■ Xj y = 2x — y = ^x — 4, y ^ “-3^ 

+ 2 , and ^ — 3, on the same sheet of paper, and verify that in each case m is 

the slope of the line, and ^ is the intercept on the axis of y. 

3 . Verify by measurement that the slope of each of the straight lines in Examples 
XXXVI., I to 8, is equal to the value of m in its equation. 

4 . If V is the volume at temperature 0 ° C. of a portion of gas which occupies 
100 cc. at 0° C., it is known that V = 100 + 0*3670. 

Plot a curve to show the value of V at any temperature from o® C. to 100® C. 

Measure the slope of the resulting straight line. 

6. The length / of a brass wire under a tension of W lbs. is / = 10 d — . 

^ 11,500 

Plot a curve to show the relation between / and W from W = o to W = 70 lbs. 

Since this equation is of the first degree the resulting curve is a straight line; 
measure its slope, and show that the slope is equal to the value of m in the equation. 

0 . R is the electrical resistance of a copper wire of i mm. diameter, and I metre 
long, at temperature 6° C. 

It is found that R = 0*0203 (i 4 * 0*00410). 

Plot a curve to show the value of R at any temperature between 0° C. and 100° C. 

7. For nickel of the same dimensions the corresponding formula is 

R = 0*1568 (I 4 - 0*00620) 

Plot a curve to show the value of R at any temperature between o® C. and 100° C. 

8. The specific heat of mercury at temperature / is C< = 0*03327 — 0*0592/. 

Plot a curve to show the specific heat at any temperature from o® C. to 50° C. 

9 . A, B, and C are any three points whose co-ordinates satisfy the equation 
y = mx 4 - c. Show that the straight lines AB and AC have the same slope. Note 
that it follows that all points whose co-ordinates satisfy the equation y = mx 4 c lie 
on the same straight line. 

08. In plotting functions the following order is usually the best : — 

(1) Calculate from the equation the values of^ for the two extreme values 
of X between which the curve is to be drawn, and for any value of x such 
as o, I, etc, for which the calculation is easy. 

( 2 ) Form an estimate of the greatest and least values of j/ that will occur ; 
note especially whether any negative values of y occur. 

(3) Choose the scales for the two axes so that the figure will be extended 
over the paper as much as possible. The scales need not, of course, begin 
at zero. 

( 4 ) After plotting the points found, calculate intermediate values, taking 
these nearest together where the curvature is greatest. 

04. Curves represented by the Equation y = ax”. — We shall take 
examples in which a and n have different values. 

Example (i ). — Plot the curve whose ordinate and abscissa are connuted by the 
equation y ^ sd from x^ 4 to x-:=- 4- 4* 

Here ^ = i, « = 3. 

By calculation we get the following values : — 


X 

-4j 

4 

0 

i 

I 

— I 

2 

— 2 

3 

-3 

+ 0*5 

1 

±i '5 

± 2*5 

I 

± 3*5 

p 

-64 

64 

0 

1 

— I 

8 

-8 

27 

-27 

^ 

40*125 

±3-375 

+15-6 

± 42*9 


Plotting these values we get the curve in Fig. 46. 
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The true shape of a curve represented by an algebraical equation is only obtained 
vrhen the same scale is taken on both axes, but for practical purposes it is usually 
sufficient to have a curve, from which the values of^ can be read off for any value of jc. 

To do this it is not necessary to use the same scale for both axes, and vre choose 
the scales independently, as in Fig. 46, to suit the space at our disposal. In curves 
of the classy = <z^, this has the same efect as altcriug the constant n, and accordingly 
we shall usually take a as unity. ^ 



n 

li 

I 

r’! 

I 
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The points for which the co-ordinates were actually calculated should be shown by 
small circles or crosses. 

Example (2). — Plot ike cw^ve y = between x — 0 and a? = 4. 

Here a= 1, n = 2*1. 

Taking logs of both sides of the equation, we get 
logy = 2*1 log X 

We arrange the calculation as follows : — 


X. 

log X. 

\ogy=. 2’i log X, 


0 



0*00 

I 



1*00 

4 

06021 

I *264 

i 8‘37 

2 

0*3010 

0*632 

4*28 

3 

0*4771 

1*0019 

1 0*04 

I'S 

0*1761 

0*370 

2*34 

0*5 

1*6990 

1*368 

0*233 
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Plotting these values we get the curve in Pig, 47, A lo-inch slide rule will 
usually be found sufficiently accurate for all calculations needed for plotting curves, 
unless the scale is very large. 

Example [^,—Ploi ihc curvty = from x — 0 $ to x ^ 4. 

We have by calculation 


X * 



0 

0 

00 

4 

16 

J = o-ws 

I 

1 

2*00 


4 

0*50 

3 

9 

0*22 

1*5 

1 

1 = 0*89 

0*5 

0*25 

8*00 

07 

0*49 

4*09 

1*2 

1*44 

t ‘39 

0*6 

0-36 

5‘55 




Any curve of the class y = in which n is negative, slopes downwards froni 
infinity «s x increases from the value o. 



96 Practical Mathematics 

Example (4). — /Va/ the curves y — and y ■=. on the same sheet of faper fro 

X = o to X 5. 

5 

JXy = ^8 have, taking logs, log_y = | log x. 




Plotting these numbers we get the curve OA. The equation y may be 

written x =7^, and thus the curve may be obtained from the curve ^ =. x^ by 

exchanging the values of x and jj/ for every point on it. We thus get the curve OB. 

If we draw a straight line OC through the origin and the point (i, i), the 
two curves are symmetrical about the line OC. Any two curves, y := and 
1 

y = ^ arc symmetrical about the line OC. 
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Examples.- XXXVIII, 

Plot the following curves : — 

1 , y zz .1* from X =- —4 to X 4* 4* 2. / ™ O’lx^ foun .i-- —4 to x-- 4-4. 

8. o'lji'® from x -~4 to x = + 4. 

4, 7 = 5x "*from X —2 to x = —0*5, and from x 4 0*5 to x “ 2. 

6. j = 2.r“’* from x - — 2 to x =: —0*5, and from x 4 0*5 to x ~ 2. 

0 y = x”"^ from X O’ I to X ™ 10. 

* i 

7. ^ = x\ and / = X*, from x o to x r2 on the same sheet of paper. 

8. y = x^, and y = x'^, fioui x o to x =. 2. 

X 

0. ^ =r X*®, and ^ = x , from x o to x ::= l'o5. 

10 . y = 2 x’”^‘^ from x — O’l x 10. 

11 . y^ 45<xx’“^‘'‘^ from x — 1 to x 10. 

12 . ^ = X* 4 2x — 3 from x —4 to x := 4 4. 

18 . y rz x^’^ — OX®® from X = 3 to X .2= 5. 

14 . "Draw a figure showing approximately the shape of the curve = x”, when n 

has the values lO, 2, l, A, -j\j, o, —1% — —r, —2, —10, taking the same scale for 

X and y. Show all the curves together in the same figure, estimating two or three 
values of y for each curve. 

15 . Plot the curve y = x^ on a large scale from x o to x = 3’2. liy means of 
your curve construct a table giving the square roots c»f the whole numbers from i to 
10. Also find the square roots by the arithmetical method, and compare. 

16 . Plot the curve y = x* on a large scale from x = o to x 2’2. C’-onstruct a 
table giving the cube roots of the whole numbers from i to 10. Also find the cube 
roots by logarithms and compare. 


65. We shall now give some examples of practical applications of the 
plotting of curves of the class j/ = and related curves. 


Example (1).-—^ uniform beam of length /, fixed at one end^ sufporis a weight W 
at the other. 7 he deflection y at a distance x from the fixed end is given by the formula 
W 

y = (Jfx* — E and I are constants depending on the matenal and shape of 

the beam. 

Construct a cisrve to show the deflection at any point of a bcam^ xo ft. long^ which is 
deflected X ft. at the free end. 

W 

Here / ~ 10, and, to find the constant , we have, when x — xo, y i. 


substituting i = 


W XOQO 
El ' 3 


W 

KI 


=r 0 003 


Wc have to plot the curve y = o‘oo3(5x^ — Jx^). 

This should be done on a large scale. 'Ihe calculation should be set down m 
follows 


X . 


I 

! ■«, 

( 


y - 

0 


... 


O’O 

ID 

1 


— • 

X'O 

1 

5 

O' id 

4'«3 

0*0x4 

3 


4 ’^ 

4<-5 

0 'X 24 

5 


20 H 

104*2 

0*312 

7 

2.| ^ 


iX 8 *o 

0*564 

8 

320 1 


235*0 

0*705 

9 

i 1 

121*0 

2^^4 *0 

0*^52 


H 


I 
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The shape of the beam is shown in Fig. 50. 

If we require the curve to show the deflection at any point, and not the actual 
shape of the beam, we can plot the deflection y on a. larger scale than the length 



Example ( 2). — If the mixture in a gas-engine exj^ands without gain or loss of heaty 
it is found that the law of expansion is givefi by the equation = constanty where 

P is the pressure and v the volutne. 

Plot a curve to show the pressure at any volume as the gas expands from v =■ 11 to 
V = 23, having given that p — l8S'2 when z/ = il. 

Problems dealing with this subject are sometimes treated as though the gas expanded 
according to Boy Ids law, i.e. eu though pv = constant. 

On the same paper plot a curve to show the pressure at any volume as the gas expands 
according to the law pro = constanty starting with the same values of p and v, 

"We have pv^‘^ = C 

Taking logs, 

log/ + i ’37 log z' = log C 

When p = i88'2, z/ = ii, then log/ = 2*2747, log v = 1*0414 
/. log C = 2*2747 + 1-427 = 37017 

From this we get 

log / = 37017 - 1*37 logz^ 
and the values of p can be calculated as follows : — 


V 

II 

12 

13 

14 

16 

18 

20 

23 

logv 

i 

— 

1*0792 

1*1139 

1-1461 

1*2041 

1*2553 

1*3010 

1-3617 

log/ 

1 

— 

2*223 

2-175 

2*131 

2*052 

1*982 

1*919 

1 

1-837 

/ ! 

i88*2 

167*1 

149-6 

1 I 35'2 

1 

112*7 

! 1 

95-8 

83 

op 


If the gas expands according to Boyle’s law we have pv = constant = 
To find Cl, we have when z/ = ii, / = 188*2. 

/. Cl = II X i 88*2 = 2070 


The values of p can now be calculated as follows : — 


V 

11 

13 

15 

17 

19 

21 

23 

/ 

i88*2 

159*9 

138 

121*8 

109 

98*6 

90 
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The two curves obtained by plotting these two sets of corresponding values of / 
and V are shown in Fig. 51 . 



Fig. 51. 


The following example is of special interest to students of chemistry and physics. 

Example (3}. — JBoylds law states that a gas at cofisiani iempe7‘ature expands 
aceording to the law pv = Cj or, if we choose suitable tinitSy pv = i. When the gas is 
near to the liquid state this equation ceases to be sufficiently occur cUe, According to 
van der WaalSy a more exact law is 

(/ +.7)'" +41 

where a and b are s7nall constants and t is the temperature ce7itigrade, 

JFor caf'bon dioxide a — o‘oo874> ^ — 0*0023. 

Plot a curve showing the relation between p and v frofn v — 0*004 to v = 0*03 for 
the case i = 0 . 

Also plot the curve pv ^ I on the same paper ^ and compare. 
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We have 4. ^ — 0'0023) ss i 

_ I 0*00874 

“ j, — 0*0023 ““ 


Values of / are calculated as follows : — 



Fig. 5a. 


The curve obtained by plotting these values, and also a portion of the curve 
/» = I, IS shown in Fig. 52. 

cf Un. radius inside, and Un. radius 
Dutssde ts subjected to a Jlutd pressure 0/ 6000 lbs. per square inch inside. If the pressure 



tuouf 'bdJdd ' 80 /) fb‘) ssanoRiisna 
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Jr aw a curve showing the tensile stress q) at all joints within the 
Given ^ ^ CL At ^ = a — p, whete a and h are const ants ^ r is 
f}js centre of the tuhe^ and p is the pressure on the inside or outside of 

h, we have 

when r = I, ^ = 6000 ; when r = 3, ^ = O 
substituting 6ocx5 = a -{■ h o=/z+ — 

/. = 6000 ; h — 6750 

= - 750 

a’ciilate the values of — ^ for different values of r from the formula 

- ? = 75 ° + ^ 


j 

6750 

r 



6750 

7500 


1687-5 

* 437 ‘S 


750 

1500 


3990 

4740 


2340 

3090 


3000 

3750 


5580 

6330 


1080 

1830 


( 

7,000 


6,000 


5,000 


I 

4,000 


3,000, 


2,000 


1,000 
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Examples.— XXXIX. 

1 . Plot the following curves together on the same sheet of paper, from r/ = r to 
V = lo, taking values of » as abscissae and values of p as ordinates : — 

= Cl, = Cj, = C„ pv = C4, where C,, C^, C„ C4, are constants. 
In every case it is given that p = 3000 when v = i. 

2 . The relation between the pressure in pounds per square inch and the volume in 

cubic feet of one pound of saturated steam is given by the equation = 479. 

Plot a curve to show the pressure for any volume from u = 4*57 to « = 25*87. 

3 . If t is the absolute temperature, and v the volume of a gas, then in adiabatic 
expansion, — constant. 

Plot a curve showing how v depends upon t for air (7 = 1*41) from i = 300 to 
i — 400, having given that v — \ when t = 400. 

4 . If / is the pressure and / the absolute temperature of a gas in adiabatic 

Y 

expansion, then = constant. 

Plot a curve to show how p depends upon t for air from / = 300 to / = 400, 
having given that / = 3500 w'hen / = 400 ; 7 = 1*41. 

6. D is the diameter of a wrought-iron shaft to transmit indicated horse-power H 
at N revolutions per minute. 



Plot a curve showing the relation l>elween D and H, from H = 10 to H = 80, 
when N is 100 revolutions per minute. From your curve find the diameters for 
horse-powers of 27 and 63. 

0 . The British Association rule for pitch and diameter of screw threads for instru- 
ments is ^ = 6/^, where d is the diameter and p the pitch. 

Plot a curve to show the diameter for any pitch from 0*004 to 0*O2. 

1 17 000 

7 . The tensile stress ( — ^) in a certain cylinder is given by — ^ = 4680 -f ' 

Plot a curve showing the value of — ^ for any value of r from 3 to 5. 

8. A tube 3 ins, internal and 8 ins. external diameter is subjected to a collapsing 
pressure of 5 tons per square inch ; show by curves the radial and circular stresses 
everywhere. 

Given that, at a point distant r inches from the axis of the cylinder, 
the radial stress / = A -f 

jg 

the circular stress ^ = A ? 

Note that / is 5 tons per square inch when r = 4 ins., and / = o when r = 1*5 ins. 

{jBoa*"d of Kducation Examination in Applied AfeckanieSy 1 90 1.) 

9 . In the case of a uniform beam of length / fixed at one end, and carrying a 
.-uniformly distributed load w per unit length, the deflection y at the distance x from 

the fixed end is given by ^ 

Draw a curve to show the deflection at any point of a beam 10 ft. long which is 
deflected i ft. at the free end. 

10 . The deflection 7 at a distance x from the middle of a uniformly loaded beam 
supported at the two ends is given by 

w 

V is measured upwards from the level of the middle of the beam. 
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Plot a curve to show the shape of the beam, given / = ro ft., deflection at the 
middle = l ft. 

11 . The equation to a parabola is^^ = /i^ax. 

Plot this between x and x = 4, for the cases where a ■=. « = 3. 

12 . The equation to an ellipse is ^ = i. 

Plot the whole curve for the following cases : ^ = 3, 3 = 2;«=3,^=i;tf = 49 
5 = 3; a=i,b-i, 

X* V* 

13 . The equation to a hyperbola is = i. 

Plot the curve from x — 12 to ^ = -f 12 for the same values of a and as in 
example 12. 

14 . Calculate the amount of 100 at 3 per cent compound interest in 5, 10, 15, 
and 20 years. 

Plot a curve from tb values to show the amount for any number of years from 
I to 20. From your curve find (r) the amounts of ^100 in 3 and 7 years respectively, 
(2) in how many years would ^520 amount to ;£^6ii lor. 

15 . The present value of an annuity of ;^P per annum for n years, with interest at 
r per cent., is given by 

{ /loo *f looP 


Plot curves showing the present value of an annuity of £1 [a) at 3 per cent, per 
annum, for periods varying from I year to 50 years ; {b) for 30 years at rates varying 
from r to 5 per cent. 

16 . The velocity v ft. per second at which water will flow through a pipe of 
diameter d ft. with a fall of i in 10 is given by the empirical formula 



Plot a curve to show the value of v for pipes from i in. to 12 ins. diameter. 
From your curve read off the velocity for a pipe of 2*5 ins. diameter. 

17 . The following formula have been given for the shape of high dams in masonry 
for reservoirs : 



0*050:^ 

4- o* 03 jr 



X is the vertical depth below the surface of the water in feet, 
is the horizontal distance of a point on the outer face from a vertical line through 
the top of the inner face. 

z is the horizontal distance of a point on the inner face from the same vertical line. 
P = maximum pressure allowed in tons per square foot. 

Plot curves to show the cross-section of the inner and outer faces of the dam from 
Of = 40 to = 160. Maximum pressure allowed = 7 tons per square foot. 

18 . ^ is the commercial efficiency of an electric motor when the current is 
I amperes 

El - IV - Po 
El 


For a certain motor E = 122*4 ; r = 0*024 ; P^ =: 2887. 

Plot a curve to show the efficiency for all values of I from 40 amperes to 160 
amperes. By means of your curve find the efficiency for a current of 86 amperes. 

19 . The current I amperes required by a motor of the same type as in the last 
question for a load P* watts is given by the formula 

E - - 4r.(P. + P,) 

atra 
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For a particular motor the full load is 746 x 15 watts, E ~ 125, 

P, = 2000. 

Plot a curve to show the current talcen for any load from one quarter of the 
load to times the Ml load. What current would be taken for | load and 

load ? 

20 . T is the rise in temperature in degrees Fahrenheit of an electric transforca®*' 
when, m watts are wasted per square inch of cooling surfaces. 

For an air-cooled transformer T = ^oom^. 

For an oil -cooled transformer T = 225 

Plot on the same sheet two curves to show the value of T in air and oil-cooled. 
transformers respectively, for any value of m between m — 0^ and m = o’ 4. 

What is the waste in watts per square inch for a rise in temperature of 60° for 
oil -cooled transformer? (W. B. Woodhouse, Electrician^ Feb. 15, 190I*) 

21. w is a certain linear dimension used to determine the size of a transformer 
core. S is the corresponding area of the cooling surface. 

The outside breadth of the core = 3*20; + x iJi- 

The outside length of the core = 4*6z«/ -f 4 ins. 

S = 145*5^^ "h I 20 Z 0 
weight of iron = 2,'0']w^ 4 - V^%utP' 

On the same sheet plot curves to show the cooling surface and the weight for all 
values of ta from o to 6 ins. 

By means of your curve find the length and breadth of a core, and the weigtit or 
iron, to give a cooling surface of 2140 sq. ins. 

(W. B. Woodhouse, EUcirician^ March i, 190 1.) 

66. Compound Interest Law y — ae ^. — In nature we often meet wuth 
related pairs of quantities which obey a law of the form y = ^ 

a and d are constants, and the quantity which is the base of Napieri an 
logarithms, is numerically equal to 27183 . . . . The nature and importance 
of this quantity £ will be more fully explained in Chapter XXIX. It can 
shown that when and x are related by the above law, the rate of increa.se 
of y per unit increase of :r is proportional to /, so that^' increases relatively 
to jr, like a sum of money at compound interest if the interest is added to tlie 
principal continuously instead- of once a year. 

The law jy = ae^ is called the compound interest law. 

We shall first take the case where a = i, ^ = i. 


Example (i). — Plat the curve y = e» from x = 4 to x — z* 

Taking logs of both sides of the equation j ^ 

we have logi^y = x logjo<? = ©' 4343 ^ 


Jp. 

0 * 4343 ^^ = log 

y - 

0 

1 

— 

1*0 

2*718 

2 

0-8686 

7*390 


2*2628 

0*018 

— I 

— 

0-368 


— 

0 'i 35 

— 3 

2*6971 

0*0498 

0*4 

0-1737 

1*490 

14 
- 0-4 

0*608 

4*050 

— 

0*670 


Plotting these values, we get the curve A (Fig. 54). 
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Note I. — Since r"* = the values when a: = — i, jr = — 2, and jr = — 0*4 

in the above table, need not he calculated directly by logarithms, but are the 
reciprocals of the values of jj' for = i, jc = 2, and x = 0*4. Similarly in any case 
the values of y for negative values of x are the reciprocals of the values of y for 
positive values of x. 

Note 2. — The value of a in the equation y = only affects the vertical scale 
on which the curve is plotted. 

Note 3. — When we have plotted the curve y = ^ for any value of x, the curve 
y = may easily be obtained from it. The equation may be written y = 
and may he obtained from the equation ^ by substituting — x for x. Therefore, 


Fig. 54. 

if for every ordinate we mark off abscissae equal in numerical magnitude, but in the 
opposite direction to the abscissae of the curve y = we shall obtain the curve 

y =: 

The curve y = is given in Fig. 54, e.g. we found that, in the curve y = 
when_y = 2718, a: = i. Therefore, in the curve/ = when/ = 2718, :r = — l. 

We thus obtain the point B in the second curve from the point A in the first curve, 
and so on. 

Note that the curve / = is the reflection of / = in a mirror. The two 
curves are symmetrical about the axis of /. They are related in the same way as a 
piece of writing and its imprint on blotting paper. 
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Also since ~ we might plot the curve by finding the reciprocals oi 

the ordinates of^ = 

Note 4. — When = /r* we have, by the definition of a logarithm, x = log^, so 
that the curve j = <r* may also be used to find logarithms to base e.g., to find logeS 5 
we see by inspection of Fig. 54 that when jv = 3» ^ = I'l, therefore log« 3 = i*i. 
Similarly we find log® 1*5 = 0*4. These values are correct to two places of decimals, 
the true values being 1*098 and 0*405. 

By drawing a portion of this curve on a large scale we might use it to find 
logarithms to base i to any desired degree of accuracy- This is merely given as an 
illustration ; it is not, of course, an independent way of calculating logarithms to base 
€, as we have used a table of logs to construct the curve. 

Example (2). — Plot the curves y = y — y = e^^ y = ^ between 

jr = — 3 and x ■=. + 3 the same ^aper^ and compare. 

(^) y^^'^ 

Taking logs 

log^ = log e = X = 0*1448^: 


X. 

o*i448jc = log j'. 

y- 

0 

— 

1*0 

3 

— 

2*718 

- 3 

— 

0-368 

z 

0*1448 

1-396 

2 

0*2896 

1-948 

- I 

1*8552 

0*716 

— 2 1 

1 7104 

0*513 


Note that there are always three points in the curve ^ which may be 

found very easily. When ;r = o, ^ = i ; when x = y = ^ = 2*718 : when 

0 


■ 0*368. 


I 

d ^ 2^8 ' 

These points should be plotted first, to gain a general idea of the shape of the curve. 
The reflection of^ = gives ^ = e'^^^ . 

^x 


Taking logs. 


iP) y-e^ 
logy - sxloge- I’sosx 


X. 

x*303Jr = log j'. 

y- 

0 

— 

1*0 


— 

2*718 

-1 

— 

0*368 

I 

**303 

20*1 

0*1 

0*1303 

1*35 

~ 0*1 

1-8697 

0*7408 

_ I 

2-697 

0*05 

_ 2 

3 ‘394 

0*0025 

0*7 

0*9121 

8*168 

-07 

1*0879 

0*122 

0*5 

0-6515 

4*472 

- 0*5 

I '3485 

0*223 


The reflection of the curve thus obtained is the curve y — 



Fig. 55. 


67 . Any curve whose equation is of the form y — c* where c is any 
number, belongs to the class here considered ; for, by the definition of a 
logarithm, = c, 

c = ^o®**®)* 

and the equation y = may be written y = which is of the form 

y = e^^i{ 6 = log* c. 

For example, log« lo = 2*3026 ; t.e. equation 

^ = TO* may be written y = 

Thus the curve ^ = 10* is the same as y — for the case when 
b = 2*3026. 

In the curve y = 10*, x = logio J', and the curve may be used to find 
common logs if drawn on a sufficiently large scale. 


Examples. — XL. 

1, Plot the curves^ = and^ = between ^ = — i and x = + i, 

2. Plot the curves y and y = between 4 : = — 4 and a: = + 4 , and on 
the same paper plot the curve jv = for the case when <5 = 0 . 
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3 . Plot the curves^ = y = y = y = e“"T 5 ®, between x =: — i-i and 

X = +1*1. 

4 . Plot the curves jj/ = ^ y = on the same paper between :r = o 

and ^ = I. 

5 . Plot the curves y — y — y = 3^2*^ on the same scale between ^ = 0 
and X ^ 2. 

6. Find the values of 10- , 10^, 10^, lo"^, by finding square roots in succession 

without using logs. By multiplying these values obtain 10^, 10^, 10^, etc. . . . 
Using these values plot the curve y = 10* from ;i: = o to = i. From your curve 
find the common logarithms of 2, 3, 4, 5, 6, 7, 8, 9 ; and compare them with the 
values given in the tables. 

08. We shall now give some examples of curves of typejj' = which 
occur in physical science. 

Example. — Newton's law of cooling. 

A body is heated to a temperattire above the surrounding bodies ^ and suspended in 
air. Its excess of temperature BP at any time t seconds afterwards is given by B ■=■ 
where a is a constant. For a certain thermometer bulb suspended in air^ it was found 
that a = 0*0155, — 19*32°. Plot a curve showing the temperature at any time t. 

We have B = B^e~*^ = 

/. logi<> « = ~ 0*0155/ X logic + logic 19*32 
= — 0*00673/ 4- 1*2860 


i. 

—0*00673/. i 

—0*00673/+ 1 *2860= log B . 

0. 

0 


i 

19*32 

10 

-0*0673 

1*287 

16-55 

20 

-0*1350 

1*151 

14*16 

30 

—0*2025 

1-0835 

12*12 

40 

—0*2700 

1*0160 

10*38 

60 . 

—0*4050 

0*881 

7-59 

80 1 

—0*5400 

0*746 

5'57 

100 

-0*675 

o*6n 

4-08 

120 

—0*810 

0*476 

2-99 
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69, The Cateaary.— The form of a uniform flexible cord or wire, such 
as a telegraph or trolley wire suspended between two fixed points, is given 
by the equation 


X X 

^ ^ + e ^ 

C 2 


where c = 


horizontal tension 

weight per unit length of wire 


This curve is called the catenary. 


Example. — A copper ^irty wei^ksn^ O’405 Ih. per yard^ is suspended between two 
points^ 20 yds. apart y under a tension of 5*06 lbs. Plot a curve to show its shape, 

T T 5 ‘06 

Here c = = 12‘K 

0-405 


We shall first plot the curve 


in which ^ = I. 


yz=z 


4- 

2 



■ 

1 

■ 

I 

i 




I 
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In this case ^ is the arithmetic mean of the ordinates of the curves and 

y = r-*. Accordingly, we plot these two curves as in example i, p. 104, and, by 
bisecting the ordinates intercepted between them, obtain points on the required 
catenary. We shall only require the portions of these curves between = + i, 
which we plot on a large scale. * 

If we suppose that the unit length on the axes of x and y in Fig. 57 now repre- 
sents 2 instead of i, then, for any point on the curve, the value oi‘^ measured on the 
old scale is half of the value of^ on the new scale, and similarly for x. 

But the values of x and y on the old scale were connected by the equation 

y = -f €-*) 

therefore, if measured on the new scale, they satisfy the equation 

;.ia 


2 ' 


Similarly, if we suppose that the unit length on the axis in Fig 
length the equation to the curve is now 


57 represent* a 


= i (<' + <■”) 


In the given case, c = 12*5, and therefore the unit on the axes must represent 
12*5 yds. 

The span of 20 yds. is represented by AB = = X*6 units, and the shape of 

^25 

the wire is shown by the portion of the curve between A and B. 

To represent a practical case, such as that of telegraph wire, having a span of 
100 yds., and tension 506 lbs., we should have c = 1250 ; and therefore the si)an would 
be represented by = 0’o8 unit in Fig. 57. To show this we should have to 
draw on a large scale a small portion of the curve where it crosses the axis of^. 


Examples. — XLI. 

1 . The excess Q of the temperature of a body above that of its surroundings at time 

/ seconds is given by the equation B = where Bj and a are constants. 

If ^ = 26° when / = o, and B = when / = 10 secs., plot a curve to show the 
temperature at any time from / = o to / = 20 secs. 

2 . A wire is stretched to a tension of 10 lbs., and weighs 2*27 lbs. per foot. 
Draw a curve showing the form of the wire. 

3 . A long thin bar is heated at one end. If f be the excess of its temperature 

above that of the surrounding air at a distance x from the heated end, it can be proved 
that / = where A and ^ are constants. 

Given that / = 65° where ;»: = o, and ^ = 60° where = 30 cm. ; plot a curve to 
show the temperature at every point of the bar to a distance of x metre from the 
heated end. 

4 . It is found by experiment that on the C.G.S. system of units, the viscosity of 
olive oil at temperature 0 ° C. is given by m = 3-2653e-« <“®«. Hot a curve to show 
the viscosity at any temperature from i6° C. to 49° C. 

6. If * is the relative viscosity of common salt solution when its concentration is 
the fraction x of that of the normal salt solution, then e = 1*0986*. Plot a curve to 
show the relative viscosity of salt solution for values of x varying from o to I, 

6, If the impressed electro-motive force is suddenly removed from an electrical 
circuit containing resistance and self-induction, the current dies down gradually in a 

_Rf 

w'ay given by the equation i = i*, where i is the current at time t after the E.M.F, 

has been removed, R is the resistance, and L the coefficient of self-induction. 
Plot a curve to show the current at any time from o to o*i sec. for a circuit in 
which /o == 20 amps., R = 0*2 ohm, L = 0*005 henry. 

7 . A condenser is discharging through a circuit containing self-induction and 

resistance. The potential v at time / is given by z/ = ~ I45<r-® 

Plot a curve to show the value of v at any time from t = o-to / = 2 X lO”^- 
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The entropy of l lb. of air at pressure p lbs. per sq. foot, volume v cu. feet, 
and SLti solute temperature (Fahr.) is given by 

A pound of air is heated from absolute temperature 493° (Fahr.) to absolute 
t<^^P<&.rature 673® (Fahr.), at constant pressure 2116 (atmospheric). Plot a curve to 
show tlie entropy for any temperature throughout the above range. (Use equation ^.) 

During the above change of temperature the volume changes from 12*39 
to Plot a curve to show the entropy for any volume throughout this range. 

(^Use liquation a.) Note that this curve is of the same shape as the curve in but 
bus ^ different scale for the abscissae. This is because the volume of a perfect gas 
at corxstant pressure is proportional to the temperature. 

A pound of air, at volume 12*39 cu. ft., atmospheric pressure 2116, temperature 
493 » is kept in a closed vessel, and heated till its pressure is 4232 (two atmospheres). 
Plot a. curve to show its entropy for any pressure between 2116 and 4232. 

The temperature becomes 986 during the above change of pressure. Plot a 
cur Vo to show the entropy for any temperature during this change. 

The temperature is kept constant, and the pressure is increased to 4232. Plot 
a curve to show the entropy as a function of the pressure from = 2116 to / = 4232. 
Note that this curve is quite different from that of example c. 

(^) While the pressure is doubled in the last example, the volume becomes 6*195 
cu. Ft. Plot a curve to show the entropy for any volume between 12*39 and 6*195. 

From the equation (^) above, plot </>, curves having values of ^ as ordinates, 
and values of <p 2 ls abscissae, from / = 493 to / = 673, 

( 1) when is constant and equal to 12*39 ; 

(2) „ „ „ „ 24*7^; 

( 3 ) »> If if is ^’^95* 

AO. The entropy <f> of i lb. of dry saturated steam is given by 

where / is the absolute temperature Centigrade. Plot a curve having values of ^ as 
ordinates and values of ^ as abscissae from / = 274 to / = 474. 

•70. Ciirves represented by the Equation y = a sin (cx + d). 

We shall consider separately the three constants a, and d in this 
equation. 

(I.) Period. — To find the meaning of the constant c in the equation 
y ^ sin (cx- + d). 

W e shall plot curves whose equations have different values of Cy but are 
the sa.me in other respects. 

Take a = 1,^=0. Then / = sin cx. 

Let c= i. 

Tine equation is now 

/ = sin 

Tine values of / for different values of x may here be read off directly 
from the tables so long as the angle is in the first quadrant. 

In. Chapter II. we have seen that as the generating line of the angle x 
passes through the second quadrant with incjeasing x^ sin x passes back 
through the same positive values from i to o. In the third and fourth 
quadirants we have the same numerical values but with negative signs. 

‘W'lien X reaches the value 360° its generating line has passed through the 


= 0-X688 log, ^ + 0-2375 log. (a) 

= 0-2375 log. ^-0-0687 log. (i) 

= o- 1688 log, A + 0-0687 log, W 


ft 
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four qu^rants, and sin jr begins again at o and passes through the 
values m the same order as before. Thus the curve repeats itself 
indefinitely. ^ 

\Ve here take or in degrees. When the curve is required so that tlie 
angle is expressed in radians, the necessary change may be made in ie scale 
of the axis of x. 

We get the curve Fig. 58. 

( 3 ) Let c = 2, 

The equation is now 

y = sin 2x 

Values of y as jr increases from 0° to 90° are given in the follow-ing 
table : — 


X degrees . 

0 

9 

18 

27 

36 

45 

sin 2 x —y 

0 

0*309 

! 

0*588 

0*809 

0 ' 9 SJ 

1 

X degrees . 

90 

8i 

i 

72 

63 

54 

45 


When two values of jr, such as 18® and 72® in the above table, are 
complementary, the values of 2jr are supplementary, and have the same sine. 

As X increases from 90® to iSo®, 2jr increases from 180° to 360®, and its 
generating line passes through the third and fourth quadrants ; therefore we 
get the same numerical values for sin 2x as in the table, but with negative 
signs. 

We thus get the curve Fig. 58. The curve repeats itself indefinitely. 

(c) Let c = 

The equation is now 

y = sin Jr. 

Values of / as x increases from o® to 360'’ are given in the following* 
^able : — 


X degrees 

0 

1 

18 1 

36 

54 

72 

90 

108 

126 

144 

162 

I So 

sin ix . 

0 

0*156 

0*309 

0*454 

0*588 

q 

0 

0*809 

0*891 

0*951 

0988 

X 

X degrees 

360 

342 

324 

306 

288 

270 

252 

234 

216 

198 

I So 


When two values of ;r, such as 108® and 252° in the above table^ a.r€= 
together equal to 360®, the values of ix are supplementary, and have tlies 
same sine. 

As X increases from 360® to 720® the angle Jr increases from 180° to 360®^, 
and its generating line passes through the third and fourth quadrants. I ts 
sine will therefore pass through the same numerical values as in the aloove: 
table, but with negative signs. 

We thus get the curve Cj Fig. 58. The curve repeats itself indefinitely. 

Comparing these three curves, whose equations are of the {oxmy = sin 
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Sine curves, such as these or combinations of different sine curves tn^y 
be made to represent a great number of cases in nature, by choosing 
meanings of y and x. 

If y and x are both lengths, the curves may be used to represent 
cases as the form of waves or of a vibrating string. If^ denotes leng-tli 
X time, the curves may be used to represent periodic oscillations, sucli as 
those of a spring or pendulum, the motion of a crank, sound waves, etc. - 

If^ denotes the intensity of the electric current through a conductor, 

X denotes time, the curves may be used to represent an alternating electric 
current. 

In most practical cases where we meet with the curve = a sin (cx -f* 
the value of the angle (cx + d) is expressed in radians. 


71. Wave liength. — Periodic Tim©.— -We define the wave length o£ tl^® 
curve represented by the equation^ = a sin (ex 4- ^), as the distance between 
two points where it crosses the axis of x in the same direction. It is under- 
stood that the value of (cx 4- d) is expressed in radians. 

the wave length of the wave represented byy = sin x^ where ^ 

is 2x, Fig. 58. 

If we change to 2 we get the curve (^), whose wave length is » = ^ * 


Tf we change 4- to ^ we get the curve (c\ whose wave length is 4Tr or -j- 
In general, we find, in the same way, that the wave length of the enrve 


. . 2ir 

/ =s Sin cx IS — . 

Let us consider the physical meaning of this in the important case wlien 
the abscissa represents time ; let the ordinate represent, on a suitable 
scale, the small displacement of the end of a vibrating spring, and let tbe 
abscissa represent the time The motion of the spring may be represented 
by the equation / = sin ct. An oscillation of this kind is a case of smxi>l© 
periodic or simple harmonic motion. 

Tlie time of an oscillation is the time corresponding to a complete w^ave 
length of tbe curve jK = sin r/, i.e. the time in which the angle ct increases by 
lluramount 27r. After this time has elapsed from the instant / = o, the value 
of sin ct goes through the same series of values again, and another oscillation 
takes place ; and so on. 

While ct increases by 2ir, the time / increases by — . 


I.e. the time of a complete oscillation is — . This is called the periociio 

time of the simple periodic oscillation. 

qiie IVequoncy of an oscillation is the number of complete oscillations 
which take place in a unit of time. 

In the case of the above simple periodic oscillation the frequency is 

For example, if the current in a conductor at time t seconds is I ampere, 
and we know that I = 4 sin (600)/ where Iq is constant, then the angle 600.^ 

increases from o to 2ir, while / increases by ^ seconds. This is the periodic 

tune Frequency = number of oscillations per second 

600 
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72 . (II.) Amplitude. — To find the meaning of the constant a in the 
curve y = asm {cx + d'). 

In the three curves plotted in Fig. 58 we had a equal to unity. The 
effect of changing the value of ds to 2 or ^ would evidently be to multiply 
every ordinate in Fig. 58 by 2 or ^ respectively, i.e. the curves would still be 
wave curves of the same length as before, but of twice or one-half the height. 

Similarly, in every case a is the height of the wave crest above the axis 
of :r. 

When the wave curve represents an oscillation, a is the amplitude of the 
oscillation ; e,g, in the simple periodic oscillation of a spring the amplitude is 
the maximum distance to which the spring moves on either side of its 
equilibrium position. 

73 . (III.) To find the meaning of the constant d in the curve 

y = a sin (cx + d) 

To trace the curves = sin we may add a right angle to every 

value of X in the table of sines, so that when x o, y - sin - = i, and 
so on. 

This is equivalent to moving the curve (dt), Fig. 58, back through a 
distance equal to one right angle on the scale on which x is measured, so 
that the point A is on the axis of j/. 

Similarly, if we change y = sin 2x to y ^ sin ^2;ir -f the curve is of 

the same shape as before, but begins at = sin ~ = i. This is equivalent 
to moving the curve back so that B is on the axis of^. 

Similarly, y = sin (^^x -f ^ is of the same shape as / = sin (\x\ but 

begins at the point (o, i), and, in the general case, = a sin (cx d) is of 
the same shape 3 ls y = a sin cr, but begins a.t y = a sin d instead of 
zxy — o. 

The effect of introducing the constant d is to move the curve back 
through a distance ~ parallel to the axis of x. 

Thus the value of the constant d does not alfect the shape of the curve 
^ = <2 sin (cx + d\ but only its starting-point. 


Examples. — XLII. 

1 . Plot the curve y =■ a sin cx from = o to x = tr radians for the cases when 
d = 4, and c has the values 2, 4, 6 respectively. 

2 . riot the curve = a sin cx from 4: = o to x = jt for the cases when ^ = 2, and 
a has the values 2, 3, and 4 respectively. 

3 . Plot the curve jj/ = a sin cx from 4: = o to 4: = low when « = 4, and c has the 
values I respectively. 

4 . Plot the curves = a sin {cx 4 - d) for the cases when « = 2, = 2, and d has 

the values o, and x respectively. 


74 . Simple Periodic Motion. — Simple periodic or simple harmonic 
motion is the projection on a straight line of uniform circular ihotiou. 

If the point P moves round a circle in a counter-clockwise diredion at a 
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uniform rate, its projections M and N on two perpendicular diameters ^ 
move backwards and forwards along those diameters with a simple perio 
motion. 


B 



Example. — A point P moves round a vertical circle so that the radius OP 
in a horizontal position^ and moves with a uniform angular velocity of 0*6981 rcu 
per second, OP is of unit length. Plot a curve showing the distance from O at 
time of the projection of P on the vertical diameter. 



Fig. 60. 


Describe a circle of unit radius. In the figure the point P starts at A. P 
I sec. OP has turned through 0*6981 radian = 40®, after 2 secs, through 80®, 
so on. 

Mark ofif along the circumference points to show the position of P at the en 
each second, and number them to show the instant when P passes through each pc 
Then the corresponding positions of N are the projections of these points on 
vertical diameter. 

Take the horizontal diameter OA produced as the axis of and, starting fron 
mark off along it a scale of times long enough to show the time taken by OP to n 
a complete revolution. 

At the end of each second, plot points whose ordinates are the correspom 
distances of N from O. These points give a curve for which the ordinate s is 
displacement of N, measured from the mid point of its path, at time /, representei 
the abscissa. 

The curve evidently repeats itself indefinitely. Since OP turns through o*t 
radian per second, the angle AOP is equal to 0*6981/ radians at time t scc;onds i 
starting. 

s = ON = MP = OP sin AOP = OP sin (0*6981/). 

/. for the numerical case taken in this example, where OP = i, the equatio 
the curve is j = sin (0*6981^. 




Plotting ot Punctionn 


In the same way wc see, in neiietal, Ilia! if » 
crank, starts in a horU.<.ntal i.t.-iU.m when / ai.-i ■ 
round one end at the unif..rm rate ot y , 

end on a vertical straight hnc ha. a »» h » it, 

' "rVIhe^same way OM - OP ioh AOP ^ r,,, p. ^ 
*. the projection of P on a straight .me jiarahet . 
oscillates so as to satisfy the law r - n cn» ff. 


'< f 'h 




The student will find a simple jienndti: tnoin.it I'-i;''"-'''-’'- • ' 
a sine formula and sonietinies liy a f reme formnla. 1 he in.. ...n • - 
the same in the two cases, the diffcim, e t« the r.}u.»ii..iia . i-. . -e, 
the insmnt from which we measure the time, it »e ine,. i r 
from the instant when OP is irt the Imr nf the ,.u ;..e , . .. 

we get an equation of the form j <i < n t cf ; if we me., .me l.e 
the instant when OP is pcrpciulii til.ir i*. she Minp.r j.ei;..., 
an equation of the form s - a sin f /4 

I? OP represents the crank <»! avrUnal a 

which is very long cornpami wif!j OP, fh^ *4 -skr . j. 

approximately represented by that of N, and, ir, / 

j = fz sin . . a I 

If we are given the nund^er « of revokfunri nv.nvAr l 

angular velocity, then the crank evidently tnin-i tancii,.;h 14*! = 

Z’ffn 

fx) 


- 


Ihr 


r . < 


second 
becomes r = zi sin 


Therefore, g 

2vni 
60 * 


and the fqna!j*m *h'»" n-. 


Example. — A crank OP ^ tengih 5" ttartt /t»m m 
59° with the horizontal tine OA at time t o, ant in a 

uniform rate of 120 revolutiom per minute in ,t fl-Au i.'f 

curve shelving the motion 0/ the projection of P on ii 1 efU-al line Oil 





Drawa circle of radius to reprr-.rjil 5'" rm j.>. | ■: .# L .i 

and vertical dianicler.'i A' A and B’B. 

Set off the angle AOPj 9/. Thru OP, i’j di<* j ^4 P f 

The crank turns ihrnugli 12a X 2sr r.rl-.an’k •.? - 

second. 

When, as in this case, the pf/.iiirmu of P 4f '■n-!; *.f 5,r # 

far apart to be used far ploffing a cwve, %r% «4t dip »4 P ic-Ofs ^ . 

convenient fraction of a ierond. 

In this case OP rnov€!i fbrongb %ti^ in 0 0", tfr. ^ ■ w 

showing the position of P a! *4 tru^r, err. iir rf .j,. 

useful for this purpofe. Set oil' a uf tifort' .. OA 
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ii8 

from o to 0*5 sec., so as to show a complete oscillation of N, and 
before. . , 

To find the equation of this curve we note that OP turns throu|r 
time t starting from OPj. 

at time angle AOP = AOPj + PiOP 
= 59 ° + 4 ^^ 

= (12*566/ + 1*030) radians 
and j = ON = PM = OP sin AOP 
= 5 sin (12*566/ + 1*03) 

Similarly, any equation of the form 

/ = sin {qi + «) 

represents the simple periodic motion of the projection of P on a ve^ * * 
when 

a = the radius OP = the amplitude of the motion. 

g = the angular velocity of OP ; 

a = the angle which OP makes with the horizontal diameter 

The ratio which the angle qt = P,OP in Fig. 61, through which ^ ^ 
at any instant since / = o, bears to the angle 2ir, through which it 
revolution, is called the phase of the vibration when the time = / second 

The angle BOP, between the revolving arm OP, at the instant 
the axis, along which the periodic motion takes place, is called 
vibration. 

Examples.— XLIII. 

Plot the following curves between / = o and / = 2x ; — 

I. ^ = 2 sin /. 2. ^ J sin 2/. 3 . ^ = i ^ 

4 . ^ i sin 4/. \ sin 5/. 

6. A crank, i ft. long, starts in a horizontal position, and rotatr* 1 
clockwise direction in a vertical plane at the rate of 1*2043 radians per 
the projection of the moving end of the crank on a vertical line Of** t 
simple periodic motion. Construct a curve to show the distance of 
from the centre of its path at any time. Write down the equation to tliil 

7 . Construct the corresponding curve when the crank in the last 
the same position, and rotates at the same rate in a clockwise direction, 
the equation to this curve, 

8. A crank, 6 ins. long, starts at an angle of 45® with the horizofi I 
through 30° per second in a counter-clockwise direction in a vertical 

a curve to represent the simple periodic motion of the projection of ill 
the crank on a vertical line. Write down the ec^uation of this curve. C ; 
corresponding curve when the same crank starts m the same position, a nr] 
clockwise direction. Write down its equation. 

8. A crank 9 ins. long starts in a position making an angle of 13® wil 
X, and rotates in a counter-clockwise direction at the rate of 10 revolutirji 
Draw a curve to show the motion of the projection of the end of the ci 
Write down the equation of this curve. 

10 . A straight line OP of length i *8 ins. starts in a position such that 
and rotates in a counter-clockwise direction about O at the rate of I2r ic 
per minute. M is the projection of P on 0 :r. Construct a curve to fcli, 
/ of OM at any time /, and write down the equation connecting s and 

Plot curves to represent the following motions : — 

II. s = 2*5 sin (1*117/ - 0*7156). 12. s = 4*2 sin (1*2217 

13 . s = 2*5 sin (1*885 - 1*4661/). 14 . j = 1*5 sin (200/ + * 

16 ., = 1-5 cos + 
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16. Plot III*:; curve 

^ =s 3 sin { 2 r/i 4 * J 

where /= lo, an.l I i-i m.-x.nw,\ 

in seconds. 

17. Plot the curve 

^ = A sin {qx 4 “ If) 

where A = 2-4, f o'^^ U 

= — I ‘ 3090 . 

18. riot s - A hh\ i 2 if/i 4* ^1. 

for the case 'when A ■- S’K 
^ — — 0*7, and / - ^ 

show a complete |>cri<Hl . 

18. If its the value :uiaU<*t 
nating* electric current at (nnr^ / 
andi=T5«ft cuivr 

to show the value of x at ;my tnue 
throughout a cornnkte pen? 4. 

20. V is tlic vpilta|;c i*4 
a certain circuit at time i and 
V = RA.sm f/. VUA a curve lu 
show the value of V at any time 
throughout a complete mciilatioii 
ifR = 0 * 25 , A."r 3‘I» f = 2C)0C>r, 

75 . 1 / = ®ln iox 4- 

Consider the case 

y ss sin 2X 

Tl\e curve / s ifi plot 
ted in Fig. 55» and / sin 2 :r 
in Fig* 5^- 

riot these two riirve.s to- 
gether with the sariie axei, 
measuring r in radians fnr the 
curve / = sin 2X (Fig. 6.% 
a and i). 

For various vahses of r 
multiply the corresixrndhig 
ordinates togetherdhiis gelling 
ordinates of the curve 

y = sin tr 

This is the citrve r in Fig. 

62. 

Note that this is a wave 
curve ia which the amplitiuk 
of the successive waves gets 
smaller and sm«iller, while the 
wave length remains the same. 

If / represents distance 
moved in time curves of this 
type may he used to re presmt 
such cases as the 0^*01 
of a stiflf spring, the daroped 
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oscillations; of a jj;ilvanf#in<iter or tho osc illttion*; of a disc suspended 

by a wire in a iit|ui‘l, such as is used to rcuiipau! tlic vis? osities of different 
liquids. 

If^ represents thet electric current p.tssiiq^ at time x, curves of this type 
may be used ii> represent tin* osfillatory di.s* harip* of a roncleiiser. 

In the oscillation represented by / ™ nc sin (tt + d) the cpiantity k may 
be taken as a measure id the erfr!c*t of the resistance, and is called the 
logarithmic decromeiit of the ostrillation. 




ISXASJM.KS. - XLIV. 

1 . Plot the curve 


- i» . . 

/ -r iin Djr 

between x - 0 and x 

4 w. 


2 . Plot the curve 


j r. sin t 



2 j 

between / 0 and / r: 

4 ir. 



8. s is the displacement of the end of a slilf ^pnn|t from its position of rf|«iHhnuin 
lit lime / sccontis. 

/ o/-« -..itl “P 

* t 

« h the amplitude which the cnrill.uiMn would have if there were no friction ; T, is 
the p«ri*d ; & represents the rtlei t of the shifne *’* id the jiprinit. If «i to> Tj 0*9, 
^ -;075, plot a curve to show dm value of s at any lime d»dn|j the hr ,t h»ur complele 
oscillations. 

4 . 'Tilt oscillatory lit *i har|»e of a certaiti csuiden .er ihrooijh a cirruit c ruitaining 
resii.lancc and .self indui tion is given by the eq ;atif*n 

T/ 14140“*’^ ' sin -f 07 K 54 1 

Plot a curve to show the value of the pufmiial a! any time lielwecn if = o and 
t 10*"^ KCOnds. 


76, Curves roproBonting Compound Fertodlo O«oillations.~-An 
equation of the form / - a h\n (r/ 4* d) rejue.senls the sirnplcfit form of 
periodic oscillation, such as the small osrillaiiun of a |icndulimi- 

We often meet with more complicated oscillaiioris, whic!h may be 
represented by e(|uaiions of the fmm 

/ = rij sin (rr/ 4* d^) + sin (^r/ 4- d.^) sin (yt + dj 4“ . . . 

The note of a musical instrument, for example, consists of a fundamental 
tone represented by the first term an the riKlitdiami side of the equation, 
and its overtones represented by terms sucli as the second am! third. The 
second and third terms represent the first and set.- oiwl harmonics respectively, 
and so on. 

In the study of alternating electric currents, also we meet with functions 
of the form 

i X sin (pt - tj) 4" sin {3// - sin (5^^/ ~ f J 


Pfiitiing of 


In problenr; nii v:ilv<* wr ..! ■;•■■ ■ r , 

coniposed of tlic fuii<Liiij''‘ 3 <*a, i ’-■*' •'• 

y . J -.j, J' if j-' f . i ^ ■t.‘ 

Exam vlk. ^ 1%/ r^f n t 

} ;t »’«'* f if I ^ 



riot the C«rv<!^it JI' .; 2m% /; fA ;, 4lr! ^ I A f 

ncK'ntal, an<l A, the: i^rnn*! , 

The r<.?(|i«fed TMf VC G 4’) x ’ 

two ordirialcH width f«» 4'-?' „f # 

if.f, if PN afifl P,N lic Ihr ■' f .*' -u-.-U •■ f:'. ». ■ ’ . 

harmoinc corrcHpotulinij Jf# myp-*m^4Uir t)P4 ^^4 *•■•.. > ',r * ,> * . ^ 

required curve h er|iial iu NP ‘f ■ NP». ‘I # l-h'^ - ■ *.k ■' t-'.r ■ 
by means of divider % and rio? I* ;..* |o, # . 

and m m. 

We ihim obtain ?.l<r cur v*- C I* ^ , .:' ''.y - 

the si'canil harnronk. 

The curve 0 a!--** |»v*« Um ' f |,- ■ a^:' ' v. " 

but it is more imiruitivc tn p‘j,! ihr ak... ,, .. 



Si.i . 1 




Plot the folltming curvr-^ Unm / • i# fi, * ■ 

1 . / 2 sin / 4 * I \m 2 /, yi 

3. / •- 2 %m i 4 - i -du 5 /. 4 

5. Plot j -■: rdfi »//+ I -.31. §.:* I , 

Plot the {iiUf^%viiv* fsi.m ( ft s, / 

6. / 2 f4i< (f 4 rou p -I i <r 

1, y - 2 Mft (/ ■» O-bV.yj 4 I , ,, 

8. / 2 dll (r 4 ^ I r .., 

8. f 



adding the ordmat Cl ; iW* |4f,! ?|jr . j 
sin (A -f B) by «^howmi Ibat ihp 
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10 . Pint y ^ 0*3. p sin jr — 0*940 cos .r, ariil verify !lir ft>rfiuila for fiin (A — B) 
by slinwin^^ that tijis is the same as 

y sin {x ■— Ju^) 

11 . The value of an alteniatinn elertric current / arii|>®. h |»ivrn at lime / seconds 
by the equation 

i rr 50 sin 4“ 20 sin iKrx)/ 

Plot a curve to slif#w the ronnccli»m betwcerii t and /. 'lale / on a larf^e scale and 
plot to show two cnrnjrlcte alternations. 

12 . The vollufjc V in an aUrrnatin|j currrrit circuit at time / is |»i%'en by 

V r: RA sin y/ f LAy cos y/ 

Plot a curve to show V as a function of / bit two ccjmpkte prrif»ds, havin|;j given that 
R r- o*5> A =: 5, y ■- iwb L ■■ •• o'ckicjS 

13 . If Jf is the distance of a piston from a fixnl |>«dni cm its path at time 


ar = r sin y/ ‘ 


- ,cos asy/ — . 


where y ^ angular velocity of ciank, r rr length c»f crank, / r: length of conneclin|p 
rod. Plot a curve to show x as a function ol / when r = §, / = 3, y “ 2ir. 

14 . OAB is a crank capable of revolving in a counter wise difcmlhm in the 
vertical plane OAB, about an axis through O. It ii beru a! rij'ht anglrs at A. OA 
is 3 ins. long, AB is 2 ins. long. OY is a fixed veiti(!al straighi Iir^ ; M and N arc 
the projections of A and B on OY. ‘Phe crank starts in a po.uiirm such that OA 
inakc.1 an angle 45'' with OY,and AB poinH ttjw.udi OY, ami rirovei towards OY at 
the rate of 120 revolution » per minute. I^l ON ^ /; tdnt a curve to how the value 
of y for any value of / from /« o to / — i sec. Wnic rhnvn the rquatirm, gi'^ingy in 
terrmof/. 

15 . 'l‘hc force P on the piston of an engine, when the crank makes an angle # 
with a fixe<l direclifm, is given by 

F » Mw^r{cc« i *i‘ <>'29 cos 2# — O'Dofi co?i 4#} 

for the case where the c<«»necting*rod is thrrr and a half times af long as the crank. 
Plot a curve, as accurately as ymir scale will allow, to show the value of F hr &ny 
value of 0from 0 - O to 0 -- 3t#o% taking M " 40, m 6sr, r 0*5. 

k'l'b. IV>J» |c 670,) 


77. Graphic Solution of Kciuations.— ‘fo solve an lupinlion, we require 
to find the values of x which ninke a given funclitm of .r effigil to lero. if 
we plot a curve in which the ordinates are llif vahie» of ibis ftinttion for 
various values of x, the points where this curve crosses the axis ol x give the 
required values of x for wluch y - (x 


Example {i).^SaIp£ the equniwn 

- 4*3ix 4» 3*93 ^ o 


Wc have 


xc* rr. 4'3lx - 3*93. 

Plot the parabola = ar* and the straight line / 4 * 3 !^ 3 * 93 . Then at the 

interM’Ctioici of ther^e two curve* the values of / for the two mtVf% are rt|nal, and 
iherchrre the equation is satisfied. The c«rvc?g infirr^»cct at x -- 3 and x -- I'j, which 
arc therefore the required roots of the eqiKilion. 
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Example ( 2 ). — To find a value of x between o a7id 2 , which satisfies the equation 

-f. - 3 - 26 ^ ~ 0*3127 = O 

Let y denote the expression on the left-hand 
side of this equation. 

We find by calculation 

when jc = o, ^ = — 0*3127 
„ = I, j/= - 0*5727 

„ = 2, ;j/= 4-9*1673 


therefore, if we plot a curve representing as a func- 
tion of this curve is below the axis of :r at x = r, 
and above the axis of jr at jc = 2, and therefore 
it must cross the axis of x between x = i and 
jr = 2. 

For = 1*5 we find y — 2*562, therefore a root 
lies between jr = i and jr = 1*5. 

Plotting the points whose co-ordinates have been 
calculated, we get the curve. Fig. 64. 

This crosses the axis of x between x ^ vi and 
X = 1*2. 

By calculation we find 

whcii^ X = I’l, j/ = — 0*1477 
„ ;r= r2,>= +0-3833 

Plotting these points on a large scale, and joining by a straight line, we see that 
1*13 is approximately a value of x, for which ^ = o. 

By calculation, when x= 1*13, = o, to 5 places of decimals. 

To secure still greater accuracy, if necessary, we might calculate y for the values 
X =i 1*12, and jr = 1*14, and plot on a still larger scale ; and so on. 


Example (3 ). — Solve the simultaneous equations 

y — 0'6x^ 4- o*2jr — I '4 
y=l+x- o*4Jr* 

Here we require to find a pair of values of x and y to satisfy both these equations 
simultaneously. If we plot the curves represented hy the two equations, the points 
of intersection He on both curves, and therefore their co-ordinates satisfy both 
equations, and give the required roots. 

Let jvi = — 0’6x^ -b o*2jr — 1*4 

jj/j = — o*4x* 4- ^ -f I 

Then by calculation we find the following pairs of corresponding values : — 
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On plotting these points we see that the curves cross between ar = r, and x — 2^ 
and from their general shape this appears to be their only point of intersection. 
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Fig. 65. 


Accordingly we calculate the following values of yi and neighbourhood 

of the point of intersection : — 


jT. 

n- 

J'a* 

1*5 

0*925 

r6 

1*6 

1*48 

1-58 

1*7 

2*019 

J‘544 


These curves evidently cross between = i'6 and x = 17. 

Plotting these points on a larger scale, we see that the curves cross, and therefore 
the equations are satisfied, for the values x = 1*62, j/ = 1*57. 

Example (4). — To find the values oj x between o and 3*1416 which satisfy the 
equation ^ sin x =■ 1. 

The most instructive method is the following : — 

If sin .r = I, we have sin 

Plot the curves ^ = sin x and y = Then at the points where these curves 
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cross, sin a and /r”* are equal, and the required values cf x are therefore the abscissae 
of these points of intersection. 

Note . — x must be measured in radians. 


^ = sin X. 





X. 


0 

0 

0 

I 

0*7354 

0*7071 

I 

0-3679 

1*5708 

I 

2 

0-1353 

3-1416 

0 

3 

0-0498 


On plotting these values we see that the two curves cross in the neighbourhood of 
X = 0*6 and x = $. 



Calculating the values more accurately in the neighbourhood of these points, 
we find 


^ = sin X. 



X. 

j'- 

X. 


27° = 0-4712 

0-4540 

0-4712 

0-6242 

^0° = o*q2^6 

0*5000 

0-5236 

0*5916 

33° =0-5760 

0-5446 

0-5760 

0-5622 

36° = 0-62S3 

0-5878 

0*6283 

0*5333 
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and 


X, 


X. 

i'. 

360® = 3-1416 

0 

3-1416 

0*0432 

354 ° = 3'0369 

0*1045 

3 

0*0498 

357 ° = 3 'o 892 

0*0523 

— 

— 

358® = 3-1067 

0*0349 


— 


Plotting the corresponding portions of the two curves on a large’ scale, we find 
that, at the points where they cross, 

X = 0*5885 and 3*0965 

The student should verify this by plotting the above values himself. 

These are, therefore, the required roots of the equation 

r* sin a: = I 


Examples.— XLVI. 

Solve the following equations by the graphic method ; — 

I. + o*&r — 2*73 =0. 2. jr® - 0*834: + o-i6r2 = o. 

3. 4 :* — a: — 6 = o. 4:, X* — 6x^ + iix — 6 = o, 

6 . — o yx ^ — o ' 6 x -h 2*6 = 0. 6 . x ^ + X * 6a* — 13A* — 13^1- — 6 = 0. 

7 . 2a:* — 7*6a:* — 4*064:* + 4*164: + 9*84 = o. 

8. ^ = 7. 9 . — 2*5. 10 . X log,« 4 : = I. 

Find values of x between o and 5 to satisfy each of the fcfllowing equations : — 

II. 24:^** -h 4 : — 3^0'27fi* — 2 = 0. 

12. 3*IA**« - I*9A«*« - 4: - 8 + = o. 

13 . 2*5<f**‘^ cos X — i‘3r4*2‘3 sin (0*64:) + 0*788 = o. 

14 . tan 0*34: — 2*6 cos 1*84: — 54:i’8 4 * 2*8543 = o. 

15 . The e(|uation 4: tan 4: = occurs in finding the proper tones of the vibration 
of a loaded string. 

Find a value of x between o and ^ to satisfy this equation (i) when 4 = 0*1, 
(2) when a = i, (3) when a = 10. 

16 . In calculating the strength of a long column fixed at one end and held by a 
horizontal force at the other, we require to solve the equation tan 4: = 4:. Find the 

value of X between w and ~ which satisfies this equation. 

1 7 . Find a value of / to satisfy the equation 

logo^ + ^-o' 69 S = i 78 


CHAPTER VIII 


DETERMINATION OF THE LAWS FOLLOWED BY THE RESULTS 
OF EXPHRIMENTS 


78. In mpst quantitative experiments we have two varying quantities, such 
as the pressure and volume of a certain quantity of gas, or the length and 
temperature of a metal bar. We take various values of one of these quanti- 
ties, and observe the corresponding values of the other. If we plot these 
two sets of values on squared, paper, we usually find, if they really depend 
on each other, that the points obtained lie approximately on some continuous 
curve. We often wish to find a formula connecting the two quantities, so 
that when one is known we may be able to calculate the other. To do this 
we must find the equation of the curve. 

79. Straight line laws : — 

We have seen that any straight line is represented by an equation of the 
first degree, = mx 4* and that m denotes the slope of the line, and c the 
intercept on the axis of x. 

Thus if the observed quantities give points lying on a straight line, we 
can at once find the equation connecting them, as in the example on p. 90. 

Example. — A restaurant keeper finds that if he has G guests a. day his total daily 
expenditure is E pounds y and his total daily receipts are R pounds. The following 
numbers are az^eraga obiamed from the books : — 


G. 

E. 

R. 

210 

167 

IS -8 

270 

19-4 

21'2 

320 

2 I ’6 

26*4 

360 

23*4 

29*8 


Find the simple algebraical laws which seem to connect E and R with the number oj 
guests G. (Board of Education Examination, 1901.) 

Plotting these values, we get the straight lines AB and CD (Fig. 67). 

Let R = OTj G 4 - ^1, be the equation of the line AB. To find mi and Ci take 
two points, A and 3 , on the line at considerable distance apart. 

Co-ordinates of A are (210, 15*7) 

„ B are ( 35 <>» 29) 

Since these points are on the straight line 

R = rrix G -f* 




Values of G 

Fig. 67. 


Solving these as simultaneous equations for Wj and wc get 
wj = 0-095 ; r, = - 4 ’ 2 S 

the required law connecting R and G is 

R = 0-0950 - 4-25 

Similarly, if E = m^G + is the equation of the straight line CD, we take p 
and D on the line, and substitute their co-ordinates in the equation, 
we get 16-7 = 210ZW2 -h 

23*4 = 360W2 + 

we get m2 = 0*0447, Ca = 7 * 32 > and E = 0*04470 + 7 ' 3 ^- 
Examples.— -XLVII. 

In the following examples the expression “ the law connectings^ and j:” i 
stood to mean a formula arranged so that y can be readily calculated w,' 
known, such as ^ i,e. a formula giving jy explicitly in terms of x. 

Find the law connecting y and x when the following corresponding va 
given : — 


1 . 




Determiaation of Laws 


129 


2 . 


X 

12 

15*3 

17-8 

19 

y 

24-4 

29 

32-6 

34*2 


3. 


if 

so 

62*4 

80*5 

97 

y 

7*5 

6-S 

5*05 

37S 


4. L is the latent heat of steam at temperature 0° C. Find a simple formula 
giving L in terms of $. 


6 

1 

75 

90 

100 

US 

125 

L 

554 

544 

536 

526 

519 


6. H is the total heat of a pound of steam at temperature 0® C. Find a formula 
giving H in terms of 6 . 


e 

6s 

85 

ICO 

no 

120 

H 

626 *3 

632'4 

637-0 

640* I 

643 '» 


6. V c.c. is the volume of a certain quantity of gas at temperature C, the 
pressure being constant. Find the law connecting V and /. 



1 

27 

33 

40 

55 

68 

V 

109*9 

II2'0 

114*7 

120' I 

125 


7, / ft is the length of an iron bar under a stress* of W tons. Find the law 
connecting / and W. 


W 

0 

I 

1*8 

3*2 

4*3 

6 

/ 

10 

10*005 

10*010 

10*0175 

10*0225 

10*0325 





11. 8 in the wri{;ht of uili.tlr *Vi\\ 4vr*l l»y iw of wiUer at 


temperature C. b'lud the 

law eonnrukiiig *8 aod /. 



8 j bb ^ 

72'9 

K/'S 

102 

/ i - 6 

i ' 

0 

30 

40 


IS. S in the wcif,!it of hfunii’lrj \%!nih w.l'l fli-.:*’4vr hi ifMrj of 

water at U*iu|M*iaturc ( !. 


0 

30 

, 40 

bo 

So 

53'4 

fi.yu 

74 'h 

«4‘7 

i 93*5 


IS. The foSlowiiii; t.ihle f.ivrn ihe £A f4 a .uiiii of fiiyncy at 

Mimple irilerffit for « yrar'i. hi>A a %no|**r ah‘ehrai’'al law A ftml fi, arid 

by winuin of tliin Uiw rab'r.bi^c Ibr hi 7 )r>r'i. 


3iH-6 


10 


3%’4 


354 


4^3 
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14 . The following is taken from the price-list of Marshall’s horizoatal eagines. 
H denotes the horse-power of an engine, and P its price in pounds. 


H 

61 

10 

14 

19 ] 

21 

26 

33 

1 40 

48 

S6 

P 

31 

1 

37 

46 'S 

57*5 

67 

S 3 

104 


145 

1 62 


Find a simple algebraic la-w connecting P and H. A.lso find an approximate law 
connecting the costC per unit H.P., and the total H.P. of an engine; and plot a 
curve to show the value of C for any value of H from 6|: to 56. 

15 , The following table is taken from the price list of Tangye’s horizontal air- 
pump condensers. 

d is the diameter in inches, P is the price in pounds. 


d 

6 

7 

3 

9 

10 

12 

1 14 

16 

18 

20 

22 

24 

26 

p ; 

25 

1 

27 

30 

33 

35 

40 

50 

55 

1 60 

1 

70 

75 

«5 

90 


What would you expect the price to be for a diameter of zS ins. ? Find a simple 
approximately correct algebraic law connecting the price and the diameter. Test the 
accuracy of your result by calculating from it the price for a diameter of 16 ins., and 
comparing with the table. 

10 . The following are corresponding values of the speed and induced volts in an 
arc light dynamo. Find the law connecting the volts, and the revolutions per minute. 


Revolutions per minute ^ . . 

200 

1 

320 

495 

1 

621 

744 

Volts induced v 

165 

270 

410 

10 

625 


17 . In the following results of "Willans’ engine trials, W is the weight of steam 
per hour ; I the indicated horse-power, F or each set of results find an approximate 
linear law connecting W and I. 


I 

31 '63 

27-24 

2i*8y 

i6'ir 

11*50 

9‘o6 

w 

8ii'8o 

686 I 

583-6 

465-26 

345*4 

266*22 


18 . 


I 

40*14 

i 

33-25 

25*61 

18*69 

to*8i 

W 

67*'44 

564-2 

443*22 

336-«3 

219*1 


132 
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la 


I 

33*19 

27*11 

22*09 

11*86 

11*66 

w 

492*12 

i 411-47 

349*73 

216*50 

I 212*60 


20 . The following table is obtained from the results of experiments to find iiow 
the pull exerted at the draw-bar by an electric locomotive depends upon the currerit- 
P is the pull in pounds, A the current in amperes. 


P 

400 

880 

1370 

1600 

2080 

2400 

A 

65 

86 

106 

116 

137 

150 


Find the current required for a pull of 2000 lbs. Find a simple approxiinately 
correct algebraic formula giving A for any value of P within the limits of tbe 
experiments. 


21 . The following are corresponding values of the torque and current in. thte 
armature of an Edison Bipolar Dynamo. 


Torque inch- lbs. . 

76 

H 5 

290 

380 

500 

575 

Current amperes . 

II 

20 

40 

52 

68 

78 


Find a simple algebraic law connecting the torque and the current in the armature. 

22 . P is the pull required to lift a weight W by means of a differential pulley 
block. Find the law connecting P and W. 


1 

W 

56 

1 12 

168 i 

224 

340 

P 

10 

17 

24 

28 



If ^ is the distance moved by P to lift W i ft. the efficiency is Find tho law 
connecting the efficiency and the weight, having given ^ = 27*2 ft. 


80 . Other Forms reduced to Straight Dine Laws.— If we ha-ve a 
number of corresponding values of arandy which are connected by 3. law 
of the form y = ^ 4- then, if we plot ;ir and y, we shall get a parailiJolA 
which is not easily identified. If, however, we plot jy and we get a stra-i uhl 
line, because the equation y = a is of the first degree in the two 

variables and 2^. 


Example . — The following values of .x and y are supposed to follow a lavu 
form y = cz~{- Test this, and find the values of the constants. 
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m 


X 

19 

25 

3 X 

38 

44 

y 

1900 

3230 

4900 

7330 

9780 

Calculate the values of and then ploty and x*. 


361 

62s 

961 

1444 

1936 



300 600 900 1200 1500 1800 2100 


Values of 
Fig. 68. 


The result is the straight line AB, Fig. 68. To find the values of a and 
ake any two pomte A and B on the straight line, and substitute the co-ordinates of 
the points A and B in the equation = a 4- bx^. 

We get two simultaneous equations to find a and b, 

3045 = a + 600b \ 

9155 ==a+ iSoob) 

^ = 5*092 ; dt = - 10 

and the required law is 

y = 5*09^;* - 10 


81 . Similarly, many other algebraical laws may be represented by 
straight line laws by plotting suitable powers or products of the variables. 

i\y = h, we get a straight line by plotting y and xy. because 

the equation is of the first degree in y and xy. 


‘34 
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If xy - ax + /,y xv,- have, diviclinj' by r,y - a + /-('■' V Tiiis is of 

finit <!egrec in j- .in.l an-l «<>t :i straight linn l,y plotting these 

quantities. 


KXAMI-I.F. (I). 7»r/:.//..rwsx v orr t«// 

farm y “ q- c. Itxi (hit^ amt fmd thf Ltw. ^ 


X' 

n 

a 

4 -fi ' 


6-9 

y 

0-75 

1 

D'4ih 

O' : 

0-253 


('jilrulutini; the valm**! <>f wr |jrt 
! 

-T I *’*s ! I'oi.t 


I’lotlmg / an>l j-r wr grt a ' traight line, .ni l tlirn-f.,,. ijjr I:,w j., „f ,]« jW 
form, 'rhc HtU'lriit !>hou!q draw f hr Ua iw--^ i>*nuUm the 

line, and thrir rn-)rdinaJr'i m thr rr|na’iuo y .. ^jev’ r wr 

fdtnuUanfOu*; rqnatiori i to find and t. 
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y . ■ ay - 1*5 
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. . ■ * . 4 i 
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- A - 10. W - 






/. substituting in 1, 


ir. ^ ■ 

4;i 

Solving wc gft a - 4^ ' 

\V X \ -I ^ ' 

/i ''i 

V 4*'^ ^ * 


M n 
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8 . 



y 

10. 


L ' 


2’t 




V4 


T 4^ 


7'5 


ir^ 


t \ ^ 


11 . 


^5*5 

55 




7 




K 1 


12. The fr»lluwir.|: t^hl- imvo h' ?- ^ • 

at a speed of V knot * : 


n.p. 

V 


2r/s 

5 


7 


H44 


h f h 


*1 




«ii n 


h7 7 


f.t 






It is snppo'.H 5lal th- n r 
II. P. =• 4“ <' w!,rre I ^ *'•' '• 

values of the cnrr.’-.n?t. 
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13, The f'lnowilij: 3rr lr-.-:1‘* - I ■:-' 

friction of .steci rai:-* «ti *!'■'! 


:>, : r f ■; r V Sj; <“"f, 


^ I. !l,e 
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14 . K is the rr.ifitanrr prr V>n to the ,,f a frair at V 

hour. Fiii«l the luw contset tin ' K .in4 V. ' 


V 

( 

10 20 

s 

3 « 

40 


50 

R 

7 9 ‘t 

i.fi; 

30 


29 
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S is the size, an 4 l‘ tin* |<riie in 


adj'; 

:MaMr 

*^ 1 >annea 

S inrhrs i t i ^ 1 

t| If 

7 

0 

2 § 

F 

j .V 5 -I’S '* 7 '' 

O'S li 


IH 

21 

Find an 

approximately correct alge' ?,«ii a' law • ’.jijK' tij,.;; 1 

‘ al;,| S. 
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I 


'4 

2 

P 
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i 
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82. General Formula connecting Two Variables.— It may happen 
that on plotting two variables^ and :ir we get a regular curve after allowing 
for errors of observation, but that we can find no simple algebraic law con- 
necting j' and X, 

Also we may sometimes require a more exact formula than the 
approxirnate algebraic laws found by one of the above methods. 

In this case we may assume 

y — a bx 

Taking the co-ordinates of three points from the curve and substituting, 
we obtain three simultaneous equations to find the three constants b 
and c. _ _ 

If this law is not sufficiently exact, we may assume 
y — a ■k' bx 

and find the constants by substituting the co-ordinates of four points on the 
curve. 

We shall usually find that the constants get smaller as we proceed to 
higher powers of x^ and that the assumed law can be made as exact as we 
please by carrying the series to a sufficiently high power of x. 


Example. — The following table gives the modulus of torsion T of steel at various 
temperatures 0. Find a fo 7 ‘mula to calculate T when 6 is known. 


& degrees c , » . , . 

0 

20 

40 

60 

80 

100 

T kilogrammes per sq. mm. ' 

8290 

8253 

8215 

8176 

8136 

8094 


Plotting T and 0, we get a series of points which lie on a regular curve, which is 
nearly, but not quite, a straight line. 



Values of 0 f degrees Cent) 
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The student should plot this curve for himself on a large scale. 

It is evident from the figure that the variation from a straight line law is not due 
to errors of observation, and if we assume a straight line law the resulting formula 
will be less accurate than the given data. 

There is nothing to lead us to assume any special form for the law connecting T 
and df and accordingly we assume ^ 


T = Bd 

In this case, since the points representing the given data lie exactly on the curve 
to as high a degree of accuracy as we can plot them, we may take three of the given 
values for the purpose of calculating the constants. 

In cases of this sort the points which are plotted from the given data will not 
usually lie exactly on the curve, owing to small errors of observation. The values 
for calculating the constants must then be taken from the curve, and not from three of 
the given pairs of values, because the curve has been drawn so as to compensate for 
small errors of observation. 

Substituting the pairs of values of T and 6 , for which $ = 0% 60° and 100° 
respectively, we get 

8290 = a 

8176 = ^ + 6o3 4- 3600^ 

8094 = a + ioo3 4- loooor 

Solving these simultaneous equations in a, 3 , and c, we get 
a = 8290 ; ^ — i*8l ; — 0*0015 

the required law connecting T and $ is 

T = 8290 — I*8i6 — 0*00150* 

To test this formula we have, substituting 
e = 80° 

T = 8290 — 1*81 X So ~ 0*0015 X 6400 
= 8135*6 

The value of / given^ above for 0 = 80"^ is 8136 ; this agrees with the formula to 
the degree of accuracy with which the data are given. 


Examples. — XLIX. 

1 . Find a law of the form = a + 3 x + connecting the following values of 
^ and X : — 


1 

1 

jr 1 

I 

3 

5 

7 


5'S 

5*9 

5*5 

4*3 


2. 0 is the melting-point of an alloy of lead and tin containing x per cent, of lead. 



00 

1 

84*0 

1 

77-8 

637 

467 

36 '9 

0® C. 

292 

283 

270 

235 

197 

i8i 


Find a formula giving the melting-point of an alloy containing any known percentage 
of lead from 90 to 40 per cent 


[£ ^ 
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3 . E is the modulus of elasticity of steel in kilogrammes per square millimetre al 
temperature C. 


t 1 

0 

SO 

100 1 

200 

E 

21.483 

21.364 

1 21,212 

20,458 


Find a formula to calculate E in terms of A 


4 . y is the mean coefficient of expansion of mercury between temperatures 0° and 
C., according to the results of Regnault’s experiments. 


0 

100 

ISO 

200 

250 

300 

360 

0*00018179 

0*00018216 

i 

0*00018261 

0*00018323 

0*00018403 

q 

00 

8 ^ 

VO 

00 

1 

b 


Find the law connecting 7 and t. 


83. Sabetitution of Linear for More Complex Laws. — We have seen 
that when y and x can be represented by the co-ordinates of points which lie 
on a regular curve, we can usually find a formula 

4- -h + . . . . 

which v/ill represent the law connecting y and ;ir to any desired degree of 
accuracy, according to the number of terms taken. 

When c is small it is sufficiently accurate for many purposes to take the 
law / = a -i- dx SLS a sufficiently close approximation, zx, when the curve is 
nearly straight we take a straight line as representing the curve with 
sufficient actairacy. 

in the example, p. 140, we obtained the formula 
T = 8290 - vSi 6 - 0-00150^ 

So long as 0 is not greater than too, the error caused by neglecting the 
third term is not greater than 15, ix. about 0*2 per cent. Thus we might 
take the linear law 

T = 8290 - I*8i0 

as an approximation to the required law. 

Tills suggests that when the connection between/ and;tris given by a 
complicated formula, we may represent this complicated formula by a simpler 
linear formula to a sufficient degree of accuracy, between certain definite 

limiting values. 


Example.— 77 /^r<f is a function 7=5 + 6 sin ^ + 0*084 {pc ~ 3 * 5 )’* 

Find a much simfUr function of which does not differ from it in value more than 
2 per cent, between x $ and x^6. The angle x is m radians, ^ ^ 

(Board of Education Examination, 1902.) 
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By calculation we End tlie following values : — 


X 

3 

4 

1 

5 

t 

6 

y 

4*182 

S‘ 36 S 

6-560 

7-805 


Plotting these values, we get a curve wliicli is very nearly straight. It is seen 
from inspection of the curve that a straight line can be drawn so that the value of the 
ordinate for the straight line <liffcrs by less than 2 per cent, from the ordinate for 
the curve. 

Draw this straight line, arnl let its equation be / = mx H- r. 

I'hc student should draw the figure for himself. We find by inspection of the 
line that 

when X = 3 ; / = 4*2 
and when jr = 6 ; / = 7*8 


Substituting, we get 

4 '2 =3w 
7 ‘8 = 6w Hr c 

Solving these simultaneous equations in m and r, we get 
fu 1*2 ; r = 0*6 

the formula I'zx + o*6 may be used instead of the given formula to the 
required degree of accuracy. 


ICXAMPI.KS. — !>. 

1 , Find a Minplc linear formula, which gives the same values of / as the formula 
y rr jf -b V I between x = 8, and x = 12, correct to o'2 per cent. 

% There is a iunctiun 

X 

/ =: lor 10 4- 5 X + 2: 

Find a simpler formula which will give the same value of / correct to less than 
z per cent, between x = i and x ~~ 7. 

a Find a simpler formula which will give the same values of / as the formula 
/ = 25 logi#x + 10 cos ^ -f o*o8x* 

between x = 5, and x = 10, with an accuracy of at least 1*5 per cent. 

4 . Find a simple formula to give the same values of / as the formula 

30 

y = 2 log,, 5 x + 100 sin 0’05x + 
correct to at least 2 per cent, between x = 2 and x = 6. 
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84 . Iiaws of the Form y — ax^. — If the observed values of two variables 
y and x are connected by a law of the form y = ax'^^ we get, on taking logs 
of both sides of this equation, 

(log j') = nQog x) + log a 

This is an equation of the first degree in (log y) and (log x), and there- 
fore, if we plot values of (log/) as ordinates and values of (log x) as abscissas, 
we get a straight line. 

Accordingly, when such a law is suspected, we plot the logarithms of the 
two variables. If a straight line is obtained it follows that the above law is 
satisfied, and the values of n and log a may be found by substituting the 
co-ordinates of any two points on the line, and solving the resulting 
simultaneous equations. 


Example (i). — TJu following quantities are supposed to follow a law of the form 
y = aX^. Test this^ and fnd the values of a and n. 


X 

4 

7 

n 

rS 

21 

y 

286 

79'4 

1 82 

318 

589 

Taking logs, we get 

I.Og:«: 

0 * 6 o 2 

0-845 

1*041 

1*176 

1*322 

Log/ 

i‘ 4 S 6 

1*900 

2*260 

2*502 

2*770 


Plotting log / and log x as ordinate and abscissa respectively, we get the straight 
line AB, Fig. 71. 

y ^ connected by an equation of the first degree, and / and x are 

connected by a law of the form / = aX^, 

The equation to this straight line is 

(log/) = n(log x) -f log a 

Reading off from the figure the co-ordinates of A and B on this line, we get 

at A log X = o' 64 ; logy = 1*525 
at B log X = i’24 ; log/ = 2*62 

Substituting in the equation to the line 

1*525 = o'64 « 4- log a 
2*62 = 1*24 » 4* log a 
n=: vZz) log a = 0'357 
and /, a = 2*27 

,% / and X are connected by the law/ = 
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It is su’ppos€d that a law of the form E = z&B’* connects E and B. Test this^ and 
find the actual law. 


We have the following corresponding values of log E and log B : — 


Log B 

3*3010 

3*6021 

3-7782 

3*9031 

4*0000 

Log E 

3 ' 4 S 78 

3 ‘ 939 S 

4*2217 

4*42X1 

4 ’S 759 


Plotting log E and log B we get a straight line, whose equation must be 
log E = « log B 4 “ log k 

The student should plot the figure for himself, and verify the following measure- 
ments. We find, from the figure, that 

when log E = 3*8, log B = 3*51 
„ log E = 4*325, log B = 3*84 

Substituting these values and solving the resulting simultaneous equations, we get 
n = i'59, log /fe = — 1*79, and k = o*or6 


/. the required law is E = 0*01 6BI’®®. 


Example (4). — In the following table u is the •volume in cubic feet of i lb, of 
saturated steam at a pressure of p lbs. per square inch. Find the law of the form 
pi£^ = C, connecting p and u. 


u 

26-43 

22*40 

19*08 

16*32 

14*04 

12*12 

1 

10*51 

9*147 

7*995 

p 

14*7 

17*53 

20*80 

24'54 

28*83 

33*71 

39*25 

45*49 

52-52 

Taking logs, we get 

Log u 

1*4221 

1*3502 

1*2806 

1*2127 

I ‘ 1473 

1-0835 

1*0216 

0*9612 

0*9028 

Log/ 

1-1673 

1 

i 

1*2430 

1-3181 

1*3900 

I '4599 

I '5277 

1*5938 

1*6580 

1*7204 


and, taking logs, 


If pu* = C, we have p = 
log p-sz — n log u + log C , 


(1) 

(2) 


therefore, if we plot log p and log «, we shall obtain a straight line whose slope to the 
axis of log « is — 

Plotting the values of log u and log p above, we obtain the straight line AB 
(Fig. 73 )- 

We find by inspection of the figure, that at the 

point A, where log u = 0*9, log/ = 1*722 
and at B, where log = 1*4, log p = 1190 
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substituting in equation (2), we get 

1722 = — « X 0*9 4 - log C 
1*190 = — » X 1*4 + log C 

Solving these simultaneous equations in n and log C, we get 
n = 1 '064, log C = 2*6796, and /. C = 478*2 
/. the required law coimecting / and u is = 478*2. 



Values of log v 



Fia, 73. 


This is, therefore, the equation of the curve CD, which is obtained by plotting 
the values of f and u. 


Examples. — LI. 

Find the law connecting y and x when the following corresponding values are 
given : — 

1 



50*8 


26*4 
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2 . 



10 

17 

23 

i 

28 

35 

y 

41*8 

98-5 

162 

221-5 

316 


3 . 


X 

132 

i 

154 

165 

181 

y 

327 

40 

44 

50 


4 . 


X 

4*5 ! 

57 

7*3 

8-9 

y 

227 

464 

976 

1770 


6 . 



2 

3*5 

4-2 

7 

9*1 


20-8 

195 

407 

3120 

8960 


6 . 



253 

2 .*JO 

30s 

360 

y 

137 

194 

370 

89s 


7 . 



1 

5 

7*3 

8-2 

9-6 


2*4 

0-769 

0*543 

0-337 


a 


X 

1*5 

2-8 

5-6 

8-3 

y 

0-573 

0*243 

0*094 

O- 05 S 
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16 . Air is compressed without gain or loss of heat. The following table gives 
the absolute temperature (Fahr.) at different pressures. Find the law connecting / 
and p. 


1 

Absolute temp, Fahr. 

521 

637 

779 

876 

Pressure / lbs. per sq. inch . 

IS 

30 

60 

90 


16 . F is the force between two magnetic poles at distance d cms. apart. Find the 
law connecting F and d. 


d cms. . . . 

1*2 

1*9 

2*3 

3*2 

4*5 

F dynes . . 

4*44 

177 

1*21 

0-625 

0*316 


17 . D is the diameter in inches of wrought-iron shafting required to transmit H 
horse-power at 70 revolutions per minute. Find the law connecting D and H. 


H 

10 

20 

30 

40 

50 

60 

70 

So 

D 

2*11 

2-67 

3 '04 

3 '36 

3*6i 

3-82 

4*02 

4*22 


la D is the diameter in inches of wrought-iron shafting required to transmit 
50 horse-power at N revolutions per minute. Find the law connecting D 
and N. 


N j 

20 

40 

60 

80 

D 

5-46 

4*34 

3'So 

3*45 


19 . At the follov/ing draughts a particular vessel has the following displace- 
ments : — 


Draught A feet .... 

18 

13 

II 

9*5 

Displacement V cubic feet . 

107200 

65800 

51200 

41100 * 


Plot log V and log and find a law connecting V and h. 


20 . I is the indicated horse-power needed for the propulsion of ships of a certain 
class at 10 knots. D is the displacement in tons. Plot log I and log D, and find an 
approximate law connecting I and D. 
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j 

1100 

1530 

1820 

2500 

1 

3130 

I 

440 

550 

620 

770 

890 


21 . The following are results of Hodgkinson’s experiments on the strength of 
cast-iron pillars. W is the breaking weight of a pillar lo ft. long, and of diameter 
d inches. 

It is known from many similar experiments that W and d are connected by a law 
of the form W = Find this law as given by the mean of the first two and the 

mean of the second two results. 


d 

2-511 

2*496 

1-530 

rS 4 i 

W 

63500 

58325 

11200 

10870 


{PhiL Trans. ^ 1841.) 


22 . A steamship at the following speeds {v knots) uses the following indicated 
horse-power (P) : — 


V 

10 

12 

14 

16 

18 

20 

i 

P 

1066 

1912 

3216 

4951 

7361 

10,355 


Find if there is a law of the form P = av^y and if so what are the most probably 
correct values of a and n. There are experimental errors in the observed values of 
V and P. (Board of Education Examination. ) 


23 . The following table gives the loss of power E due to magnetic hysteresis for 
different values of the magnetic induction B in a transformer core of ordinary sheet 
iron. Find the law connecting E and B. 


B 

1000 

3000 

5000 

7000 

9000 

E 

1262 

7380 

16600 

28400 

42400 


24 . The following data are taken from the wiring rules of the Institution of 
Electrical Engineers. C is the maximum current in amperes for rubber-covered wires, 
exposed to high external temperatures, of cross-sectional area A square inches. Find 
the law connecting C and A. 


i 

C 

1 

3*2 

1 

5*9 

9*0 

22*0 

42-0 

68*0 

84 

102 

A 

0*001810 

1 

0 

0*007052 

0*02227 

0*05 

0*09442 

0*125 

o*iS 95 


26 . In the following, C and A have the same meaning with reference to wires 
exposed to ordinary external temperatures. Find the law connecting C and A, 
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c 

113 

237 

354 

42s 

493 

624 

688 

750 

A 

O-I 

o' 245 S 

0*4 

0*5 

0*6 

0*8 

0*9 

1*0 


26 . The following are results of Beauchamp-Tower^s experiments on friction, 
is the coefficient of friction in a certain bearing running at a velocity of V feet per 
minute. 


V 

los 

157 

209 

262 

314 

366 

419 

471 


o'ooiS 

0 ' 0 O 2 I 

0*0025 1 

0*0028 I 

0*003 

0*0033 

0*0036 

0*004 


Find the law connecting fx and V. 

{^Proceedings of the Institution of Mechanical Engineers^ 1883, pp. 633-653.) 


27 . }L is the coefficient of friction in a bearing revolving at a speed of 2d ft. per 
minute under a normal load L lbs. Find the law connecting jx and L. 


L 

443 

333 

211 

89 

/A 

0*00132 

0*00168 

0*00247 

0*0044 


85. Compound Interest Law y = ae ^, — If y = we have, taking 

logs to base 10, 

logio y = ix logic e + logic « 

= 0-4343^. jr + logic a 

This equation is of the first degree in logic 7 and x, and therefore, if we 
plot logic J' and x we get a straight line whose slope to the axis of x is 
0'4343‘5- 


Example (l). — Test the foUcwin^ values of x and y for a law of the form y = adse, 
and find the values of the constants. 


y 

3-86 

1 

4*2 

5*1 

6-3 

7 

X 

2*701 

2*870 

3 ' 2 S 8 

3-681 

3-892 

We have the following values of logi*^ : — 

logioT" 

0-587 

] 

0*623 

j 0*708 

0*799 

0-845 


On plotting log^o^' ^ we get the straight line AB, Fig. 74. 
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The equation of ttis line is 

logi* y = 0*4343^^ 4 log^o 

At A, logy = 0*576, x: = 2*625 
at B, logy = 0*8355, ^ = 3*850 

Substituting in the equation, and solving the resulting two simultaneous equations in 
b and log we get 

h = 0*488, log a = 0*02 
and /. = I '047 

the required law connecting^ and x is 

y ~ i'o47^‘^8^ 



Values of x 


Fig. 74 - 


ExA-MPLE (2 ). — The follcming are the results of an experiment to find the law 
governing^ the frictian of a siring ‘wrapped round a metal bar. 

A weight of 2 oz. was hung at one end of the strings and weights W at^ the other ^ so 
as to cmnterhalance the weight of 2 oz.^ and the friction^ and to cause slipping, ^ The 
extent of the string in contact with the bar was measured by the angle 9, •which is sub- 
tended at the centre of the cross-section of the bar^ e.g. ubhen the string is wrapped once 
round $ = z^jr radians. It is rajuired to find the law connecting W and 6. 


$ radians . 

0 * 57 r I 

n 

I*5tr 

2 - 3 r 1 

2 ' 57 r 

3 « 

3 * 5 ^ 

4 w 

4 * 5 “^ 1 


S'S” 

6ir 

W oz. . . 

2 ' 87 S 

4*000 

i 

5706 

8*901 

12*437 

14700 

19*062 

26*5 

33*75 

40*00 

52*00 

76*00 
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On plotting the values of e and W we obtain the curve AB, Fig. 75. The theory 
of the subject suggests that the law is 

W = 

where /* is the coefficient of friction, and w = 2 oz., is the constant weight hung at 
one end of the string. 

Talcing logs, vrc get 

logi, W = /iff logio^ 4 - logio 

= 0 * 4343 /^ . log w 

To try whether a law of this form is satisfied, we plot log W and ff. "We obtain 
the straight line CD, as representing the results best on the whole, thus verifying that 

the law is of the form W = 



Angie subtended ai axis bg length of string 
in contact tvith eg finder 


By substituting the co-ordinates of the points D and E on this line, aad solving 
the resulting simultaneous equations, we get 

/i= 0*196, a = 3*1 

and the law is W = z'lef* 

The theory suggests that we should find tr = w = 2 az, and it is found that this 
value is given very accurately by a straight line representing the first five results. 
This is a good example of the advantage of the graphic method of treating e^tperi- 
mental results. 

By working out algebraically the values of a and yu for each pair of results taken 
two at a time, and taking averages, we should obtain results nearly as above, hut 
there would be nothing to show the cause of the difference between the value of 
found by experiment and the value to be expected from the theory. We can see at 

once, however, from the plotted values in Fig. 75, that the law W = is 
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foOowed very closely hy the first five observations, but that, as 

the same law is not so accurately followed. ’ ^ increases. 

Example {z).—Mwion*s law of cooling, TAo following arc the rcsultr n/ 

mannas expenmenU to find thr law which governs the rat/of cootg of 1 
suspended m air. 9 is the excess in temperature of the body over ^ ^ 

surroundings, at time i seconds from the beginning of the ZpZTm^t. 


0 

199 

18-9 

16-9 

H *9 

12*9 

10*9 

8-9 

i 

0 

3 * 4 S 

10-85 

! 

i 9 ' 3 o 

28*80 

40-10 

5375 


6-9 


1 o' 9 S 


According to Newton’s law of cooling we should have 

9 = 

where a is constant and d, = the temperature when / is o = 19*0 

To test how far the above results follow this law, we have, taking logs of ^ 


log 9 


1-2989 1-2765 


1*2279 


1-1732 


1-1106 


**0374 


d-9494 


0-83SS 


Plotting log fl and / we get a straight line sloping downwards as / increases thus 
venfymg that 0 and / follow a law of the form Q = B^e^^K * 

Taking logs, we get 

logi, B- --at logi, e -f* log„ = - 0-4343^ . / + log^, 0^ 
as the equation to this straight line. 

Substituting the co-ordinales of two points on the line, and solvinu the resnltinor 
simultaneous equations, we get “ ^ 

=: 0'Ol5, $1 = 19*9 

the temperature and the time are connected by the law 9 = 

The student should draw the figure from the above data, and verify this result. 


Examples.— -LII. 

Find the law connecting^ and x in the following cases : 

1 . 


X 

0*4 

0*72 

1 

1*5 

2 

y 

3*32 

8-7 

273 

91 

407 


2 . 


X 

2'4 

3*<5 

! 

4-8 

5*3 

69 

y 

I'i6 

3-06 

375 

4*9 

107 
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X 

o'S 1 

i 

0*8 

*‘3 

2-8 

3*2 

y 

i 

1 

99 i 

54 

20 

1*0 

0-49 

4. 






( 

X , 

o 1 

! 

2’X 

5-f* 

9*3 

irs 

. i 

20 j 

! 

iK-tJl ’ 

17-34 

15-8 

14-96 

5, 






•" i 

IS ' 

2-3 

4'Jt 

S-8 

6*2 

i 

^ ! 

i<159 

3250 

I9<k)0 

IO8OCK) 

161000 

0. 






jr 

17 

1 2'S 

i 

j 3'9 

4*7 

5*5 

/ 

i 

1 X67 

55-4 

} 

24*9 

ii*a 

7 . 

X 

1 4'o 

! 8-4 

12*8 

14*6 

16*0 

y 

1 rs 

\ 

} *‘3 

3'^ 

4*3 

5*0 

8. 

X 

! 9 

j 34'5 

43'5 

55*0 

60 

y 

i 

1 

j 20 

24 

30 

33 

9. 







i 

s ! 

3**5 

S 2'4 

68'8 

72*8 

J 

i 

6'6 

I r I 

167 

i8-s 
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10. $ and W have the same meaning as in Example 2, p. 154. Sho'w that W and 
0 aie connected by a Jaw of the form W = and find the coefficient of friction, yt. 


0 radians . 

! 

0 * 5 ' 7 r 

-rr 1 

i 

l*5tr 

2ir 

2-5ir 

3^ 

3 * 5 ’^ 

W ozs. 

5*35 

7*15 

9 -SS 

12*8 

17*12 

i 

22'9 

30-8 


11. Find the coefficient of friction y, from the following data, as in the last 
example. 6 must be found from the number of laps, i lap = zv radians. 


No. of times cord laps 
round 

\ 

i 

i 

I 



If 

2 

W 

2‘6i 1 

3*40 

4*44 

1 

578 

1 

7*55 

9 ' 85 

I2'8 

16*7 


12. The following are results of experiments on lubrication, y is the coefficient 
of viscosity of olive oil at temperature Fahrenheit. Find the law connecting 
fi. and t. 


1 

i 

6x 


94 

120 

107 

130 

84 

63 

36 


13. The following table gives the pressure / in inches of mercury, as measured 
by the* barometer at various heights h above the sea, when the pressure at the sea- 
lev d is 29 '9 inches : — 


h feet • . 

0 

40CX) 

8000 

12000 

16000 j 

20000 1 

24000 



p indic.s . . 

29*9 

25*8 

22*2 

19*1 

16*3 

13*9 

irS 


Show that a law of the form / = connects and h, and find A and k. 


14. W is the density of air at height ?i feet above the sea expressed as a percentage 
of its value at sea-level, under the same conditions as in Ex. 13. 


h feet - • 1 

! 

0 

4000 

8000 

12000 

16000 

20000 

24000 

w. . . . 

100 

88*4 

78*0 

68*6 

60' I 

1 

52*5 i 

1 1 

457 
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The following three examples give results of Winkelmann’s experiments to find 
the rate of cooling of a body in air. 6 is the excess in temperature of the body over 
the temperature of its surroundings at time / seconds from the beginning of the 
experiment. According to Newton’s law of cooling d = Test this for each 

case, and if the law applies find the values of the constants and <z. 


15 . 


»°c. . . 

1 

19 ’32 

18-32 

16*32 

14*32 

12*32 

10*32 

3*32 

t seconds . 

0 

10 

317 

56-4 

84-2 

117*6 

158-7 

le. 

0 

20*65 i 

1 

18-65 

16*65 

14-65 

1 

12-65 

10-65 

8*65 

t 

0 

i6*9 

35 '3 

55*9 

8o‘i 

io8-6 

H 3 *i 

17 . 

0 

n 8'97 

116*97 

114-97 

112-97 

110-97 

108-97 

106-97 

t 

0 

12*1 

25*8 

417 

597 

82*0 

109*0 


In this case we find that the values of log 9 and t do not give a straight line when 
plotted, but lie on a regular curve of small curvature. Find an approximate law of 
the form 

log 0 = a + + ct* 


18 . s is the weight of potassium chromate which will dissolve in 100 parts by 
weight of water at temperature C. Find an approximate law of the form s = 
connecting s and t. 


t 

1 

0 

10 

27*4 

42*1 

s 

61*5 

62*1 

66*3 

70*3 


The values of log s and t do not give points lying exactly on a straight line but on a 
regular curve. Find a law of the form 

log j = ^ 

which will fit this curve better than the compound interest law found above. 

19 . The following are results of Beauchamp -Tower’s experiments, /x is the 
coefficient of friction of a certain bearing in a bath of lard oil, at temperature F, and 
speed 209 ft. per minute. 
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t 

120 j 

no 

100 

90 

80 

70 

60 


0-0035 

0*0039 

0*0045 

0*0052 

0*0063 

o*oo8o 

0*0103 


Find a roughly approximate law of the form jj. = connecting /u and t, 

(Beaucharap-Tower, Proceedings of the Institute of Mechanical 
Engineers^ 1883, pp. 633-653.) 


20 . The following results were obtained with the same bearing, running at 419 ft, 
per minute. Find a law connecting ^ and /. 


t 

120 

no 

100 

90 

80 

70 

60 


0*0051 

0*0059 

0*0071 

0 

8 

00 

kjx 

0*0102 

0*0124 

0*0148 



CHAPTER IX 


DETERMINATION OP MEAN VALUES AND AREAS 

80. The student is already familiar with the arithmetical method of finding 
the mean or average value of a number of separate values of a quantity. The 
values are added together, and the sum is divided by the number of values 
taken. 

For example, if we have four rectangles on equal bases of i" and of 

2 1 C 1 7 1 6 

heights 2", 5", 7", 6" respectively, their mean height is — = 5". 

If they are placed side by side so that their bases 

are in a straight line, as in the figure, then their 

mean height is the height of a rectangle on the 

same base, and having the same area as the four 

given rectangles together. 

87 . Mean Value of a Variable. — It often r 

happens in physical science that, instead of having j 
given a number of isolated values of a quantity, I 
we know the way in which one quantity varies j 
continuously with respect to another, and we re- j 
quire to find the mean value of the first with respect j 
to the second : for example, we may know the way ■ 
in which the speed of a train varies between any 
two definite instants, and we may require to find 
its average speed during that interval, ue. the con- 
stant speed with which it would describe the same 
distance in the same time ; or we may know the 
pressure on the piston of a steam-engine at any 
point of the stroke, and require to find the average 76. 

pressure throughout the stroke, Le. the constant 

pressure which would do the same amount of work in acting through the 
same stroke. 

We shall define the mean value of a variable quantity by reference to a 
graphic construction as follows : — 

Let^ and x be two variables, such that is known when x is known. 

Plot a curve having values of y as ordinates and values of x as abscissae. 
Then the mean value of / with respect to x between any two values a and b 
of X is the height of a rectangle having the same area as that enclosed by 
the curve, and the axis of x between the two ordinates x ^ a and jr = ^, 
and standing on the same base b — a. 

E.g, in Fig. 77 the ordinate represents the velocity of a point at any 
time /, and the line AB shows the relation between y and /. The mean 
value of V with respect to t is represented by the height of the rectangle 
CDGF, which stands on the same base CD as, and whose area is equal to 
the area of, CABD. 

M 
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In explaining practical methods of finding mean values, we shall first con- 
sider the simple case when the curve showing the connection between the 
two variable quantities Is a straight line. 

Example (i ). — A point mova along a straight line^ so that its velocity v at time t is 
given by the follovoing table : — 


V feet per second . 


i seconds 


Find the time average of ike velocity from t tot seconds. 

On plotting the given valaes of v and i we obtain the straight line AB (Fig. 77 )' 
We require to construct a rectangle on the same hase CD, and having its area equal 
to the area ABDC. 

Bisect A B at E, draw FEG parallel to CD and complete the rectangle CFGD. 
Then CF represents the required time average of the velocity. 

For the triangles AFE and BGE are equal, and the rectangle CFGD can be 


Yaluea of t (aeconda) 


formed from the figure CABD hy cutting off the triangle BGE and adding the equal 
triangle AFE. Thus the rectangle CFGD is equal to the figure CABD. 

We find that CF measures 1575, and therefore the average velocity is 1575 ft. 
per second. . , , 

When the curve is a straight line we see that the mean value of the ordinate is 
equal to the ordinate at the middle point of the base CD, and is the arithmetic mean 
Sf the ordinates at the extremities C and D. When the portion of the curve con- 
sidered is nearly but not quite a straight line, it is evident that we shall get an 
approximation to the mean value by taking the ordinate at the mid-point of the portion 
of the base considered. 






Determirmtkm of Mean Vmlues mndf Arem 

\\r, me ihh |#rini;iplr liis«| .4| ihc mean value of any vatkblc quiinfity 
whiiJi I an be t€i<tr\rnu-d l.y a iijufinuou'i curve. 


KXAMI'I.K 
($mf i St gf:rn , 

{ 2 ). /I fiHnf fO.Y;r" a sirai^Ai liftf 10 

h' ihf huV.urio .; : - 

/Ati/ iVy r-r/ertV/ ff at ant 

T’fl. per veer 

. . «-5 

s 

<yH ' irh 

1 i 

1 O’J* 

23 

/ Sei'n^rl'. . 

. . . n 

I /. 

1 ^ 

5 


JFhhi /iwr ‘J; ...r .'/ /^y jy/c. iiy /r,'fn ( u (0 i 5 mtmJt. 

^ *br \;ivra vabse-i of r an 4 f We obluin thr f»trve A8 {Fig. 7H), 

We frf|inrr !'• fr -i ’!»#• n^an bright wf the fi|;ure AODC, 

We divric li»r tq;urr intn auy given nmnbrr, u*43aUy lu, at »trt|»?3 of equal wt<Ith, 



iii 4 ;r.siifiie ibat ibe i^rilon of the tjjiv*’' AB at the toj-i of favlt felri|4 may be Itralnl 
'A% If It were a bn*’ J j we lake ihr mean bright of ear.hnUtp a'i equal 

to ilic bright, at the mid i.o^nt of if.^ ba^e, 

'ilil’s h r«|iil¥alrnt |o vMlc^iiliiflng u iiuiiil.-er of retfanglei <m equal h'A'ir^ (at f|ie 
slrif^f of file are* A0DC, 

Hie brlgh! of raelj reciangk h rqiml to ihc of*linalc In the cttive AB at the rnbl 
lirbril «4 the of the rormyomling tUip, 

The average value «if the lirighti of thr-;c rectangles h the rneatt height of the 
aif%'c AB, toeing ibr bejghi uf a rei.?4ngle on the bane CD, having area er|M4l fr» 
the iiim of the arra.f *lie smaller rrcfatiglea, he. equal to the urea AUOC {^^rr f 
\Vc fiii4 the mean heighls of the frs|*rctive slnjr! «if the areii. AB DC to be K*'/5, 
9*4, lo’S, in, la'j, ir4, ijui, ih‘75, t*yn^ tt‘$. The menu value of the?H! k 1373. 
This 1 % file hciglil of the fretangk ECDG in the hgnre. _ Thk rectangle iiiuy hr 
foniifil l.y culling off the Mru FGB from the oti|nnal ftfoire, atnl hlliiig it 
into the i|iAcc EAr , wimh muit be of the surne area, but fiat ncccmrily of the m,me 
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Note that EG does not in this case bisect AB, and that the mean ordinate is not 
the arithmetic mean of the two extreme values. 

Note also that the mean value of a variable is always equal to the actual value at 
some point within the interval considered. 

We thus get the following rule for finding the mean ordinate of any curve, 
Consider a curve having values of y as ordinates and values of x as abscissae. 
Divide the area between the curve and the axis of x into any number of strips of 
equal width. If the top of each strip is nearly straight, take the height of each strip 
at the mid point of its base as the mean height of the strip. 

Then the average value of the mean heights of the strips is the mean ordinate of 


the whole curve. 

Note. — If the curve is so irregular that the strips would have to be made very 
narrow before we could take the height in the middle of each strip as 
P t its mean height, we can estimate the mean height of any strip by the 
eye. If ABCD in Fig. 79 represents one of the strips into which 
/|D an irregular area is divided, it is evident that the height of the hori- 

zontal line EF gives a more accurate value of its mean height than 
would be obtained by measuring the height at the mid point of AB. 
We estimate the position of EF so that the area cut off by EF from 
the strip ABCD, appears equal to the area which would have to be 
added at the comers to form the rectangle ABFE. Considerable 
accuracy in estimating mean ordinates by this method can be attained 
by practice. The student of the steam-engine will find it useful to 
bear in mind this note when finding the mean pressure from an 
indicator diagram, especially with respect to the two outer strips into 
which this diagram is divided. 

More advanced methods of finding mean values will be treated in 
Chapter XIX. 


A B 

Fig. 79, 


88. Area of an Irregular Figure — (I.) Mean Ordinate Method. — If 
we agree to measure the length and breadth of an irregular figure in two 



fixed directions at right angles to each other, then the area of the figure is 
the product of its length into its mean breadth. 

To find the area of an irregular figure we find the mean breadth by the 
method of the last paragraph and multiply the result by the length of the 
figure. 
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Example, — The following table gi^tcs the half-width h of a horizontal section of a 
ship at different distances s from one end : — 


s ft. 

0 

20 

40 

80 

120 

160 

200 

220 

240 

h ft. 

0*1 

67 

13-5 


17*1 

15-4 

10*7 

5 ‘o 

0*1 


Find the area of the sectio 7 t. 

Plotting the values of h and j, we get the curve (Fig. So). To find the mean 
value of h^ we divide the area between this curve and the axis of s into ten strips of 
equal width. The values of h at the mid-point of the base of each strip are 3*7, 12-5, 
15*6, 16*8, 17*2, 16*8, 157, 13*5, 9-8, 2*5, The mean of these is I2*4r. 

the area of the section = (mean value of h) X length 
= 12*41 X 240 = 2978 sq, ft. 

88.^ Simpson’s Rule.— -The following method is more accurate than the 
foregoing in certain cases determined by the assumption mentioned below. 

Draw ordinates dividing the area into an even number of strips of equal 
width. 

Thus there will be an odd number of ordinates, including the first and 
last, which are drawn at the boundaries of the figure. 

Number the ordinates • • • • 

Add together the first and last ordinates, twice the sum of the other odd 
ordinates, and four times the sum of the even ordinates ; multiply the result 
by one-third of the distance between two adjacent ordinates. The result is 
the area of the figure. 

For example, if the area is divided into ten strips there are eleven 
ordinates, and the area is equal to 
h 

-{fi +>11 + 2(^3 +ye +>'7 +y,) + 4^2 +yi +y, +y^ +^io)} 

where h is the distance between two adjacent ordinates. 

This method is based on the assumption that we can draw arcs of 
parabolas, to fit the curve approximately, through the tops of the ordinates 
taken three at a time, but the student will not be in a position to follow the 
proof until a later stage (see § 137). 

Example. — To fmd the area of the section of a ship i?t the last example by Simpsosds 
rule. 

The work may be set out as follows : — 


(I) 

(2) 

(3) 

(4) 

0) 

(2) 

(3) 

(4) 

No, of 




No. of 




ordinate. 

y 

S M 

^ X S M 

ordinate. 

y 

S M 

X S 

I 

0*1 

I 

0*1 


16*3 


230*9 

2 

8*5 

4 1 

340 

7 

2 

T' 32*6 

3 

14*5 

2 

29*0 

8 

14*6 

4 

58*4 

4 

i6‘3 

4 

65*2 

9 1 

I2'I 

2 

24*2 

5 


2 

3^2 

10 

6*1 

4 

24*4 

6 1 

17*1 


68*4 

II j 

0*1 

I 

O'l 


230*9 


370-6 X 8 = 2964*8 


The numbers in column (2) are the heights of the ordinates in Fig. 80. 
n ,, (3) are the appropriate Simpson^s Multipliers. 

,7 ,, j, ), (4) are the products of the corresponding numbers in 

columns (2) and (3). 

The sum of the numbers in column (4) multiplied by ~ = 8 is equal to the area of 
the section = 2965. ^ 
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Examples . — •LIIl. 

1. There are two variables j/ and which are connected together so that they have 

the following pairs of corresponding values. 


X 

0 

I 

2 

3 

4 

y 

5 

2 

I 

2 

5 


Find the mean value of jk with respect to x between r = o and = 4. 

2 . A quantity of steam, expands from volume 2 to volume 10. The value of the 
pressure p when the volume is v is given by the following table : — 


V 

2 

4 

6 

8 

10 


687 


i9‘8 

14*3 

irs 


P'ind the average pressure between v = 2 and v = 10. 

3 . V is the volume of the gas in the cylinder of a gas-engine when its pressure is 
p. Find the average pressure as v changes from I to 9. 


V 

0*8 j 

2 

4 

1 

6 

9 

p 

2{X) 

1 

57 

22 

I 2'6 

7*2 


4. Idle following table gives the pull P lbs. at the drawbar of an electric 
loconiotive at time i seconds from starting. 


P 

1 150 j 

1450 

1320 

1350 

1040 

1300 


0 

12*5 

25 

37’5 

43 

50 


Dcnluct 300 lbs. for friciionj and find the time average of the remaining force, 
P — 300, which causes the motion of the train. 


6. 'Fhe following table gives the draw-bar pull’ P Ihs. exerted by an electric 
locomotive, al distance s feet from rest. 


!’ ' 93 '-> 1 

1 

1000 

930 

835 

1000 

1225 

132s 

1300 

1230 

1000 

1 

800 

650 

V ■ 0 

\ 

IS 

30 

45 

80 

no 

160 

180 

200 

227. 

260 

300 


bind the space average of the force P from j = 0 to r = 300 
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0. V is of a car at tifuc / from re»t. Find the time avrrajjc oi tlir 


} 


/seconds . . . 

0 

S 

10 

*5 

20 

V ft., per Muiond . 

i 

: a 

i 

37 

rs 

10*85 ! 

i 

12*95 


7 . k is thf hriphf alm-r *hr: ^>ra-lnrrl n( vafious pointi on a corfain road ; f is Ihr 
distancr, mr.ijiml alr>fj|j ihr r^ud, nf {lio rosprofivc points from a furd poifit on thi* 
r«tafl. thf a\''cra|'c ‘d iho road altovo the soa-lrvr-l. 


\ _ ! 


A ft. , . . 

. loo 

*35 

156 

1 S 4 1 

ifKI 

l,,H j 


/ miles , . . 

, 1 

**S 

2 ! 


i 

i 

3 

i 

3*5 ! 

4 


N«iTK. ■ Sira-'e 4 is Miiall Mifiip'.irrfl with r, the di .fan* rs j may he taken as if ihry 
were nnMMjfrd in a h«»riront;t| plane. 

8. I^raw a cirele of a ini, radim, and find its avera|;e width mrannrrd parallel t** 
a fixed diam«r'ier. 

0, Find the ris*'an value of helw*een x “■ o and ,r • l. (Flot the enrve v 
and find its rti^.m f^dmate.) 

10. Find tfje mr,ir} vahir of the sine of an atifjle when the ariele hai nil valuer 

betw’cen 0 and ^ rad i am, 

2 

No‘l‘K.“--'"'I"he vaUiei of 5lie ani^le mint, lie ploltnl in radians, 

11. th*’ t «rvi' ^$1 *4n X from o to x 2w radians. Hy the 

ordinates of fid'-, and ploftin;' on the name axis of x, oUf.tin the enrvr f - *. 10 * ,t. 
Find file mean value of -dn’ x, takini; .*■ in r-'viiann. Note that the mean value of 
fiin’ jr h nrii ihe nafiii' fhr ispjafr of the mean value of %iu x, I'he restdt of this 
example is ifn|K>rtant in the ftie^ry of aUenmtini' rlcefric eurrentii. 

12. A ipis expand'^ fforo vrilumr a *0 volume lex, tin that its prrMwre ^ and volume 

V sali'-fy t|ir erpnifjofi iw. Find the averai^c pressure hriweeii v 2 and 

1 / IQ. 


U. A body weiph-nij Ho. movet aloni» a f»tr;ti|jhf line without rofidin|% 

Ih.il ifn yeloi i?y a! / r; ipa-r-ri Fy Ihr followiittj laFJe; 


/ seconfls . 


5 ! 9 I *3 


p ft. per second . 


*M1 


rfiS 


177 r% 



Its kinetic efjerii^y is ei-iisiii! to nfiedaalf the pfrvluct of the mas's tiitn the ?.f|nare of thr* 
velocity. Find the vahtr of the kinetic enerpy from / '■■■ t to t ■ ■■ li, 

Ncrn,-- I 0 oliliin the m lake 33*2 llei. m the unit of msx.% 
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14 . Find tke area iDetween the curve given by the following values, and the of 

a:, from :»: = 2 to ^ = 4. 


X 

2‘0 

2*6 

3 'o 

1 

3 ’ 2 S 

3*6 

3-8 

i 

y 

3'03 

4-61 

5 ‘So 

! 

6 'S 9 

776 

8-46 

! r ^9 


15 . Find the area between the curve given by the following values, and the 
of X from X = 3*10 to a: = 5*20 : — 


X 

3'io 

356 

1 

4*1 

4 ' 8 S 

5 '20 

y 

i 

22*47 j 

19*19 

i 5'97 

12*85 1 

11*72 


10 . Find the area between the following curve, and the axis of x from jr = o to 
x = g 6 : — 


X 

o 

12 

24 

48 

72 

84 

96 

y 

1*2 

61 *2 

86*0 

121*0 

96*6 j 

76*8 

1*2 


17 . Find the area between the curve given by the following data, and the axis of 
from r = o to ^ = 5 : — 


.JT inches. 

1 ^ 

1*0 

2*0 

2*5 

3*3 

4 'o 

i 

4*4 

5*0 

y inches . 

1 

2*05 

2*54 

2*61 

2*40 

203 

1*94 

2*25 


18 . Find the area lying between the following curve, and the axis of x from x = 
0*5 to ;r = 5*3 


X 

0*5 

1*2 

2*5 

3-6 

4*5 

5*3 

- y 

3*42 

3-6 

4*34 

4*25 j 

375 

' 3*27 


19 . Find the area of a half-section of a ship at the water-level, of which the 
cur^d form is defined by the following equi-distant ordinates spaced 12 ft. apart * — 
Ordinates (feet)— ^ ‘ 


o-i, S'l. 7 'i 7 » 875, 10*1, 9*17, 8-05, 6'4, 0*1. 

(Board of Education Examination in Naval Architecture, 1902.) 


given below refer to horizontal sections of the same ship at 
fr! f the heel. ^ is the half-width across the section at distance j 
from the stern. Find the area of the half-section in each case, by Simpson’s rule. 
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s feet 

0 

20 

40 

80 

120 

160 

200 

220 240 

I ft. above keel h 

0*1 

1*4 

S-6 

H*I 

I 3 ’i 

10*5 

5*7 

1*7 O'l 

2 ft. above keel h 

0*1 

2*6 

8*2 

13*7 

15*6 ! 

I 2'6 

7*5 

2*7 0*1 

4 ft. above keel h 

0‘I 

4*6 

11*5 

15*9 

17*1 

14*6 

9*5 

4*1 O'l 

8 ft. above keel h 

0*1 

9*0 

14*7 

17*0 

17*4 

15-8 

11*6 

6*0 o‘i 

loft. above keel h 

0*1 

n-i 

15*3 

i6*9 

17*4 

160 

12*5 

91 01 


(Board of Education Examination in Naval Architecture, 1902.) 
21 . The following are values of x and y for a certain curve : — 


X 

I 

1*8 

2*5 

1 

3*15 

4 

4-6 

5*4 

6*3 

6-8 

1 

7*0 

y 

0 

I *06 

1*71 

2 ' 10 

2*36 

2*39 

2-30 

r8o 

1*2 

0*8 


Find the area enclosed by this curve, the axis of x and tihe ordinates a.tx=:i and 
X == 7, by Simpson’s rule, using (i) 5 ordinates, (2) 7 ordinates, (3) 9 ordinates, (4) ii 
ordinates, (5) 13 ordinates, (6) 2i ordinates, respectively. 

Observe and record the time taken to obtain each of the above 6 results. Taking 
the last result as accurate calculate the percentage error in each of the others. Take 
the reciprocal of the percentage error as an index of the accuracy of each method. 

Compare the accuracy of the different results, and also the time occupied. In 
which of the above results do you obtain the highest accuracy per minute occupied. 
Also find the area by means of a planimeter if you have the opportunity. 

22 . Find the area in the last example by mean ordinates, dividing the base into 
4, 6, 8, 10, 12, 20 divisions respectively. 

Compare accuracy obtained and time occupied as before. 


23 . Plot the curve which passes through the following points in the order given, 
and find the area which it encloses : — 


X 

0*9 

1*9 

2*6 

3*4 

4*1 

4*7 

5*55 

6 

6-4 

6’46 

6-3 

y 

0*6 

1 

0*2 

j 

0*25 

1 

0*38 

0-25 

1 

o'i6 

1 

0*3 

0*6 

1*35 

i 1*8 

1 

2*59 

1 


X 

5*9 

5*4 

4*5 

3*5 

3*1 

21 

1*4 0*7 0*42 

0*21 

0-5 09 

y 

2*9 

2*7 

2*51 

1 

2*8 

3*19 

3-56 

1 

3*46 3 2-6 

1*9 

0*99 0*6 


CHAPTER X 


It ATE OF INCREASE 

90 . The plotting of curves from their equations or from tabulated lists oi 
values will already have made the student familiar with the conception of two 
mutually dependent variables. We regarded jj/ and ^ as two quantities, such 
that definite changes in x were accompanied by definite changes in and 
the nature of these changes was exhibited to the eye by a curve. 

We shall now consider more fully the rate of change of one quantity with 
respect to another. 

Consider the following cases : — 

{a) The following table shows the average height at different ages of a 
boy in Great Britain : 


Age / years . . . 

i 

5 

1 

6 

12 

13 

19 

20 

Height h inches 

4103 

44*00 

S 4'99 

56-91 

67*29 

67-52 


From these numbers we infer that the mean rate of growth between the 
ages of 5 and 6 is 2*97 inches per annum, between 12 and 13 it is 1*92 inches 
per annum, between 19 and 20 it is 0*23 inches per annum. 

If / represents the age measured in years and h the height in inches, we 

use the symbol ^ to represent the rate at which h is increasing per unit 

increase of /. 

Thus the above statement may be expressed in another way by saying 
that the mean value of is 2*97 between the ages of 5 and 6 years, 1*92 
between 12 and 13, and 0*23 between 19 and 20. 

djt 

For the present the student should regard the symbol ~~ simply as an 

abbreviation for “ the rate of increase of h with respect to 

(< 5 ) The population of England and Wales in 1881 was 25*974 millions, in 
1891 it was 29*002 millions. The increase was 3,028,000 in 10 years, an 
average increase of 302,800 per annum. If P denotes the population and t 

the time in years, the mean value of ^ is thus 302,800 between the values, 

i88i and 1891, of /. 

{c) A bar of zinc, which is 10 ins. long at temperature o® C., measures 
10*03 ins. at 100° C., so that the length increases 0*03 in. while the 
temperature increases 100®. Thus the mean rate of increase of the length is 
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0*0003 in. per degree, or, if / is the length in inches and e the temperature in 

degrees, the mean value of is 0*0003. 

{(i) If the same bar of zinc is i sq. in. in cross-section, and is subjected 
to a tension of one ton, it will stretch 0*02 in. Therefore, if W is the tension 

in pounds the mean value is = 0*000008925. 

(if) A train passes a point A distant 12 miles beyond a certain station at 
1.50, and a point B ten miles further on at 2.20. It has travelled 10 miles in 
30 minutes, and its average speed is therefore 20 miles an hour, or, if s is the 
distance in miles traversed along the line from the station at time / hours, 

the mean value of is 20, 

On considering the above cases, we notice that in every case two 
quantities have to he specified : («) the quantity, such as height, population, 
length of a b;u’, distance, whose rate of increase isbeing measured, and (fi) a 
second quantity, such as time, temperature, or tension, with respect to which 
that rate of increase is measured. The first of these quantities is called the 
dependent, and the sec;ond the indopondont variable. 

In example (a) aViove, // is the dependent and / the independent variable ; 
in example (c) I is the dependent and 0 the independent variable. 

Note that it is always necessary to specify both, variables before the 
meaning of tlie rate of increase can be understood. 

For example, in cases (c) and {d) above, the dependent variable /, the 
length of a bar (d zinc, is the same in both cases, but the rate of increase of 
its length / has a very <lifTerent meaning, according as we mean the rate of 
d/ 

’’ dt) 

rate of increase with respect to Its tension when stretched. 

In general, if y is the dependent and x the independent variable, the 
dy 

symbol denotes the rate of increase of per unit increase of jt- 


increase with respect to the temperature of the bar when healed, or the 


EXAMPLItS.—TvIV. 

1 . If / r- 12 when X r: 5, and / = 17 when jc = 7, what is the mean value ^f 

2 . An clcrtric trmnear pa' ^cs anc trolley pole at a certain instant, and the next 
trolley jiok H seconds afterwards. The distance between the trolley poles is 120 ft. 

If $ denoto the distance moved in time /, what is the mean value of ? 

at 

3, Ibe sj»eed v of m falling stone, after falling 2 sccoiid.s from rest, is 6^^ ft. per 
ieconrl. At 2| seconds from re%t it h 80*5 ft, per second. If/ denotes the time, find 

the value of the acceleration 

4 , If / rr 520 when X — t2, and / r= 340 when x ~ 15, what is the mean value 


5. When the volume c' of a certain quantity of gas is 2 cu, jfl. the pressure / is 60 
lbs, per square inch. When the Vfdume is 4 cu. ft. the pressure is 35 lbs. per square 

inch. Find the mean value of 

dv 
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0 . The volume of a certain quantity of gas at temperature 0 = 17° C, is 341 cc. 
The volume at temperature 25° C. is 350*5 cc. What is the mean value of 

7 . The pressure p of saturated steam at temperature 0 = 193 * 3 ° 

square inch. At 197*8° F. the pressure is ii lbs. per square inch. What is the mean 

value of ^ ? 

CP 

8. The unstretched length / of a wrought -iron bar is 10 ins. When it is subjected 

dl . 

to a pull F of 3 tons, its length is 10*033 ins. What is the mean value of ^ in inches 
per pound ? 

9 . The current i in a conductor is 1*3 amperes when the time / = 21*3 secs. At 

di 

time 33 secs, the current is 3*4 amperes. What is the mean value of -1? 


10 . When x is 42*1, we find from the tables that log^o ^ is 1*6243. When x is 

42*2, log,* X is 1*6253. What is the mean value of between x = 42*1 and 

X = 42*2? 

11 . When X = 0*3840 radian, sin x = 0*3746 ; when x = 0*4014 radian, 

sin X = 0*3907. What is the mean value of between x = 0*3840 and 

X = 0*4014? 

12 . When x = 0*9076 radian, cos x = 0*6157 f when x = 0*9250 radian, 
cos X = 0*6018. What is the mean value of — in this interval ? 


81 . Variable Kates of Increase. — In all the cases considered in the 
last paragraph we spoke of the mean value of the rate of increase through- 
out a definite interval. In the first case (a\ for example, we found this by 
considering the growth in a whole year and treating it as if it were quite 
steady and uniform. 

If, however, we consider this case more closely, we find that the rate of 
growth is not uniform throughout the year, it is not the same in winter, for 
instance, as it is in the summer. This is the reason why we called our 

previous result the mean value of the rate of growth ^ for a year. 

If we make very exact measurements from week to week we shall obtain 

results which will be nearer to the true value of the rate of growth ^ at any 

time than the results which were obtained by taking the total growth in a 
year. Even these values, however, are only mean values for the respective 
weeks over which they are taken. It is supposed that the rate of growth is 
different at different times of the day and night, so that if we could consider 
the growth for periods of one hour we should get even nearer to the actual 
dh 

value of the rate of growth ^ at any instant. 

Thus we see that, as we consider smaller and smaller intervals, we get 
values of the mean rate of growth which are nearer and nearer to the actual 
rate of growth at some time within the intervals considered, and we can get 
as near as we please to this actual rate of growth by taking the interval 
small enough. 

Another example of a variable rate of increase is afforded by the case 
(<f) above. 


I 


I: 


f 


i 
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The train travels a distance AB equal to 10 miles in 30 minutes, and we 
infer that its average speed throughout that half-hour, or the average value 

of is 20 miles an hour. 


There may, however, be varying gradients between A and B, and the 
train may be brought to a stop at B, so that its actual speed will be some- 
times greater and sometimes less than 20 miles an hour at different times 
between 1.50 and 2.20. 

We shall evidently get a closer approximation to the actual speed at 
some particular time, say 2 o’clock, by measuring the distance travelled 
between 1.55 and 2.5 and dividing by the time taken, by 10 minutes 
expressed in hours. 

ds 

We shall get even closer to the actual value of ^ at 2 o’clock by finding 

the mean speed between 1.59 and 2.1, and closer still by finding the mean 
speed between i hr. •- 59 mins. — 59 secs, and 2 hrs. — o min. — i sec., and 
so on. Thus we can get as near as we please to the actual speed at 
2 o’clock by taking the interval of time small enough. 

In mathematical language, we may say in general that the mean value of 
the rate of increase of y with respect to or, in all the cases which we shall 
consider, approaches a definite limiting value as the total increase of x con- 
sidered is made smaller and smaller so as to include some definite value 
of X. 

This limiting value defines the actual value of the rate of increase of y 
with respect to x for any particular value of and is denoted by the symbol 

dx 

Thus in the case {a) above, the actual rate of growth ^ at any age, say 

years, may be defined as the limit of the average rate of growth taken 
over an interval including the age 5J years, when that interval is made 
smaller and smaller. 

. • ds 

Similarly in case {e\ the actual value of ^ at 2 o’clock may be defined as 

the limit of the average velocity taken over an interval, including 2 o’clock 
when this interval is made smaller and smaller. 


92. We may express the statements of the last paragraph as follows : — 
If Sjt represents a definite increase in x and the corresponding increase 
dy . dy 

In y^ then ^ is the mean value of ^ throughout the interval hx. 

As ^x is made smaller and smaller, so as always to include some 

5 V ... 

particular value of x, ^ approaches a definite limiting value, which is the 

actual value of for that value of x. We can make ^ as near as we please 
ax ox 

to the actual value of ^ by taking Zx small enough. 

For example, in the case 

when 5/ = I year between 5 and 6 
Zh = 44*00 - 41*03 = 2*97 
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This is the mean value of ~ for the year between 5 and 6 years of age. 

We saw that if 5/ were diminished, first to a week and then to an hour 

we should get values of — which would continually approach the actual 
5/ 

value of ~ at some instant within the interval W. 
at 

Similarly in the case {e\ It = 30 minutes = \ hour, = 10 miles, 

^ = 20 miles per hour. 

5/ J 

ds 

This is the mean value of ^ for the half-hour from 1.50 to 2.20. To get 


ds 


the actual value of ^ at 2 o’clock, we continually diminish 5 /, first to 

10 minutes, then to 2 minutes, then to 2 seconds, and so on, so as always to 
include the instant 2 o’clock. 

In some cases we find that the value of is the same, whatever value of 
$x is taken. 

• In case (^, for instance, it is found that, provided dW is not made too 
S/ 

great, the value of is always the same, whatever value of 5 W is taken. 

The rate of increase of the length with respect to the tension Is therefore 

5 / dl 

said to be uniform, and is equal to the actual value of for every 

value of W considered. 

So also, in general, if ^ is the same for all values of Sat, the rate of 

increase of y with respect to x is said to be uniform, and ^ ^ ^dl 

values of x considered. 

The cases considered in § 90 may be set down as follows ; — 




/years 

h inches. 

Ih. 

hU 

ih 

ht' 

12 . 
13 • 

• 54*99\ 

• 56-91/ 

. . 1*92 . 

. 1 • 

• 1*92 = mean value of ^ 





60' 

^C. 

l inches. 


60. 

0 , 

100 , 

. IO*OOi 

. I0-03J * 

. . 003 . 

100 , 

• 0*0903 = mean value of 

W 





t hours. 

If • 
24 . 

s miles. 

- . I2I 

. . 22/ ’ 

Is. 

. . 10 • , 

U. 

0*5 . 

6 s 

6 i 

• 20 = mean value of ^ 
dt 


The student should state the other cases considered in the same way. 


03 . Example ( i). — The following values of s in feet show the distance of the centre of 
gravity {as measured in a skeleton drawing) of a fiece of mechanism from some point in 
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its straight path at the time t seconds from some era of reckoning. Find its mean 
velocity during the interval between each fair of measurements. 

(Board of Education Examination, 1901.) 


0-3090 

0-4931 

0-6799 

0- 8701 
1*0643 

1- 2631 


u 

hs. 

H. 

hs 

il 

2*00 

2-02 

0-1841 

002 

9-205 

2-04 

0-1868 

0-02 

9*34 

2*06 

0-1902 

0*02 

9*51 

2*08 

0-1942 

0*02 

9-71 

2'10 

0-1988 

0*02 

9*94 


n Mean values 


of* 

dt 


throughout 
\j each interval 


By subtracting each value of s from the following value we obtain the values of 
Ss in the third column. Similarly the values of 8/ in the fourth column are obtained 
by subtracting each value of t from the next value. 

Then each value of Ss represents the increase in j, or the distance moved during 
the corresponding interval of time ot. Therefore the mean rate of increase of r, or the 
mean velocity throughout each interval, is obtained by dividing each value of by 
the corresponding value of 5/. 

The results are placed in the fifth column. ^ is always equal to the exact value 
ds 

of the velocity ^ at some instant within the corresponding interval, and, if 5/ is small 

enough, we may take ^ a» an approximation to the actual velocity ^ at the middle 
of the interval (see § S7). 

Thus in the above example the velocity at time 2-05 secs, is 9*51 ft. per second. 


Example (2). — To show that, with the data in exam fie i, the mean velocity 


approaches nearer a 7 td nearer to the actual velocity when f = 2 *05, as the interval 5/ is 
teCken smaller and smaller, so as always to include the instant when t = 2-05. 

We calculate the values of first for the interval between the first and sixth 

measurements, second for the interval between the second and fifth measurements, 
and so on. The calculations are given in the following table : — 


ht. 

h*. 

is 

it 

O'lO 

0*9541 

9'S4i 

006 

0*5712 

9-520 

0-02 

0*1902 

9-510 


Thus we see that as the interval It is made smaller and smaller the average 
velocity ~ approaches nearer to the value 9*51, which we have taken as the velocity 
when / = 2*05. 

Example (3). — Jn example i we have found a series of values of the velocity 


j- = v. Ihe acceleration is the rate of increase of the velocity with respect to the time, 
dt 

Find the mean acceleration between each pair of values of the velocity. What is the 
probable acceleration at time / = 2-05 seconds. 
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We have from example i — 


i . 

V , 



6 v. 

2'00 







\ 


2*01 

9*205 

— 

— 



2*02 


0*135 

0*02 

675 

Mean value of 

2*03 

9*34 


— 


acceleration 

2*04 


0*17 

0*02 

8-5 

dv d‘s 

2*05 

9*51 

— 

— 

— 

dt~ di^ 

2*06 

— 

0*20 

0*02 

10*0 

throughout 

2*07 

9-71 

— 

— 

— 

each interval 

2'08 


0*23 

0*02 

11*5 


2*09 

9'94 

— 

_ 

i 


2*10 




/ 


As explained in example i, we have taken the mean value of the velocity as found 
for each interval in example i, as being equal to the exact value of the velocity at the 
middle of that interval. 



Values of t (seconds) 

Fig. 81. 


Thus the value 9*34 of the mean velocity found in example i for the interval 
between / = 2*02 and / = 2*04 has been taken as the actual velocity when t = 2-03. 
Subtracting each value of v from the next, we obtain the values of Sv given in the 

third column. Dividing by the value of 5/, we obtain the value ^ of the average 
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acceleration for each interval as given in the fifth column. As before, we have taken 
each value of the average acceleration to correspond to the middle of the correspond- 
ing interval of time. Thus we find that the mean acceleration between t = 2*03 and 
i = 2*05 is 8*5. We take this as the actual acceleration when / = 2*04. 

The acceleration when / = 2*05 is approximately equal to the mean of the values 
when / = 2*04 and 2 = 2'o6, i.g. the acceleration for t = 2*05 is 9*25 . 

A probably more accurate value may be obtained by the graphic method of 
interpolation described on p. 80. 

Plotting the values of the acceleration and the time, we obtain the curve (Fig. 81), 
From the curve we find that the acceleration when i = 2*05 is 9*25. 

It may happen that the values of s and / are not given with sufficient accuracy to 
give values of the acceleration which will lie on a regular curve when plotted. In 
this case we could draw the regular curve which seems to represent the values of the 
acceleration best on the whole, and take intermediate values of the acceleration from 
this curve. 

There are other more accurate methods of interpolation which the student is not 
yet in a position to understand, but the graphic method will usually be found to give 
values as accurate as the experimental results will allow. 


94 . The acceleration may also be written This denotes the 

result of performing the operation of finding the rate of increase with respect 
to t twice in succession. 

Similarly, in the general case, 
dv 

denotes the result of finding the rate of increase of jK with respect to x. 

di^y dy 

denotes the result of finding the rate of increase of ^ with respect 

to X, 

d^y d^ y 

denotes the result of finding the rate of increase of with respect 

to X, 


05 . Q-eometrlcal Representation. — If we take the two variables in any 
of the cases already considered as co-ordinates of a point, we may represent 
the rate of increase by a graphical method. 

In case (^), p. 170, for instance, we may take values of the age t measured 
in years as abscissae, and values of the height h measured in inches as 
ordinates. 

Plot a point A (Fig. 82) whose abscissa is 5 and ordinate 41 "03, and 
a point B whose abscissa is 6 and ordinate 44*00. 

Then NB represents the increase in h which takes place, while t increases 
by the amount AN, or 

NB = 54 AN = 5 / 

Then the mean rate of increase of h with respect to t between / = 5 and 
^ = 6 is 


5^ 

Tt 


* 1 ? 

AN 


= 2*97 


This is the slope of the straight line AB to the axis of / when h and t are 
measured on the same scale, as in the figure. 

If we measure NB and AN each on its proper scale, and use the numerical 
NB 

values obtained to find and if we agree to call this result the slope of 

N 




i 
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AB, we may still say that is the slope of AB, even if h and t are not plotted 
on the same scale. 

Similarly, if in case {b) we plot points A and B with values of population 
as ordinates and values of time in years as abscissas, the slope of AB will 

represent the mean rate of growth of population, the mean value of 

between 1881 and 1891. 

We thus obtain the very important result that, if we are given two pairs 



of corresponding values of the independent variable x and the dependent 

variable _y, and plot two points to represent them, then the value of or 

lx 

the mean value of the rate of increase ^ between A and B is the slope of 
AB to the axis of x. 

The student should plot the cases given in Examples LIV., showing that 
the rate of increase in each case is given by the slope of a line. 


88. V ariable Hate of Increase — Geometrical Hepresentation. — The 
following table gives the time taken by the projectile of a 38-ton gun to travel 
to various points throughout the first 8 ft. of the bore. 


.f feet, travel through 
bore .... 

0 

O' I 

O'S 

10 

2*0 

3*0 

4*0 

t seconds, time of 
travel .... 

0000 

0*00143 

o'oo273 

0*00360 

0*00490 

i 

0*00598 j 

0*00695 
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5 

5*0 

60 

7*0 

8*0 

t 

0*00785 

0*00871 

0*00953 

1 

0*01032 


Taking values of s as ordinates and values of / as abscissas, and plotting 
these values we obtain the curve OCA in Fig. 83. 

While / increases from 0*00143 to 0*01032, s increases from o*i to 8. 





while is 0*00889, ds is 7*9, and the mean value of the velocity 
throughout the interval considered is ~ seconcL 
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In the figure Ss = NA, St — SN, and the mean velocity throughout the 
Ss NA 

interval SN is ^ ^ = slope of chord SA to the axis of /. 


Similarly, the mean velocity from t = 0*00143 to / = 0*00871 is equal to 
the slope of the chord SB. 

Mean velocity from / = 0*00143 to / = 0*00695 is slope of chord SC. 

„ „ / = 0*00143 to / = 0*00490 „ ,, ^ SD. 

Thus we see that the mean velocity between any two definite instants is 
equal to the slope of the chord joining the two points on the curve 
corresponding to those instants. 

We have already seen (§ 92) that, as we diminish the interval 8/, as above, 
the mean velocity ^ approaches a definite limiting value, which is the actual 


value of ^ when t — 0*00143 seconds. 

We may gradually diminish St in the figure by making the point A move 
along the curve towards S, so that the chord SA passes through the positions 
SA, SB, SC, SD in succession. 

Thus, as St is diminished and A approaches S, the chord SA produced 
continually approaches the tangent ST to the curve at S, and the chord may 
be made as near to ST as we please by taking A near enough to S. 

The tangent ST is thus the limiting position of the chord SA, and the 
slope of the tangent is the limiting value of the slope of the chord. But we 

have seen that the slope of the chord measures the mean velocity and the 


limiting value of ^ is the value of ^ at S. 

the slope of the tangent to the curve at S measures the actual velocity 
~ when t = 0*00143 second. 


97 . In the general case, if we plot a curve to show the connection 

dy 

between two variables^ and the value of for any value of x is the slope 

of the tangent to the curve at the corresponding point. We call this the 
slope of the curve at that point. 

Note that the curve connecting and x may be merely a curve obtained 
from experimental results, and the equation connecting^ and x need not be 
known. 

Note, also, that if the rate of increase is uniform, the slope of the curve is 
everywhere the same, and the tangent, the chords, and the curve in Fig. 83 
all coincide in one straight line. 

Sy 

Note that ~ is an ordinary fraction, and means that Sy is divided by Sx^ 

but ^ does not mean that dy is divided by dx, ^ is not a fraction, but a 

symbol used to denote the rate of increase of y with respect io x. In our 

present notation dy and dx standing alone have no meaning, and ^ is only 

written in the form of a fraction because it is the limiting value towards which 
a fraction approaches. 

Also, in the expression ^ d is not multiplied by^ or by ;r ; ^ standing by 
itself would have no meaning. 
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98 . Bat® of Decrease — ISTegative Bate of Increase. — It sometimes 
happens that, as the independent variable x becomes greater, the dependent 
variable y becomes less, so that the curve slopes downwards as x increases. 

If, for example, we plot the pressure and volume of a given quantity of a 
gas at constant temperature (see Fig. 52),^ decreases as v increases, t.e. Ip is 

negative when is positive. The value of ^ and therefore of ^ is now 

negative, and the curve slopes downwards as v increases. Thus a negative 

value of ^ denotes a rate of decrease, and is represented graphically by the 

case of a curve which slopes downwards to the axis of ^ as increases. 


98 a. Interpolation Formula for Bate of Increase. — To find the value 
of ^ from a table of values of y and x when the values of x are equidistant 
we may proceed as shown in the following example : — 


.r. 


Sy, 


sy. 

sy. 

sy. 

Sx. 

no 

1593 

X TO 






II5 

1703 


II 





120 

1824 

137 

16 

5 

9 

4 

1 


125 

1961 

162 

25 

14 

1 5 

1 

5 

130 

2123 

201 

39 

20 

6 



^35 

2324 


59 





140 

25 S 4 

260 j 







The column of second differences is obtained by subtracting each value of ^y 
from the next, and so on. 

dy 

Then the value of “ for = 125 is given by the formula 


+ jo 

where Bmy denotes the mean of the two values of By lying immediately above and 
below a horizontal line through the value 125 of x. 

Thus we have, as accurately as is possible from the number of values given above, 

^ „ 3/ 137 + 162 _ I 9 4 - 14 I .1 +J\ 

dXx — xas ^ 2 6 2 3*^ ^ J 

= J(i49‘5 - I'9i7 +0*033) = 29*523. 

So also the value of ^ for a; = 125 is given by ^ ~ 

where By ■= 25 is the value on the horizontal line through the value 125 of x. The 
student is not yet in a position to follow the proof of these formulae. 


Examples,— LV. 

1 . Tabulate the mean values of ^ for the intervals between each of the given 

dy • 

values of x in the following. What is the value of ^ when = 13*50? 


1 

X 

13*25 

I3'3S 

I3‘4S 

I3'SS 

X3'6S 

r 

1*52 

x-83 

2*16 

' 

-Sx 1 

2*88 

1 


i 


\ 




i 
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2 . Tabulate the values of ^ from the following. Plot curves showing 
of [a] y, ip) for any value of ^ throughout the above range. 


X 

167s 

i 7'27 

1776 

18*22 

18*65 

i 9 'o 5 

y 

3-41 I 

3*43 

3*45 

3*47 

3'49 

3 5^ 


What is the value of ^ when :*:= 17*99 ? 


3 . j* is the distance moved by a piece of mechanism in a straight line ixL /. 

Tabulate the values of the velocity 


5. 

t. 

0*4502 

1*00 

0*6218 

1*02 

0*7930 

1*04 

0*9639 

1*06 

I -1345 

1*08 

1*3048 

1*10 


4 , Tabulate the values of the velocity from the following data, j and / lia vce tlic 
same meaning as in the last example. 


s . 

t . 

1*6762 

1*02 

1*3078 

I 05 

0*9386 

1*08 

0*5688 

I*II 

0*1983 

1*14 


6. If the chronograph records of the time at which a shot flying horizontstlly cw ts 
three equidistant screens 150 ft. apart are 0*48907, 0*56331, 0*63865 secoix-dLs, fiocl i 
the velocity of the shot at the middle screen. 

0 , Tabulate the values of ^ from the following values of x and y i — 


X. 

y- 

781 

152490 

783 

153272 

78s 

154056 

787 

154842 

789 

155630 

791 

156420 
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7 . Tabulate the values of ^^-3 from the followinf;; cnrrr’.jKindin*^ valur% «*f 

y and ;r. What h the value when jr - 7-3 ? 

Plot three em'/es shuwini]; the values of (o) and (e) every yalur 

of X. Verify by ineasurena’iit llral the slope t»f (</) ih equal t<» the ordinate of (A), and 
that the slope of ( 1 ) h equal to thr rjrdinatc of (r). 


y’ 


6 H 

n* 4.0 

PI 

Il'qrj 

7 *' 

. laqsf’? 

7*4 


7*6 

*4215 

7 *h 



8 . Froir the followini^ li it (»f corre'.pnruUnij values of y and x, find the value of 

iPy 

/. when X a‘o : ■ 

ilX* 


y' 


3*5 

! i 2 \pn»o 

37 

br 37 .F»^> 

:r 9 i 

1 14*65024 

4 'I i 


47 

i7-8z,|v6 

4'5 ■ 

I(j'y 2 .\t )0 


8. / feet is the di :*t:ti5«:e nurvrd in a struiuht line by n prntion of a nuirhioe in 
time / second s . Find it . *0 celrral ion when / 3*04. 'rhe fort e lo thq^ trptni it if* 

equal to it:, ma a inullinlied !«y if*} aci;rIer;Uioii. Its weiftlil is 400 lbs. I hr unit ttf 
mass is taken as 32*2 lt>^. in ttrder to obtain thr force in pountls. Fiinl (he ftjrcc acting 
upfuj it wdicn / ■ 3’fr4, 


/. i, 

I 


3*02 

**2534 

:r «3 

1 

3*04 

1*5194 

3 ’o 5 

i r(iS 40 


i ‘‘tM 


10 . In the same way find the acfrleratirm, when /r.;6'l4, from the followirii: 
data 


Practical M&ihemmtica 


1^4 


f seconds. 

s f^t. 

6*12 

4*2691 

613 

4'3992 

6*14 

4‘5349 

6*15 

4-6765 

6-l6 

4‘8243 


11 . s gives the distance at time t of the piston of an engine from some fixed point 
on its stroke, as measured on a large scale drawing. Construct a table to stiow the 
velocity and acceleration at any time between 3*01 and 3*11 secs. Also plot two 
curves to show (^2) the value of s at any time, (3) the velocity at any time, aindL werify 
by measurement that the ordinate of ( 5 ) is equal to the slope of (<2). 


i seconds. 

s feet. 

j 

3*01 

0*0065 

3*03 

0*0373 

3*05 

0*0922 

3*07 

0*1692 

3*09 

0*2663 

3*11 

0-3815 


12 . In the following table 4 is the distance in feet which the projectile of a gfun 
travels along the bore in / seconds. 

Make a table showing the velocity v and the acceleration a for different vatlaes of 
s from o to 14 ft. 

Plot curves showing how v and a depend upon s assuming that each value of’ the 
speed corresponds to the middle point of the corresponding interval Sj-. 


s feet. 

i seconds. 

s feet. 

^ seconds. 

0*0 

0*00000 

7*0 

coogss 

0*1 

0*00143 

8*0 

0*01032 

o‘S 

0*00273 

9*0 

0*01 109 

1*0 

0*00360 

10*0 

0*01184 

2*0 

0*00490 

11*0 

0*01258 

3'0 ! 

0*00598 

12*0 

001331 

4*0 

0*00695 

130 

0*01404 

5*0 

6*0 

0*00785 

0*00871 

14*0 

0*01476 


It will he found that the above values of s are not given with sufficient accuracy 
to obtain values of the acceleration lying exactly on a regular curve wh.en plotted. 
Draw the curve representing the results best on the whole. 


13 . In the following table P is the population of England and Wales in millions 
^ enumerated at each decennial census. Make a table showing the averag:e rate of 
increase of population per annum throughout each ten years. Plot curves to sh-ow the 
connection {a] between the population and the time (^) between the rate of growth, of 
population and the time. 
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Year. . . 

1801 

1811 

1821 

1831 

1841 

1851 

1861 

1871 

1881 

1891 

jipoi 

Population . 

8*89 

10*1 6 

j 

12*00 

14*16 

15-91 

1793 

0 

§ 

22*71 

25*97 

2900 

32-53 


14 . The table shows the average height of boys at different ages in Great Britain. 
Construct a table showing the average rate of growth in inches per annum for every 
year of age between 4 and 21. Plot two curves showing (a) the height at any age, 
{ 6 ) the rate of growth at any age. 


Age (years) . . 

4 

5 

6 

7 

8 

9 

10 

1 1 


13 

Height (inches) . 

38-46 

4103 

44*00 

45-97 

47-05 

49-70 

51-84 

53*50 

54-99 

56-91 


Age (years) . . . 

14 

15 

16 

17 

18 

19 

20 

21 

Height (inches) 

59-33 

62*24 

64-31 

66*24 

66*96 

67*29 

67-52 

67-63 


{Briiish Association Report^ 1883.) 


15 . The following table shows the average strength as measured the drawing 
power of boys at different ages. 

Make a table showing the rate of increase of strength per annum at all ages 
between il and 19. Plot two curves as in the last example. 


Age (years) . . 

II 

12 

13 

14 

15 

16 

17 

18 

19 

Strength (lbs.) . 

37-5 

38-7 

44*2 

47*0 

52*2 

58-2 

67*8 

74-2 

76-4 


16 . From the following data construct a table showing the rate of increase of 
weight of boys at any age between 10 and 20. Plot two curves as before. 


Age . . . 

10 

ii 

12 

13 

14 

IS 

i 

16 

17 

18 

19 

20 

Weight (lbs.) 

67-5 

j 

72*0 

76-7 

82*6 

92*0 

1 

102*7 

1 

1190 

130*9 

137-4 

139-6 

143*3 


17 . The following is part of the record of a rough survey with a level. 

A number of stations are fixed along a road, so that each station is 5 ft. higher 
than the one before it. 
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No. of station. 

Distance to next station (yardsl 

I 

30 

2 

70 

3 

^ 27 

4 

20 

5 

23 

6 

35 

7 

30 


The stations are in the same vertical plane. 

Plot a curve to show the contour, i.g. the shape of a vertical section of tlie road 
between stations i and 7. Also plot a curve having as ordinate the slope 0/ the road 
at any point, and as abscissa the distance along the road. 


18 . A body weighing 1 50 lbs. moves along a straight line, so that its velocity a.t 
distance s from a hxed point on the line is given by the following table : 


s feet . , . 

0 

i 

1 

1 

2 

3 

4 

5 

V ft. per second 

5'2 

6*5 

10*4 

16*9 

26'0 

37 ’7 


The kinetic energy is equal to where m is the mass, and the for ce on th<e 

body is equal to the rate of increase of the kinetic energy with respect to the distance. 
Construct tables and plot curves showing the kinetic energy of the body and tlie force 
upon it throughout the above range of values of s, 

19 . ^ is the entropy of I lb. of water at temperature F. Make a table to shiow 
the values of the mean rate of increase of (p per degree rise in tempera tuxe for the 
intervals between each of the given values of /. 



200 

210 

220 

230 

240 

250 


0*2949 

O' 3101 

0*3251 

0*3399 

0*3545 

0*3690 


Plot a curve to show the value of ~~ throughout the above range of tein;perature. 

20. J> is the pressure in pounds per square inch of saturated steam at temp>eratur4e 

F. 

Make a table showing the values throughout the given range of temp era, tnre. 



1 70 

75 

1 

So j 

«s 

90 

95 

roo 

ro5 

1 

r 10 

IK5 

& 

1 302*7 

307*4 

311-8 

316*0 

320*0 

323*9 

327-6 

331*1 

334*5 

3378 
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Plot two curves showing the values of jt> and of ~ for any value of 0 throughout 
the above range. 


21 . The following are results of the experiments of Bartoli and Stracciati to find 
the specific heat of water. Q is the quantity of heat required to raise the temperature 
of I grm. of water from 0 ° C. to 0° C. 

The specific heat s is the rate of increase of the quantity of heat per unit rise in 

yQ 


temperature, i.e, s : 


dr 


water at any temperature throughout the above range, 
temperatures of 5° and 7® respectively? 


Construct a table and a curve to show the specific heat of 
What is the specific heat at 


0. 

Q. 

3 

3*01719 

4 

4*02180 

5 

5*02590 

6 

6*02946 

7 

7*03255 

8 

8*03512 


22 . From the tables make out a list of the values of between 6 = 0 56 

ad 

radian and 6 = 0*8378 radian. Note that the value of between any two 

values of 6 is equal to some value of cos 6 between the same values of 0. 

23 . Make out a list of values of between 0 = 0*6981 radian, and 0 = 0*7854 

radian. Note that each is equal to a value of — sin 0 within the corresponding 
interval. 

24 . Make out a list of values of — from 6 = 0*4363 radian to 0 = 0*5236. 

25 . From the data given in Ex. XXXV. 14, plot a curve to show the rate of 
increase in the returns per;i{^i increase in the capital and labour expended for different 

values of the amount already invested in the farm, plot and C. 

The farmer finds that he can get 5 per cent, for his money elsewhere with equal 
safety. How much will it be profitable to invest in the land ? 
dt 

Note. — As soon as ^ becomes less than the rate of profit which he could obtain 
elsewhere, it is not worth his while to invest any more in the land. 

26 . The following values of x and y being given, find the most probable value 
of ^ when x = ^ : — 


X 

0 

I 

2 

3 

4 

5 

6 

y 

irS 

16*0 

20*0 

23*9 

27*6 

31*1 

34‘5 


All the given numbers should be used. 
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CHAPTER XI 


DIFFERENTIA TION 

99. Differential Coefficient of a Function. — We have shown how to find 
the rate of increase oiy with respect to x from a list of corresponding values 
at small intervals. 

\ly is given as a function of x by means of an equation, we can calculate 
the value of ^y corresponding to any value of ^x from the equation, and thus 
obtain a formula for the rate of increase. 

The process will be understood from the following example : — 

Example. — Leiy = 'yx he the function whose rate of increase with respect to x we 
require to find. 

If X increases by the amount so as to become x + Bxyy becomes 
^{x H- 5;ir) = 5Jf + 

if By denotes the corresponding increase in y^ 

^ + 5jj/ = 5^ + 

and since y =: ^x 
subtracting, By z=: ^Bx 

and = 5 
Sx ^ 


Since this does not contain Bx^ it is unaltered when Bx and By are indefinitely 

dy 

diminished to obtain the limiting value — . 


dx 


= 5 


The value of ^ is called the differential coefficient of y with respect to a:. 
dx 

dy 

The process of finding ^ is called differentiating 7 with respect to x. 

If y is expressed as a function of x in the form F(j;), we may write its differential 
coefficient in the form where the symbol denotes the operation of 

differentiating with respect to x. 

In the same way denotes the result of performing the operation twice in 

succession upon the function j/, and is called the second differential coefficient oiy. 

is called the differential coefficient of y with respect to x^ and denotes the 
dx^ 

d 

result of performing the operation ^ n times in succession. 
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100 . Geometrical Illustration.-— Consider the geometrical meaning of 
the process in the above example. 

The function / = 5;r is represented by the straight line OA, whose slope 

Is 5. 

Let OB be any value of x and BC the corresponding 
value of y. Then, if x is increased to OD, ^ increases v 
to DE. ^ / 

Thus, in the figure, BD = CF = and FE = ^1 

Thus ^ ^ = 5 = slope of line OA. J ^ 


This is the mean rate of increase ofy from C to E. 

For this case of the straight line it is evident that as D j j 

moves back to B, and F and E to C, the triangle EFC / £ 

remains always the same shape, however small ^x may be. / j 

in the limit, as E moves to C, the value of — 

Bx I 

remains equal to 5. / 

.*. 5 is the value of the actual rate of increase of at 

the point C or ^ = 1;. ^ 

^ dx ^ 0^-^ X 

. . 

Note that for a straight line ^ Is the slope of the line, 

and is the same however large the interval CE is taken. 
dy 

It follows that ™ is the slope of the line, and is the same for all values 
of X, 

The same method evidently applies to any equation y ax where a is a 
constant. 

:Aiy=^axy£ = a 


Next consider a function of x^ such as 5jr + 2. Here the line representing 
y = 5:r 4- 2 is obtained from the straight line OA in the previous figure by 
increasing every value of ^ by 2 ; i.e, by moving the line parallel to itself 
upwards, through a distance of 2 units parallel to O/. 

We thus obtain the straight line PA' in the figure parallel to OA. If we 

proceed as before to find ^ the triangle E'F'C', from which we obtain 


is equal in every respect to EFC. 

. Sy_E'F' 
" F'C' 


5 as before 


and ^ = 5 for every point on PA' as it is for every point on OA ; or, 
otherwise, since the slope of PA' is the same as the slope of PA, the value of 
must be the same, for 


y = ^x + 2 and/ = 5Jr 

So also, in general, the effect of adding a constant 5 to ax is simply to 
move the line y == ax ui^ through a distance if without altering its slope. 

Thus ^ is not altered, and it follows that 
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Similarly, it follows that the addition of a constant c to any function of x 
moves the whole curve upwards through a distance but does not alter the 
slope of the curve for any value of x. 

Therefore the value of ^ is not changed when y is increased by a 
constant, or 


If j/ IS a constant it does not change when x changes, and consequently 

- . . dc 

Its rate of increase is zero, or -i- = o. 

dx 

Geometrically, the equation y — c represents a straight line parallel to 
the axis of jr, and at a distance c from it, and the slope of this line is o. 

dv . d^y 

Note that if ^ = ax then, since ^ which is a constant, and 
all higher differential coefficients are zero. 


Examples. — LVI. 

Differentiate the following functions of x. Also plot the straight lines which 
represent them, arwi verify t^t in each case the slope of the line is equal to the 
differential coefficient 


1. yo. 

5. yx 4- 2. 

9. — 0*I3;»: - 2*5. 


2 . Jix, 3 . - 2x. 

e. 4jr - 3. 7 . - 3 x + I. 

10. 0-253;r — 6*21. 


Find the values of — 

+ 12 . ^( 2 - 3 *); 

1-29) J 16. ^(^-3^); 


4. — lx. 

8 . — 0 ' 6 :»: + 21 . 


13. 

10 . ^(2« + 5)i 


where a, by and c are constants. 

17. If Vt is the volume at temperature C. of a quantity of gas which occupies 
volume Vo at o® C., and at the same pressure, then 


Vt = Vo(i + 0*00366/) 

What is the rate of increase of the volume per degree rise in temperature? 
Illustrate by plotting V* and i for the case Vo = 100. 

18. The current C amperes in a conductor of resistance R ohms, under an electro- 

E 

motive force E volts, is given by C 

R 

dO, 

Find the rate of increase of the current with respect to the electro- motive 
force. 

19. If we find by experiment that the speed » of a felling body and the time / 
from rest are connected by a straight line law ; prove that the acceleration must be 
constant. 
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20- A point moves along a straight line so that its distance s horn a fixed point 
on the line at time t is given by the equation 

s = 1*32 + 2 * 6 / 


Find its velocity and acceleration. 

21. The length /' of a stretched wire of unstretched length I is given by the 
formula 


/ = / + 


AE 


where A and E are constants, and W is the stretching force. Find the rate at which 
the length increases per unit increase in the stretching force. 

22- The length / of a copper cable at temperature F is given by the formula 

I = 1560 {i -f o-ooi8(0 - 32)} 

What is the rate of increase of its length per degree rise in temperature ? 


101 . HifiTerontiation of ax ^, — Next consider the function jk = 

Let X increase to 2: + ^x. 

Then the new value of^ which we denote by 

y Zy =. a(x 4 “ = ax^ + 2 ax^x + a(Bxy^ 

Also we have y = 

We have here a pair of values of x and the corresponding values of^, and 
we proceed to find Sjy by subtraction, as in the previous paragraph. 

A subtracting 

= 2ax^x + a(^xy 

^ = 2ax + a^x 
Sx 

In the limit when = o this becomes 


102. Geometrical Illustration. — We shall now illustrate the geometrical 
meaning of the above process as applied to the graphic representation of the 
equation;)/ = ax^. 




Take the case where a = 
Plot the curves = 
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Consider the point A on the curve when x = OB = 2, and = BA = i. 
Let X increase to ^ 4- = OC = 2*4, so that ^x = BC = 0*4. 

We thus get the point D on the curve, and if AE be drawn parallel to 
Ox^ 5 ^ = ED = 0*44. 

Then the mean rate of increase of y with respect to x throughout the 
interval ^x is 

^ = ri 

^x AE 04 


This is equal to the slope of the line AD, and measures the mean slope of 
the curve from A to D. 

Zy 

As Zx is diminished C moves back to B, and E and D to A, and — 


approaches its limiting value 


dx* 


which is equal to the slope of the tangent 


to the curve at A. 
We find that 


when Zx = 0*3, 

„ Zx = 0'2, 
„ Zx = 0*1, 

„ Zx = 0-05, 
„ Zx = O'OI, 


Zy _ o ‘3225 
Zx 0-3 

y ~ 

0*2 

Zy _ 0-102$ 

Zx ” O’l 

^ 

Zx o‘o$ 

^ __ Q-OI0O2$ 
Zx ^ 0*0 1 


= 1*075 
= ros 
s= 1*02$ 
= 1*012$ 
= 1*0025 


Thus — may be made as near to the value i as we please by making Zx 
Zx ^ 

sufficiently small, and is never less than i. 

/. the value of ™ at A, which is the limit of ™ as C approaches B, is 
equal to r. 

This agrees with the result of the last paragraph, where we found that, 
when y = lx\ ~ = 2xixjr=~, and when x = OB = 2 this becomes 
equal to i. 


103 . DififerentiatioB of ax ^. — The two cases y = ax jmd. y = have 
been very fully treated to enable the student to get a clear idea of the method 
of obtaining a formula for the rate of increase of a function. These are 
special cases of the more general class y = ax*^. 

We shall now find the rate of increase of ax^. 

Let y — X* 

Then/ + Zy = (x ZxY 

= or" + nx*^^^Zx + • . . terms of higher degree in Zx (see § 45) 

,*. subtracting 

Zy = nx^^^^Zx + terms of higher degree in Zx 
Zy 

/. ^ + terms containing Zx 
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In the limit when dx becomes indefinitely small, it can be proved that the 
sum of all the terms containing Sx vanishes. 

We thus get 

In the same way, if a is any constant, it follows that 

As before, the addition of a constant to the value of y does not affect the 
differential coefficient, or 


+ 3) = nax^-"^ where ^ is a constant 

Example. — To verify numerically the above result for the differential cocjicient of 
for the case when » == 3. 

By calculation we get the following values : — 


jr. 


6 y. 


iy 

Ar* 

1000*1 

1000*2 

1000300030*001 

1000600120*008 

300090*007 

0*1 

3000900*07 

1000*3 

1000900270*027 

300150*019 

0*1 

3001500*19 


Mean of above values of -^ = 3001200*13 = probable value of ^ for jp = 1000*2, 


By the rule proved above for differentiating we get 
dv 

^ = 3 ( 1000 * 2 )* = 3001200*12 for X = 1000*2 

This agrees with the numerical result obtained above to 8 significant figures. 


dy . 


The slight error in the second decimal place is due to the assumption that is 
exactly equal to the mean value of as found above. 

Examples. — 

(I.) If ^ = 4 ^’. ^ = 4 X S^‘ = 20^‘- 

(2.) If >- = g = ixi-‘ = Ix'i = 

(3-) = 6 X 


(6.) = - i* 32 «/-a 8 


0 
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Examples. — LVII. 


Write down the values of ^ for the following cases : — 

1, y = x^. 2. y = x\ 3. y = (Vx)\ 

y = 7. J/ = ~r,. 

Find the value of the following : — 

10 . 1 / 5 - 2 /’^). 

11. jy>). 12. 13. where C is a constant. 

14. where a and b are constants. 


104. To differentiate the Sum of a IT umber of Terms. 

Letj' = • • • where Wg) ^3 • • • are functions of 4r, which 

we can differentiate. 

Let X increase to .r + 5 ^, u^y u^y , to Su^y 4- bu.j^y + , . 

and>' toj/ + 


Then by = + lu^ + + ... 

^3 

' Sx bx ' bx ' bx 


and ^ ^ . 


and in the limit as bx and therefore bu^, bu2 . . . and by are indefinitely 
diminished, 

^ ^ ^ 

di dx dx 


the differential coefficient of the sum of a number of terms is equal to 
the sum of their differential coefficients, or the sum of a number of terms can 
be differentiated term by term. 


Examples. — 

(l.) ^ (3^ — 5:c* + 6^:* + 8 a:<) = 3 -- lOr + l 8 x* + 32X*, 
(2.) ^( 5*3 "" ^‘2 + 2s^) = — 6*2 X 1 * 5 ^ 0 ® + 4J, 

= - 9'3 ® + 4^- 


105. Velocity and Acceleration. 

Example .— point mcwes along a straight line so that iU distance s feet from some 
fixed point on the line at time i seconds from some definite ijista7ii is given by the 
formula 

r = 4^ ~ 5/ + 3 

Find expressions for its velocity and acceleration at any time. Calculate the velocity at 
time 5 seconds* 
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Wc have 

velocity = ^ = 8/ — 5 

velocity when / = 5 is 40 - 5 = 35 ft per second 

To find the acceleration we have, if v be the velocity at time /, 

acceleration = rate of increase of velocity with respect to time 
dv 

and since «> = 8/ — 5 



i.e. the acceleration is constant, and equal to 8 ft. per second per second. 

106 . Example. — If Iht pressure and volume of a gas are connected by the relation 
pif C, where 7 and C are constants^ find the volumetric elasticity e^=i 

dv 

We have 

prv^ =r C, and p = 

^ — 2'( — 7 . = try — = 7 . Os' = 7^ 


106 a. Example. — To test whether two quantities^ y a?td Xj are connected by •* 
relation of the formy = a + bx**^ having given a cwve representing y as a function 
of X. 

Differentiating, we have 


Taking logarithms 


Thus log ^ and log x are connected by an equation of the first degree, and the 

relation between them is represented by a straight line. 

We therefore proceed as follows : — 

From the curve tabulate values of 7 for equal intervals in the value of x. 
dy 

Thence tabulate values of ^ as on p. 175. 

Plot log ^ and log x. If the law is of the form^ = 4 - bx^-, we shall get a 

straight line. 

By substitution of the values of log ^ and log x obtained from two points on th^ 

line, the values of i and log bn are obtained, and n and h are determined. 

The value of a may now be found by substitution in the equation y = 4* bxt* 


dx 


= bnx^-^ 




log^ = (// — i) log x 4* log bn. 


Examples. — LVIII. 

Differentiate with respect to x, 

1 . — 2x 4 - 1 . 2 . 2 — 5x — 6x*. 

3 . 4x® — 3X‘‘^ 4 * — x’ 4 - --3. 

4 . yd — 2ix^ 4 - 6-^* — x, 6 . 3^4 — zx^ 4 - x* — x®. 
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Find the value of the following : — 

0- ^ (3 + 5^ + 6/»). 

7 , ^ where a, and c are constants. 


8 . 




(*’ “ I"’ + ‘^)- 


10 . 


^(13 


— 2 .Jx — 2*5^^' 


*> 


12 . •— 4- 3^^’® ~ :r^0is 2'l). 

16 .|(v«+i 4 -«+i). 

3^:’ - 3;r + -i= - -4\ 

V-^ V^/ 


^ (l — 2;r2'* -f 33t^'0 — x), 

11. ^ (^ 3 xl »- 7 ;c-S«+ 

“)• 


■ iF 3 + 2^"'“ 


19 . 

21 . 


23 . 


25 . 


d 
dx 

di'^ 

d g* - 3^^ 4- 2z — 5 
* ** 




20 . 


:> 


22 . 


ik- 


- 33 ’ + 4 + 5A). 


> 


24 . ™ — xfi'i 4- 


dx ’ 


d ( 479 \ 
du\iA-^ f 


20. 

dv\v 


and 


l(7> 



28 . Find the 1st, 2nd, 3rd, 4th, and 5th differential coefficients of jc^. 

29 . Show that (jf") is a constant, and that any higher differential coefficient 
is zero. 

30 . F rom the following data verify the rule for differentiating x^ : — 


966 

967 
96S 
969 


933156 

9350S9 

937024 

938961 


31 . Calculate the values of 3^:® when jc has the values 121*1, 121*2, 121*3, knd 
therKe verify numerically the rule for differentiating ax^ for the case when <2 = 3, 
« = 2, 

82 . Verify the rule for differentiating fJ x from the following ; — 


966 

967 

968 

969 


31*081 

31-097 

31 * 1^3 

31*129 
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83 , Verify the rule for differentiating /s/ x from the following : — 


jr. 


406 

20*1494 

410 

20*2485 

414 

20*3470 

418 

20*4450 


Plot two curves showing {a) the value of a/jc for any value of x, ( 3 ) the value of 
djx 

for any value of x. Verify by measurement that the ordinate of {h) is equal to 
the slope of {a). 

dy 

34. From the following numbers tabulate the values of and compare with the 

ax 

result of differentiating^. Plot curves showing the values of y and ^for any value 
of X within this range. 


X, 

I 

8-Si 

0*11351 

8-82 

0*11338 

8-83 

0*11325 

8-84 

0*11312 

8-83 

0*11299 

8'86 

0*112% 


Plot two curves showing {a) the value of y, { 3 ) the value of ~ for any value of x 
within the given range. 

85 . Do the same for y having the following values given : — 


X. 


91 

20*231 

92 

20*379 

93 

20*52*7 

94 

20*674 


36 . Calculate the values of for the cases when x = 1000, 1001, and 1002. 
From your results find the mean rate of increase of between each successive pair of 
the above values of Xy and compare with the result of differentiating 

87 . Calculate the values of ^ for the cases x = 1000, rooi, and 1002 respec- 
tively, and, as above, find the rate of increase of ^ for the given intervals, and compare 
with the result obtained by differentiation. 
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In the four following examples the curves should be drawn on a large scale 
between the given values : — 

38 . Draw the curve y — ^ :r = 2*8 to ;c = 3-2, and measure its 

slope at the point where jc = 3. Compare this value with the value, of “ obtained by 
differentiation. 

Note. — This and the following examples will serve to give the student an idea of 
the accuracy which he can attain in measuring the slope of a curve. 

39 . Draw the curve jv = 2 + — .a:* from a: = 1*8 to x = 2*2. Find its slope at 

jr = 2, and compare with the value of obtained by differentiation. 

40 . Draw the curve = x ^ ^from a: = 0*9 to .3: = I’l. Find its slope at 4f = i, 

and compare with the value of ^ obtained by differentiation. 

41 . Draw the curve jk = x~^'^ 4 - from x = 0’9 to ^ = i*i. Find its slope at 
X = r, and compare with the value of ^ obtained by differentiation. 

42 . If a point moves along a straight line so that its distance s feet from one end 

at time t seconds always satisfies the equation ^ = 3-1 - 6/®, find its velocity 

and acceleration at the end of 5 seconds. 

43 . Similarly, if x = find the velocity and acceleration at the end of 6 seconds. 

Plot curves showing the values of (/r) the distance moved, [h) the velocity, [c) the 
acceleration, at any time from / = i to / = 7. 

44 . The distance s feet travelled by a falling body from rest in time / seconds, 
neglecting the resistance of the air, is given approximately by the formula s = 

Find an expression for its speed at any time. Plot the curve s = iS'i/*, and by 
measuring its slope to the axis of / at the points / = i, / = 2, / = 3, / = 4, obtain the 
velocity after falling I, 2, 3 and 4 seconds respectively. Compare with the values 
found by differentiation. Also find the acceleration. 

45 . The distance X feet fallen by a stone in i seconds is given by x = - 

200/ + 5. Find expressions for the velocity and acceleration at any time. 

43 . A point moves in a straight line, so that its distance from a fixed point on the 
line at time / is given by the formula x = 4 - Find formulae for its velocity 

and acceleration at any time. 

47 . A mass of 200 units moves along a straight line, so that its distance x from a 
fixed point on the line at time / is given by the equation 

x= 1*3 + 2-5 / 4 4 * 2 ^ 


Let V be its velocity. Then its kinetic energy is and its momentum is wv, 

where m is the mass. Find expressions for its kinetic energy and momentum at any 


48 . The pressure and volume of a gas at constant temperature are connected by 

the equation pv Find an expression for the rate of increase of the pressure with 

respect to the volume. Plot the curve /z/ = i, and verify your result by measuring 
its slope at the point where z/ = I. 

49 . The volumetric elasticity of a fluid is equal to If a gas expands 


at constant temperature, so as to obey the law /z/ = C, find an expression for the 
volumetric elasticity <r, and show that e =/. 

50 . It was found from Kcgnaull’s experiments that the total heat Q required to 
raise the temperature of i gram of water from o® C. to C. between 0 = o and 
0 ~ 200 is given by the equation 


Q = 0 4* 2 X lo-‘ . 4* 3 X 


The specific heat at temperature B is the rate of increase ot the quantity of heat per 
unit rise in temperature. Find a formula for the specific heat x of water at any 
temperature. 
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61 It was found by Webc-r th.if ibe <nu»iU?y b* ni hc:it rrquirrd lu r.u 4* iht* 
temperature of unit mass of diaiuomi from C, tn (t* C. was nivm by Shr rriiialiou 

Q = o' 0 f>f 7 ® 4 ' 0‘txx>497^’ — 0‘tx:Mxxx)i2f^' 

Find a formula for the specific heat / at any temperature, and plot curves to iduiw the 
values of s and Q for ail values of 0 betwcfui rf * and 

62 . This and the foiic#wiog cx.uiipicn refer to braur. huulcd in vaiious ways 
(see pp. 97» tu2). is the deflection at a distance jr frt>m a fixed point on the i»eaiu, 
W. w. E, I, ami / arc constant. 

= i*’) 


find 


a>- 

/»’ ./.i" 


and 




63. 


54. 




fllKl 


i/v .»> 
iix' 


4SKI 


{.V’« 


2.e) 



66. Find the law connecting; v and a:, havitnj i;iven the foll»win|; cortespondifii; 


values : — 






•*“ ! 

« 

o'S 

! ^IS 

i ! 

1 • ^ 

! 

1 - : 

*’5 

i 

y ! 

3 

j i 

1 7'7S 1 

1 i 

17 

j 33'^s i 



66. A curve pansf«j through the hdhiwitjg p<diUn. Show th.it its ei|natir»n is of 
the form / a{x »f- b)’* and find the vainri of (!te oucj’ants. 


X ; o'0752 j 


j 


0 7 * .,'0 

y ? 2*4 i 

1 ! 

3-« 

i 4. 

! i 

i 
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If e is defined as in § 7, it ran 

be fdmwn that 



^ t ^ x-¥ 

p 4 . 




1 . 2 

t . 2 . 3 

1 . 2 . 3 . 4 




where the sum of the series rontinmilly npprfache*^ a dehihle lindiiiig valtie 
as tiic numl^er of terms is iiidcfmitely in* reasroi. 

It can be shown that such a series can be diffetemiaied trim by trtm^ 
and that the result is the differentiai cortfi* imt c»f fbe sum. 

Differentiating term by term, we find that 



= I + ^ H ^ + h . . . 

1.2 1.2.3 1.2. 3.4 

= 

Thus ^ is a function whose rate of increase with respect to jr is equal to 
the function itself. 

This result shows that if we plot the curve the slope of the curve 

at any point is equal to the ordinate at that point. 

Example (i). — J^/oi the curve y = e^ from x ■=■0 to x = measure its slope at the 
points where x — 0*5, I, i* 5 , and compare with the values of y. 

Example (2). — Plot the curve y — e *- on a large scale from x = 0*99 to x — i*oi, 
and measure its slope at the point x — l. 

The differential coefficient of may be obtained in the same way. 

We have 

= a -h aox 4* cl h a h . • . 

1.2 1.2.3 

Differentiating term by termj we gfet 
d 

^ ab ab . bx ab~ [-... = abe^ 

CtX 1.2 

Note that the rate of increase of is proportional to the function 
itself. 



Examples. — 


(*•) = 
I'-' 


dx 


We may extend this method to the differentiation of ; for, by the 
definition of a logarithm, 


•• dx^ 


Example.- 


a = and a* = 

(a*) = (logo “) = . log, a 


~( 2 -l)*= 2 *I*.log. 2-1. 
= 0742 X 2*1*. 


.Examples. —LIX- 

1 . Plot the curve y = from x = i to x = x ; then by the result just 
proved the slope of this curve at any point should be equal to (e^^) = 2p* = 2y, 
Verify this by measuring tne slope at the points jc = — 0*5, x = 0*25, and x 07. 


Differen tia tion 


201 


2. Tabulate the values of from the data given in the following table. Note 

that in each case the value of ^ is equal to some value of y within the corresponding 
interval. 


jr. 

r*=:;p. 

»' 5 o 

4 ' 48 i 69 

1-51 

4 'S 2673 

1*52 

4-57223 

*•53 

4-61818 

**54 

4-66459 


Find the value of — 

3. 4. 5 . 

e. ^(r6^«). 7. + s). 8. •)• 

^J2'7^ ’ - + y 10. jjor ’’" + - 3f*}. 

bf and c arc constants. 

11. - a-fix*’ + ST^-** - 3X»>}. 


e^-e- 
2 


12. If sinh X = ^ ^ , and cosh x — ^ , show that ^(.sinh x) «= cosh x, and 


d 

2 ^(cosh x) ~ sinh x. 


13. i(4-80- 

10 - ,5^-5)-. 


14. 

11 . 




15 . Jf^(2-Ss)-. 


18. If / yr-** + prove that 9 /. 

10 . If^ ~ find the value of — b'^y. 

20. If / = + Br^, find the value of — 5 ^+ ^/* 

21. If/ = "f find the values of C and D so that 

(i^y (iy 

^ rqual to o for all values of x. 


22 . 


If » = a/*' + b/"' 


where X„ X, arc the roots of the quadratic equation in X 


lA’ + RX + ^ = o, 

prove that L ^"3 + K. d- — o. 


28. If a body is heated to a tem{»eraturc and then allowed to cool by radiation, 
its temj>eraturc at time / seconds is given by the equation O where a is a 

constant. Prove that the rate of cooling in degrees per second is proportional to the 
temperature. 
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24 . If V i*; thr. tlifTrrrnrc of pntcfitial at fimr / hftwrrri the platen of a condenser 

discharging tlirmigh a rr.i' larn e K, it ran hr shr«wn liiat y . Show that 

<// K R 

* 

ihh rquatioa h ratishrd if V kh where V, is constant. What is the value of V 

wisen i O ? 


25. 'IVst the folleming niiiuher-; for a law <d the fonn v - a + and find the 
values (d the rrmstunts : 


0‘I 


^'3 I 0*4 




6'47h 


7'4f>6 


H'67 s 


li)8. Dlfthrontifiticm of Bin **. 

ij*l f fiin t whrte j is lufsistnrd in radinnn. 

Let .r inf ira^c to t f .himI v fu r f 85s 

'rhen / d sin (r i Bt) 

sin (r \ ) ■■■ sin r 


2 I u\ 


(■'=) 


8 i \ , 4 r 

sn 

2 


/. inrjin rate id in- ir.r.e id j h 




By 

1.*- 


» V) 


2 / 4i 
hr 


ft . 

Ol-V- 


8r 


Wt. rirdii'c ftfftn t-dd*"', thot as the an^dr is tiinde smaller and 


8 1' * I 

srnallrr the valnes of sin ^ ami ed ^ Lctxnn'* im«ie ;in 4 mrue nearly ec|iial, 

. 8 1 
sin 

It may l#e lig^^rfer.ly |novrd that the fr.o lion --j™ hrcoiiies fr|iial to i 

2 

8r , 

in tlie Inoif.as the angle ^ i% indehnitely ilimmislanl. 


Innil vd.rii H% 


r 


I.rir . tm 1% 


Differentintion 


*«il 


Let ;r inciease to .r + / toj-h 8/, 

Then/ + 8r cos(i--f 8r) 

hy Cfjs {r } 8i ) f fiH r 

/ 8 j Y ^ i 

=: -» 2 Sin ^ t f ^ j Mn ^ 

8i 


8i* 




hi X i 


at 

2 


In the limit, as cos 8.v varii'.hrs, this l)ef omn 

^ — sin *■ 

tix 

0 

This result may also he obtained fioiu pirvi^iu-. onr by * i ^ 

for r. 


110. f.XhUn.n,--7"i> vrri/y /rvm thf (hat bifn.i) ^ 

We have 


23 I 
23® 2' 


y rs Mij jr. 


0*3912666 




is. 

4r 

4** 

o*OfKi 266 o 

1 1' 

ii'ffffff.’y ‘0 

00*77 

O'OfXt 26 K 0 

.1 

radian j 

o‘6%id 


'.f « a»n % 

.ft ■ 


— if5 equal to the mean value of !fhf*aiFho«t h infrfv.d of d i’wf -.il.ish it 
dx ^ <f* 


Jy 


hv 

measured, and the nieaft of the l%vo vahie-; of - i«s stp\ivmtu-i^>-ly e i*i4l 0i sh-r 

#.f 

of ^ when x = 23® l\ 
dx 

From the tables we find that the value of cm f i* h 

/, (sin x) cos X for the value x - 23"* i' wiihin the ho.d' »d > si v -.f ihr 
above method. 

Note.— ■ 8 a' must be ex|3rrs'ic'd in radians hr. a4%r» 5TJ fha? r.io »l 

it is assumed that x h mcisurcd in failianf. 


111. Geometrical Illufitratlon. Mot ilm mrvrs / %m t, AfIC, at.d 
/ = cos r, A'B'C, meannring r in radian*.. 

Thtn the result of § loS shown that the nlo|<r id the -.u.e ^%u%r .if ^ny 
point P is i^nven by the corrtwrK/nding ordinate HP' of the t^-ane « ni%r 

In particular, the slope of the '.me tuive at A r. lo AA or oiaoy 

Note, however, that the slope is nieasurrd as in I vS* 

From A to B the sine curve Itecosnes and lenv **trr|i, ufiiil at i| iiir: 


Practic/il mathenmtiCB 


r. /rirj, < to the prnnt B' wiirre the cosine curve cuts the 

, t.f I. 

!• 8 to C the viim t nwt shapes «iownwanls and increases in steepness 



a* C 

'i*'* ’■ 

1, ’ 

; fiir pcc.n! C' on the cosine curve, 

i; 'AT - *^4% * 

!r| *'Lr> 

‘ ^.r * 4 « O'.- 

nr tiuvr wr. '.re that, sin«'e the curve 

.r*, -A .iH 


oA ■ li.v. 

ti i 

'4 he ne^Mtivr, and pas*! from o at A 

1 II .1% 

1 

4,5 ; 

. a.itr lYif 

Mifve ‘ han,:es frran o at A to 4- i 

■A .!h t!. 

. */ 

,r , f.'. I 

s 

) -■■■ I, and gives a geometrical 

.U r 4 ^ 

il.r 



IIU ^ .» ‘ 

'"i. 

nr!),,,! !0 

isr-i *o d4irjrnm»le r.u and cos J* 

:..4^ .% !, 

a 4l 





'■ .J ^'11 *' 1 ^ »)} 

t tn (h r 4* r) 






J 

^ • I ,t ■ .* 1 4“ r/j 

- aA sm '/-a- 4' r| 


tJ-i 



1 



^ a s 



^ vu / 4 0 

»/j 

i r r,-, ^2 1 4 1) 


* 

^ ^ ?4 ^ 1 4 S , 

■ ft < 0*4 1 I 1 ) 


Differentiation 


2 COS ^5,r “» 2) - lo biu (5 1 - i) 

d , 

j,. (3 - -M i 4 (3-40 


ExAMri.KfL LX. 

Differentiate the following with rcsjiect to x :■ - 

I . sin 3^. 2 , cos 2,r, 3 . sin 

6, cos (— 3jc). 6. 3 sill { «- |.i ). 

a 2 sin (2x - 4). a « 3 cos (2 f 3 1). 

II . - 2 cos (I - 5 1). 12 . 6 ;>i» (2 - t ). 


14 . roo2 sin (0*35 ijr + 0*273). 
Find the value of the following 

d .... 


7 . 4 I -n { ■ . i 
10. 5 (i*3 .f I I 

10. “»'i (| --I il- 


la 2 * 5 ^^ {371 


16. sin («/ + *). 17. A wi (// + a). !«. a . . .. (// f 

19. - {A sin (f/ + .) + » Mil {.■/ - «)}. 20 A ..in (# f 

ii 

21. 3 sin (1-03/ + i-Si). a2. ,i„ 


23. From the follnwini; value, of jr am! Mti a itml (he vahm nf 

and verify that il is cfjiul to cos 

Note.— 5a musi be mfa%ufc«l in radian., s' . * radian. 


o* 34 t 74 nH 

0*34ic^2of 

O* 342 io |5 


24 . From the f</llowing vahirti of a mA nn i verify ilmi , ,,, 
the ease x =-• 30'’. * 


r# .| 


25 , Verify that o>s a 
*/. r 


• %IIi X f'*f ?}##• j. 


0*27 in 1 7 *^ 
0 - 17 ^/M 74 

0 * 3751-7 
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26 . Draw the portions of the curves 

y = sin and y = sin 

between ^ = 0*1745 radian = 10° and x = 0*3491 radian = 20°, plotting the values 
of X in radians. Measure the slope of both curves when x = 0*2618, radian = 15®, 
and compare the measured values of the slope with the values cos x and 3 cos 3^ given 
by differentiation. 

27 . Give the proof, as in § 108, that 

^ a sin {hx + c) ai cos I 3 x + c) 
ax 

28 . Find the first eight differential coefficients of sin x and cos x. 

Find the value of — 

2®- ^ a sin {qt + g). 80 . ~ 3 sin (2x + 4), 

31 . {i-2 sin {2'6x — 4'i)}. 

32 . If j = 4 sin 2/ 4 - 8 cos 2/, prove that s satisfies the equation + 4^ = o. 

33 . Ify = A sin {/{x + B), find the value of ^ + 16^. 

d^y 

34 . Ify = A sin («/ + /), find the value of ^ 

dy dy 

35 . y = sin ^ cos pi. Find the value of . Express ^ in the form 
A sin {pi g). (See § 37.) 

30 . If a piece of mechanism moves with a simple harmonic motion, its distance s 
from a fixed point on its path at time t is given by the equation 

X = sin {iTcnt + /), 

where a, g and n arc constants. Find expressions for the velocity and acceleration at 
any time. Show that the acceleration is proportional to s. 

I 'll 

37 . In the last example, take ^ = o, a = 0*458 ft., n = -g^, and plot curves to show 

{a) the distance x, (^) the velocity, {c) the acceleration at any time from / = o to 
t = 0*44 seconds. 

38 . A mass M moves in a straight line with a simple harmonic motion given by 
the equation x = a sin 7/, where x is the distance of its centre of gravity from the mid 
point of its path at time t. If v is its velocity find expressions for its kinetic energy 
I Mz/*, and its momentum Mz/ at any time /. The force on the body at any time is 
measured by the mass multiplied by the acceleration. Find an expression for the 
force at any time, and show that it is equal to the rate of increase of the momentum 
with respect to the time. 

39 . A closed plane circuit of wire enclosing an area A square centimetres is 
rotating with angular velocity ^ radians per second in a magnetic field of intensity H. 
If / is measured from the instant when the plane of the circuit is parallel to the field, 
the magnetic induction through the circuit is I = AH sin 7/. 

The electromotive force V in the wire, expressed in volts, is the rate of increase of 
the magnetic induction per second multiplied by io~®. Find an expression for the 

1 1 00 X 2w 

electromotive force at any time. In the case when A = 550 sq. cms., 7 = — , 

H = 7500, plot a curve to show the electromotive force at any time from / = o to 
t = 0*0545 secs. 

d^i4 

40 . The equation ^ = m^u occurs in the theory of the whirling of shafts, m is 
a constant. Show that this equation is satisfied by putting 

u = Ad^ + Brf*””** + C cos mx + D sin mx. 


Difierentintion 


i 07 


41. The equation 


tPu Vu 

^ KI 


■f 


WI, 

Hhl 


cm 


ftX 

L 


a 


occurs in finding the shape of a strut which carnrs a thrutt at the cial» ai4*l alv» 
lateral load. Show that it is satisfietl by putting 


- r.r 

^VVI, Cui 

T ^ 

EI^ -P 


and 


d f 


All the letters except u and x rejircseiU constants. 

42. If r = sin / -f- ^ sin 2 / + c sin 3 /, fmd the value r»f 

r* fc 

43. If jf = r sin f/ -p "> cos 2 y/ where x is the di'^placrmrnt at firiie f m mr 

Aft 4 / 

piston of a steam-engine from the mitbiie of its ’itr»>kr, r length of crank, / Iriigih 
of connecting rod, find expressions for the vrUn ity and ac* elrratioti. 

If If 

What arc the values of the acceleration wherr / e, 4 ti«i f 

f 

44. A point moves along a straight line so that if.4r.;»rur t fr ^rn 4 pun? 

on the line is given by / * a mi { 2 n/f -p^) 4* ^ f ^nf.' i ; <i, /•, /* aj I ^ af*” 
constants. Write down expressions for the vebnity and aMrlrt^tnm a!i¥ 

Plot a curve to show the value of f for any value of / wlirn r 5 , 1 o'h, c 

r - n 

A = o‘ 95 i,/= . 


113. Diiloronttation of log x. 

If y is a function of x, and and 5r arc ?^inn»ltanetni » Imirnirnf-i iif y 
and x^ then 

.. 

Bx Bx 

By 

This remains true as By and Bx are nuuk: sniaUer anti stnallrr, and 

// V 

approaches the limiting value - 

. 4y * 

dr 

dy 

I.et / ' log, , 

'Fhen .r ^ ^ 

and . - t 

, dv r I 

** di di r 

Jy 

It follows in the same way that 


^{A loj;. (Hr + C/j 


AH 

ju + <: 
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tt'iirfr A, H, .liici C.‘ ;uf* t onstantH. 

iSiiM c X ^>'4‘i43 have as a %pec:ial case 


iir 


(log, 6 a’) 


f>'4343 

X 


We may vrrify ihia result nuinerirally as follows :— 
Frrjiu ihr ’ahlrs wr* have 


f. 

leg, 1 . y. 


It. 

Ax 

1 dy 

Y 4 t} 

V 4 t 
> 4 *^ 

I '6Hh pA*? 

i ■oKS,r.|oi 

1 

rrjK JtKs;oi 
irmjiS,\ity 

0*01 

001 

O’ 1 H502 

O' I H467 

1 1 

1 00 


We latve by liiffrreniiaUon 


O ' o*i.Sps4, lor .r 5-41 

whji.h a;;U'Ca to 5 aiU Ugraes. 


KtAMl’IKS. I.XI. 


File! Ifr V 

.liar nf fhr 64 

la.-win, 

i:- 





I. 

a,i 

. 50 . 

2 . 

O-V 

lb l4'* ^ 

•>)). 

3. 

{'"R. + 3}- 

4. 

16 h 

.‘g.Ci b 

5, 

a/ ‘ ^ ' 


•lib 

6 . 

b, {<' !«K..(7^ + 3)}- 

7. 

■: < 1 -.. 

8 ji 


H. 

n. 

4b •*)• 


0 , 


10 . 


4b 

n 

,;b 

Ob 3 ^ 1 

»b. 




12, ir-.u',* >4 hs'I* a b»ari !h«- foli«.nviag vakci:— 


M- 

I-'#:., *• 

H'iiXi 

2“ 151 7622 

S 61 


K'O/ 


H'Oi 



r]..,| ‘#iu 3,0^04; *:*.'• 'taly-* of ho jr, C/o f'a ihf* ahow values of x, 

..i,>l \rti*y '-f 3 4? 4ny pe?js* ftir.r.ilfe-. ’.|o|.e of 6i. 

13, faie! *K- \*hrn x 4’i7i5» followiog value.s, 

4 <■ mi '^i^h lh«- 3!f*‘.b h) 4jlfrini/5:in«f : — 


Differentiation 




i «:>*> *. 


I tyii^ay 

I t>7>«*oj t?»H 


14. Plot the curves {&) y = Iof;« x, (^>| / rr: r, hrf^vrm ,r 1 au I % 

Verify by measurement at three pla. es tm each emve that the j*l..pr nf {^i n f> 
the slope of {a) for the same value of x. 

15. Find the value of ^^{lo-,{x -f 2)}, whru jr :: 6*2 fmm the f .Ihmiu,; 
and compare with the result of differentia! ing : 




2-1^41 

2‘ lo's'.o'iM 
2-ui4.:4.i 


6*20 

6*22 

6*24 

626 


4' 2 734 
4*^735 
4-1736 


18. If <f>, 4 - _ 0 - 695 . fhifl r%itry.inn fut 

17 . If (^ =: 0*737 lojr^ ^ 4 2*875 • xo^V - I o-r.4H, j.j.4 


Miscenaneous Examlhs m ihlTamiuy,u n, 

Find the value of the following 

1. 4. ,i„ a -/ / _ „ ^ I 

®- + (Jjf + 3)}. 4. •^,. i , 

6. i-a? 4. ^ ^ ^ ^ ^ 

e. 

“ ^.n + 3^ “ + si'i (zjt i i)|. 

8. - y. + 2-3^>“‘ - S7,i}. 

10. , 4. i _ ^ ,j_ 

~ - ^„ + 6 <-“ - >/<" 1 3 fl' 3 » .Vj_ 

12. {.»< - 3 .in + „ + ^ j . (. - 4/; . . , . : , , - .., 


2 S 

■I M i '•/ 
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(3.) Lety = sin {^x 4- i). 

Let u = 2^ ; V = sin (jx -■}- i). 

^ = {3X + I)} + f^n (3.r 4 i)} x 

=r 6*r®* cos (3X 4“ I) + 4 ^’* (Jv f- i) 




Take u = log« {x — 3) ; 2:^ 


/x 


% ~ ./jr ■ ^ X ‘'’J!' 


3 >- 


2X» ’ 


3 ) 


(5.) To prove ihe rule for diff'erentiaiinp^ x'^ by means of the rule for di^ftenitahn^ 
a product for ihe case when n is a posi/ive whole number. 


It follows from the definition of a differential coefficient that 


dx 


Then 



d{x X 

x) ^ 

dx 


dx 



//x 

dx 


’^./x ' 

4 ' 

^dx - 

zx. 


dx^ 

dixX 

•^*) . 

-r/x 

+ 

dx^ 


4 2 X . X 

dx 

dx 


“ i/X 

X , 

ax 

■■ x^ 

dx\ 

X 

H 

x») 

, #/x 

+ 

dx^ 



dx 

" dx 


: X* . 
dx 

X . 

dx 

.;s X^ 

-h 3 x* •■ 4 x*. 


la the same way, it evidently fallows that as we proceed to h4;;her powers of .w llir 

effect of each addition of one to the power of x is to add i to the ««mr#is. 4 I 

coefficient, and to raise the power of the differential coefficient by unity, and tlirreloir 

if /r is a positive whole number ^ :r; nx*^ - L 
dx 


Examples,., I, xHL 


Find the value of — 
d 

1 . cos X. 2, , sill {x - 1). 

d 

4. Mlogo X). 

0. ^ 7 sin 4x cos 6x» 
ax 

d 

8. ^5 cos bx cos 5x. 

10 . “ cos (3x 4- x) cos { 4 x - 5 ), 

12. ^ sin (ax 4- b) sin (ax + d). 


d . 


14 . ^sin (ax + b) cos (ex + d). 
16 . sin (2x 4* i). 


17 . f o-v 

dx 


3 . »* 4 it (% - . 2.t|. 

6. Mil %XC*n %t. 

rr d 

7. , lu -rni lx fjiii jx, 

itX * 

o d - 

dx 

X'*'" *** 1 

10 

t' 

1». in *. 




18 . ^ 

dt 
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Example ~ 


sin X 


where « = = yin x. 


Then -rr - 
dx 

rr e 


du dv 

dx dx _ sm jr . “ <f* 

" siii^ X 

sin jr — cos x 
sin^ X 


cos X 


Example ( 3 ).— -7^ verify the rule for differentiating a quotient for the case 
x^ u 

V = ^ = where u ” jp®, v x^, 

XT V 

du dv 

Tlien __ c/jc ^ dx _ jf* . — ;r® . 2x ~ /pr*. 

t/jT z/* ~~ 

<jV 

But we may also take j/ — and 4 a* by the previous method for 

differentiating ;r". 


Examples. — LXIV. 


Find the value of the following 


10 . 


d cos $x . 
dx oy 
d 
d: 
d 
dx 
d 


2. i 


m- 

(see x). 
r(log,lr)' 


5. 


a 


d sin (i - 3jr). 
dx X 

X( 


( /sin X \ 

^\log,ij* 


(cosec x). 


d(e2f^\ 

d /cos x\ 

“'A > / 

(cot ir:). 


8 . 


e. 


11. If sinh ;r ; 

value of (tanh x). 
ax 


r* - 
2 


cosh X = 


r* -h 


and tanh x -rs 


sinh X 

COfill X* 


Find the 


12. Show that [x log, x - x) — log, x. This result is important. 

13. Prove the rule for differentiating x" for the case where n is a negative whole 
number by using the rule for differentiating a quotient. 


14. 


17. 


20 


d 2 sin {2x 
dx ' 

d 2d* 
dx * log,(x - I)' 
d 

dx ’ cos {2X — l) 


3) 


16. 

18. 

21 . 


d sin (3jr — i) 
dx * cos (2jf 4" 3) 

d^^ -r - 3 

dxfx + 5 )** 

J[oK# ~ 4) 

dx ‘ cos (31JC 4 7)’ 


10 . 


19. 


dx ' cos (2x 4 3)* 
</ sin 2x 
dx'log^ {x - 3)’ 


110. Function of a Function.— We may rc<iuire to differentiate such a 
function as sin (xd) where we already know how to differentiate the functions 
sin u and xd separately. 

Let j = F(u) where is a function, y(;r), of a- and F and /are functions, 
which we can differentiate. 

Let X increase by the increment and at the same time let u increase 
by and y by 9y. 




i-iH' 

i?‘!-:i 5 

V'- ’ i 
ll: ■' ^ 


£."■ 


i;~- ■■■' 


:i 

^:| 


fi4 


lil 
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19. If jf = sin (jr + B), find the value of ^ + 4 ^ 4- Sjf. 

20 . If ^ = (A + find the value of 4 - 4 ^ 4 - 4 ^. 

21. If ^ = A<f“* sin (a/ 2 a: 4* B), find the value of 4 - 4 . 3 ^. 


22 . Vv- ke “sin (\/ '*“P‘ ^ 
and t represent constants, show that 


T J- J- ^ 


115. DifTerentiation of a Quotient. 
u 

Let y ~ - where u and v are functions of at which can be differentiated. 
Then, if 5^.', 5//, are simultaneous increments of r, v, and /, 

.. . X.. - 2 ^ + 


Subtracting 


Zy = 


u 4“ u uv 4- vdu — nv — u^v 


7/4-52/ 7 / 

Dividing by we get 


(v 4 - ^v)v 


iu 57 / 

V u ^ 

Sy __ Sx Sx 

Sx (v 4- Sv)v 

In the limit, when 5Ar diminishes indefinitely, ^ become ~ 

^ ' 5jir 5y 5jr dx dx 

du dv 

. , . dy "^dx ''dx 

respectively, and we get 


Example {i).— To differentiate tan x. 


Lct^' = tan jr • 


where u - lin x and v = cos x. 

du dv 
_ dy dx'^'^dx 

rh=n^;= ;j 


_ cos X ,^os AT — sin A* { — sin at) _ cos* a 4> sln^a ; 

cos* X ” cos* X 

sc gee* A 


ffi 


Ihis is an important rtsiult. and should be rememljered. 
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Sx Su ^ Sx since ^ and — are algebraical fractions. 

Now let Sx and consequently Sa and Sy be indefinitely diminished 

” ■»' !• t i >-=»= t % .nd f 

^ ^ X — 

dx du dx 

Note that, since £ and g are no longer fractions, this does not follow 
at once by cancelling du. 

Example {i).—Ldy = sin (x*). 

alreldy d^^retktf " we can 

Let u X* ; then y = sin u 
dy _dy du ^/(sin u) ^dx^ ^ ^ 

^ ^ ^ ^ X 4 ^ = 4 *^ cos a:*. 

Example { 2 ).—y = {sin x). 

Let sin jc = ; then y = log* u 


^ ^ V — — ^(l^og« d{sm x) I 


dx du ^ dx 


^ \j> cos X 

— — X cos X ~ rs rnt x 

« sinx 


Example {z).—Lsty = (i - x)*. 

Let u=: i — x; then^ = 

dx du dx'~ du ^ dx — X (— i) = — 6 (i — a;)® 
Similarly ^ {ax + b)* = an{ax + ^)» - 1 where a' and h are any constants. 



Example U).—y = log, — -^-i . 

V2X+ I 

VVe must here combine the various methods of this chapter. 
Jzx+i ~ 

and f ^ X — = i X 

^ dx dw dx uu dx 

To find let TO = 2 where a = j: - 3 , *, = 
du dv 

ihen^=:^i::± 

lie Z,a 

^ Vav+ I - (ar - 3)^V23r+T 


+ I 


2 JP + I 

- •^-'3 
V 24 : + I 


aj:4- I 

^ + 4 

( 2 ar+ i)t 


(see example 3 ) 
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2T5 


sii])stituting and simplifying 


dy X + 4 __ 

(tx (^-3)(2Jf+l) 


ExAMPr,E ( 5 ).—“ To find an expression for the slope of the tangent to a circle at any 
point. 

Take the centre of the circle as origin of rectangular co-ordinates. Let the 

radius = a, an<l let x and/ be the co- 
ordinates of any point P on the circle. 

Then x* 4* /*==«* ; / = ar*. 

dy 

We require to find 

Let u ^ \ tlien y ^ 

and tlie slope of the tangent to the 
circle at P is 

dy ^ dy ^du _ dfil^ d{d^ — jr*) 
dx du dx du dx 

-4.X(--2.r)==-.^-=-^==--5 



Note that in the figure, — = tan NPO, and slope of PT = — tan NTP. 

l"hus the alcove result proves that NPO ;rr: NTP, and therefore NPT = NOP, 
and OPT is a right angle, or the tangent to a circle is perpendicular to the radius at 
the point of contact. 

1%XAMPLR (6).— OP is a crank of length < 1 , revolving with constant angular velocity 
(w, in it counier-clockivise direction. PQ is a connecting-rod of length 1. Q tn<rt>es 
backwards and fonvards in the straight line OQ. OR is perpendicular to OQ, PN 
to OR, and PM to OQ. 







i 


Prove that PR represents on sotsu scale the angular velocity of the connecting-rod 

PQ. 

Let POQ = », PQO = p. 

ITien PM =: fl sin ^ / sin <p. 


1 
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Differentiate both sides of this equation with respect to t. 

-it «) X ^ = o cos 


2 ^ (/ sin = 


/ COS 


d<p 

Tt 


Now ^ is the angular velocity of the connecting-rod PQ, and ^ is the anguUr 
velocity of the crank OP, and is constant and equal to oj. 

ao a cos 6 = I cos <f> 

d<p _ a cos 0 

dt ~ I cos <f> 

PN OM COS 6 

Now PR = KIDO = :: = ^ T 

cos NPK cos (p COS <f> 

d<p «« pp 

i.e* PR is proportional to the angular velocity of the connecting-rod PQ. 


Find the value of — 

1 . 


Examples. — LXV. 


dx I — X 


dx 2 4- 3x' 


4. 

7. 


dx' 2 — 2^* 

d 




0 . 2 '^ 


dx Vs — 2^ 




dx ^ 


10. ^ V^ - 3^ + 5- 11- 12. ^log, [2x 4 I). 

d d d 

13. Yx • (3 ~ 4^)- 14* 2~x ' ~ 2jr 4 5) 


10. ^ • log^ {2x' - 3 x 4 4)* 


17. 4 4 c). 


18. We have loga 4 ^ - 12 ) = log. (.r - 3 ) 4 log. {x 4 4 )- Differentiate both 
sides of this equation separately, and verify that the result is the same in both cases. 


Differentiate with respect to x— 
19. Sin*j«:. 20. Sina^. 

23. 24. [f^') . 

27. 28, Cos {e^\ 

81. Log. sin {2x 4 2 ). 

I 


21. Log. (:r»> 
26. Sin* X, 

29. Log. (< 5 *). 
32, I^g tan x. 


22 . (log. ;«:)». 

26, Log. cos X. 
SO. Cos* ( 2 jr — i). 
83. Sin* X cos* x. 


84. , 

COS’* x 

37. Show that 


85. Sin”* X cos’* x, 
d 


86 . Show that = a^* ^ 


d{x 4 a) 


. x^ = (Put X 4 <» = 2 , and x =z ~ a.) 


88 . Find ^ log® ax, where a is any constant. 


Differentiation of a Product^ Quotient, etc. 


217 


Find the value of- 


39. 




«- ^ log. ^- + 3_ 
dx JT 4 2 


Art ^ I ^ 

40. y • " ' . • 

dx za x-^- a 

Ae% d . jtr — 4 

42. V l‘>g« 

— 5 


43- Prove that OR in Fig. 89 represents on some scale the linear velocitj^ oi the 
point Q. 

44. Ifjy ~ \/^ logarithms of both sides before 


difTerentiating. 

\/ 14 ^' 


^ c / X “ r 1 

40. Find ^ when y = sin-’ Jf and when j* = cos-'x. 


^ ^ (fx ^ dy I 

hirst fmd y, then 4-=: - 7 -' 
ay dx ax 

dy 

Explain by means of a curve the geometrical meaning of the ambiguity in the 
r 

S'K” of 


CHAPTER XIII 


CALCULATION OF SMALL CORRECTIONS 

117. Let a and B be two neighbouring points on a curve represent! IF 
a function of x. Let (x^y ^i) be the co- 
ordinates of A, and (x^ + ^Xy -f Sj') the 
co-ordinates of B. 

Then, if AN and NB are parallel to the 
axes of X and j', AN = NB = ^. 

Then ~ is the slope of the chord AB. 

It appears evident from the figure, and 
can also be proved analytically, that AB 
is parallel to the tangent to the curve at 
some point C between A and B. 

Now ^ measures the slope of the tan- 
gent to the curve. 

A ^ = slope of chord AB = value of ^ corresponding to some point 
C between A and B. 

/. By = where the value of ^ is taken for some value of x between 
arj and x^ + Sx. 

If ^x is sufficiently small, we may take the value of ^ at A instead of* at 

C in the above equation, with an error vrhich is, in general, small compared 
with ^x. 

Thus, if a small variation dx occurs in the value of r, the corresponding 

. . . . dy 

variation m y is 

dx 

Example (i ). — The radius of a circle is found hy measurement to 
and the area is calculated from this value. 

If there may be an error of 2 per cent, in the observed value of t?u radius^ vokat iU* 
possible error in the calculated value of the area ? 

Let X = the radius, y the area ; 

then y — irj;* 

But if there is an error lx in the observed value of x, it has just been shown. tJbL3.t 

dy 

the consequent error in ^ is ^ ~ ^ = ^’tfxlx. 
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And the percentage error 


. ICXD.Sv 
in y Ls 

^ y 


Tcx'^ . uyo 
25 * frx^ 


= 4 per cent. 


Example (2).- ///; €lecirical rests lane e y is measured by balancing it against a 
kmnvn resistance w by means of a slide wire bridge, / — jr asid x are the resistances of 
ike proportional arms of the bridge corresponding to y and respectively. 

It is required to find ike error in the value obtained for due to a knovoti small error 

a in the value of x. 

It is known that 


y 

y 



I 


^y : 


dy 

•• y HX • 
dx 


loo ^ 


We have bx — a 

/. percentage errtjr in y : 


Hy 

100 y zzz — - 


x{l - x) 


X 100 . a 


Example (3). — 7 /&<f angle A of a triangle is found by vieasuretnent to be 63®, and 
the area is calculated by the formula J be sin A. 

Find the percentage error in the calculated value of the arca^ due to an error of I® in 
the observed value of A. 

I/Ct S = the area. 

Then S = J sin A 

5 S = SA = i if cos A . 5 A 

dA 

8S 

A percentage error in S = 100 ^ := 100 cot A . 8 A 
Now8A r= I® = 0*0175 ^^adian 

percentage error in the area = 100 X cot 63® x 0*0175 — 0*89 per cent. 


Example [e^).’-^An error equal to 1 in the fourth decimal place is made in obtain- 
ing the logatithm of a number as the result of a calculation with Jour-figure log tables. 
To find the consequent error in the number, 

X be the logarithm obtained, and y its antilogarithm. Then we require to 
find the eirur in y due to an error of o'oooi in x. 

We have— 


%X : 


By ^ 


dx * 0*4343 ^ 

0*4343 4343 


0*0001. 


Thus the difference in a number corresponding to a difference of i in the fourth 
decimal place of its log is of the number. This enables us to calculate the table 
of diffcifiices for aniilogantlims. 


Examples.— LX VI. 

1 The radius of a sphere is found by measurement to be 5 ins. Find, by the 
methotls of this chapter, the error caused in the calculated volume by an error of 
I per cent, in the measured value of the radius. , « ,,,, . ,, 

2 . An error of o' i® is made in measuring the value of an angle 0, What is the 
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consequent error in the value of the sine of the angle ? Estimate the numerical value 
of this error (i) when $ is small, (2) when 0 is nearly 89°. 

3 . The side a of a triangle is calculated from the formula a* = -f ~ cos A. 
Obtain expressions for the error in the value of a, consequent upon a known small 
error, ( i ) in the value of the angle A, (2) in the value of the side r. 

4 . The value of the acceleration due to gravity, is found to be 32*2 by calcula- 
tion from the formula T = where T is the time of a complete oscillation of a 

pendulum of length /. What will be the calculated value of ^ if the value of T is 
measured i per cent, too large ? 

6. If V cubic feet is the volume of water displaced by a ship when drawing A feet 
of water, and if for a certain vessel V = I 200 A^'^, find an expression for the change 
produced in V, at any given draught by a change of I inch in h. Hence find an 
expression for the cross-sectional area A at the water-line for any value of h. 

0 . If is the reading of a tangent galvanometer when a current passes through 
^ it, then = C tan x where C is a constant. Find the percentage error in the 
** estimated value of the current due to an error of i® in the observed value of a:, 
(i) when X = 20® ; (a) when x = 45® j (3) when x = 70®. 

7 . A searchlight is half a mile from a straight shore. Find the distance travelled 
along the shore by the beam at a point one mile from the point on the shore nearest 
the light when the projector is turned through an angle of one minute.^ 

8. A captive balloon at a vertical height of 2000 feet is travelling in a horizontal 
direction at 20 miles per hour. Find the rate at which the cable is being paid out 
when 2500 feet of cable are out. 



CHAPTER XIV 


EXPAmiON' OF CERTAIN FUNCTIONS IN SERIES 

118. In Chapter VIII. it was seen that when the values of two variables y 
and X give points lying on a regular curve when plotted, and the equation 
to this curve does not seem to take any simple form, the law connecting^ 
and X can be found in the form 

y a + bx cx^ 4- + . . . 

We found that the coefficients a, etc., are in general smaller and 

smaller as the series is continued to higher powers of x^ and that we can 
usually obtain as close an approximation as we please to the actual law con- 
necting^ and Xy by taking a sufficient number of terms. 

When y is given as a function of Xy it is often possible to find an 
equivalent series of the above form, by which the value of the function can 
be calculated. 


119. Sin X and cos x. 

Example (i ). — To find a series for sin x in aseending fowers of x. 

Assume that there is such a series. 

Let sin jr = ^ + 4 (i) 


X 


Since this equation is assumed to be true for any value of x, we may substitute 
= o. 

We gcto=^z4o4o4 . . . 


/. /X = o, the sum of all the remaining terms vanishing since we have assumed 
that the sum of the series is not infinite, however many terms arc taken. 

Differentiate both sides of the equation (i). 

cos X = 3 4 2 cx 4 Zdod 4 , (a) 


We here assume that an infinite series can be differentiated term by term, and that 
the result is the differential coefficient of the sum. 

Putting X = o in equation (2), we get 

i=34o4o. •• 

:.b=zi 

Differentiating both sides of equation (2), we get 

-~sinx = 2.r42.3.i^.x43.4.^.-*®4 . 


Putting X = o, we get 


o = 2 r /. f = 0 
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Differentiating again, and putting jp = o, wc get 


- 


I 


1.2.3 


Similarly, we may find the values of the constants ^ . to as many terms 

as we please by differentiating any number of times, and substituting x = o after 
differentiation. 

We find that the coefficients of all the even powers of x vanish, and that the 
series is 


sin X 


V. 3 . 3 + 1. 2. 3. 4. 5 I.2.3.4.5.6.7''' 


We may use this series to calculate the value of sin x when x is known. 

It is, of course, assumed in the differentiation of the above series that x 
is measured in radians. 


Example (2). — Show in the same way that 


cos X = 


JfL . 

1 . 2 1 .2. 3.4 I. 2. 3. 4. 5 .6 


+ . . . 


Example (3). — To calculate the value of sin 10° correct to four decimal places. 
We have 10° = o ’ 1745 radian 


in the series 

sin .ar = JF 


xp x^ 

r/JTs + x.2.3-4-S‘ 


we must take x = o* 1745. 

It is most convenient to arrange the work as follows, so that each term can be 
calculated from the preceding : — 


Posilivo Negative 

terms. terms. 


^ = 0*1745 
= 0-03044 
X X x^ 


= 0-1745 


1.2.3 

x^ 

TTi: 3T4T5 ' 

I. 2 . 3 - 4 S- 6 - 7 ■ 


= 0*1745 X 0*005073 


0*000884 


6 

— „ V — = X 0*001522 =0*0000013 

1.2.3'^ 20 1.2.3 

X ~ = X 0*00072 = O’OOOOOOIO 

1 . 2 . 3 . 4 . 5^42 I. 2. 3 . 4. 5 


sin 10® =0*1745 -0*00088 

= 0*1736 

to four decimal places. 


We find from the tal>lcs that sin 10® = 0*1736. We see that the successive terms 
in the scries for sin x get smaller and smaller. Wc have omitted all terms beyond 

assuming that their sum will not affect the fourth decimal place ,* 

I. 2 . 3 . 4 . 5 . 6 . 7 ’ 

this may be formally proved. 


Examples. — LXVII. 

1 . Calculate the value of cos 10®, correct to four decimal places, and compare 

with the tables. , 1 j 

2 . Calculate the value of sin 5® correct to four decimal places, and compare mth 

the tables. 


Expansion of certain functions in Series asj 

3 . Calculate the value of Jiin 2u' oiirect to four drciuul placw^ awl rrmifair with 
the tables. 

Note tiiat as the angle becomes larger we re»juire to take nioir term*, uf ihe r»rnr*t 
to obtain a value o( the .sine correct to any <lefiire<l <iegree of accuracy, uud that w x 
becomes smaller arui sniallcr sin x becomcri mote and umie nearly rqn.il lt» x. 

120. Log, (I -hx). 

Example (i). ■ -yh /imi a ^oUs fet h\s^^ (i 4 jr). 

Assume log, (J 4 Jr) ■"* <2 d «{- c.r’’ -f' ttx* f ea* 4 . * 

Putting jr = o wc have a : log, (1) • <}. 

Differentiating with tf^pcct to x wr have 

I 4 X '■■■ ^ '^'*'*^* ' ’ • 

Sutetitutiaij je = o wc have ^ i. 

Diflcrcntiating again, wc get 

2 ^ + 2 ..y^ + 3 . 4 ..- j . . . 

Substituting x -- o wc have r — — 

Diffcremialing again, 

. . . 

SubstiUlting x . 0, wc have 

Similarly, 4^ -z — and no on, and the aeries Is 

, . , . jr* , a* X* , X* 

log4 1 4 X r: jr — 4 ' 4 - . . . 

^ 2 14 5 


It can be shown flial the assumptions invrdvrd in this pronf are permissible when 
X k inmierically less than I, 


Example (2),' - 7*# enkulait iogxt, 1*05 t^rrrii i& fmt dft imal phufs, 
Wc shall first find log,(ro 5 ) by pulting x *' 0'05 in tfie above srticn. 


logdrosi o’«s ■ 


(0*05}’ 4. {0 05)* 
2 3 


X =r 

a’ o’rrj25 

2 2 


iSnilit'u ffinri*. 

0*05 


0*00125 


3 

X* 

4 


fPCif 25 

3 

4 


o’MKKmy 


4 ^ 0’05 *jO 4 

(>' 04 H 79 

t0K„ 1-os «'<mS 7 v y, 0-4343 

0 ' 02 I 2 


O'oorrxil 56 
o‘<«sM5i6 


The vfiliic given in the tabling is 0*0212 fo four decimal placci. 


We do not here ('on^ider tfie rjiiestion of how far the avninipijon^ Involved 
in the proofs of the series of this chapter are tdlowable, I'hc suiderit mxy 
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satisfy himself by numerical examples, like the above, that the results 
obtained are correct for the series which we treat of here. 

At the present stage, he will not meet with any series where these 
assumptions cannot be allowed. 

Examples.— LXVIII. 

1 . Calculate logi^ i*oi, logic i*i, logic 1*2, logic 1*3, correct to four places of 
decimals, and compare with the tables. 

Note that more terms are required as x becomes larger. 


2 . If = - we have 
n 


log (I + jf) = log 


(«+i) 


= log {n+ l) — log n 


Thus if log n is known we can calculate log (« + i) by using the series for 
log (i + jr). Calculate logic 3 having given that logic 2 = 0*3010. 

3 . An important property of the function g* in its physical applications is that its 
rate of increase with respect to x is equal to the function itself (p. 200). If we define 

^ as a function of x such that ^ is always equal to show that if there is a series for 
y in ascending powers of x it must be 

x"’ 

given that^ = i when jc = o. 

Note that this is the series for ^ given on p. 199. 


1 + 


4. We have 


jr + I 


X — I 

I ~ 


: X, Hence prove that 


and calculate log^ 2 and log, 3. 

121. Exponential Values of Circular Functions. 
We have shown that 


sin = :r ■ 


1.2.3 


rr^ 3T4 ■ 


cos X = I + 

1.2 I . 2 . 3 . 4 

Comparing these series with the series 

<*"2 ^3 ,<-4 

= X + X + + - 

1.2 1.2.3 1. 2.3.4 


I. 2. 3 - 4. 5 


we see that it appears probable that there is some close relation between the 
exponential function ^ and the circular functions sin x and cos x. The 
difficulty is that the signs are alternately jpositive and negative in the series 
for sin x and cos x^ while they are all positive in the series for 

To remove this difficulty we may introduce the imaginary quantity V — i. 
If we use this quantity as if it were real in algebraical work, of which the 
result is re al an d can be tested, we find diat the result is correct. It is usual 
to write aJ - i = i, so that — i, = - i x f = - 2* = ( - 1)2 = + i, 

and so on, all even powers of i being real. 


Expansion of certain Functions in Series 


If we substitute ix for x in the series for <?*, we get 


= I + • 


_£1 __££!_ 5 ^ 

1.2 r. 2. 3“^!. 2. 3. 4 + 1. 2.3.4. 


I 


= cos X i sin x 
Similarly 6 -^^ = cos x — i sin r. 

From these equations we get cos x = 


• 2 . 3-4 ) \ 1. 2. 3^1. 2. 3. 4 


2 


Example. — B y means of these expressions for cos ;r and sin x, show that 
sin 2x = 2 sin x cos x. 

121a. Hyperbolic Functions. 

The functions which are obtained by omitting i from the exponential 
values of the circular functions are called the hyperbolic functions. 

Thus we have 


The hyperbolic sine of which is written sinh x ■ 
the hyperbolic cosine of x, which is written cosh x = 


2 


^ , sinh X . 
tanh X = — sech x = 


cosech X = - 


cosh;f’ cosh y sinh x^ tanh 2r 

Expanding the values of and in the above definitions, we have 

sinh X = X -i 4. u- . , , 


x^ x^ 

sinh X = X -i 4. 4 - 

1.2.3^ 1. 2. 3. 4. 5^ 
x^ x^ 

cosh X = 1 4- h . . . 

I. 2 ^ 1 . 2. 3. 4 


The curve _y = cosh is a catenary, and has been plotted in Fig. 57. 

The value of e being known the hyperbolic functions may be calculated 
from the definitions or from the series to any desired degree of accuracy. 

Example. — Calculate the value of sinh 0*1745 correct to four decimal places. 

We have sinh x = j 1 h • • • 


Otherwise 


: = -4- — 4 — [- L 

1.2.3 1. 2. 3. 4. 5 i.2.3.4.5.6.7^ * ' ‘ 

= 0*1745 + 0*000884 4- 0*0000013 4- o'ooooooio 4- . . . 
= 0*1754 

log ^ = 0*4343 

0*1745 


Multiplying log = 0*07577 = log 1*1906 

Subtracting from o, 

log <f— = I *92423 = log 0*8398 

Subtracting - ^0-1745 _ 0*3508 = 2 sinh 0*1745 

sinh 0*1745 = 0*1754 

We have ^(sinh /r) = cosh jr, and ^(coshjr) = sinh /r. (Ex. LIX. 12.) 

Example. — I^md the value of coshr^ 1*103. 

Let X = cosh”^ I' 103. 

^ _L, 

Then 1*103 = cosh x = — ~ — 

e^ ~ 2‘2o6 4- = o 

Multiplying by e^ — 2*206^’' 4-1=0. 


226 


Practical Mathematics 


Solving this quadratic for e*, we get 
^ — 1*569 or 0*637 

X - loge 1*569 or loge 0*637 = 0*450 or -0*450 


Exam ples .—LX VII I a. 


-5 to;»r= +5. 


1 . Plot the curves^ = sinh x, y — tanh from x = 

2 . Prove the formulae cosh*'^ x — sinh^ = i 

I — tanh^ X — sech^ x. 

What are the corresponding formulae for circular functions ? 

3 . Show that U x = a cos (j>, y = a sin <^, {x,y) is a point on the circle, = < 2 *. 

Show that if X = a cosh <i>,y=^ a sinh {x, y) is a point on the rectangular 

hyperbola, 

4 . Prove that sinh (x:hy) = sinh ^ cosh y ± cosh x sinh y, 

cosh {x ± j/) = cosh X cosh y ± sinh x sinh y. 

6. Prove that sinh 2x ^ 2 sinh x cosh x, 

cosh 2 x = cosh^ X + sinh^ = I + 2 sinh* = 2 cosh* — i. 
What are the corresponding formulae for circular functions ? 

6. By means of the series calculate the values of sinh 0*2 and cosh 0*2 to four 

places of decimals. A ns. 0*2013, 1*0201. 

Evaluate 

7 . tanh-io*5, tanh“» (-0*5). (0*55, —0*55.) 

8. sinh-' 1*3. (1*08.) 9 . tanh-' 0*65, tanh*”' 0*2. (0*78, 0*203.) 

10 . Express 5 sinh ^ 4-4 cosh x in the form A sinh {x “p B). (3 sinh {x + i*i).) 

11 . When X is small, show that the following approximations may be used 

x^ x^ x^ 

-f for sinh x^ i + — for cosh 

12 . If sinh u = tan </>, show that cosh x == sec and tanh u = sin </>. Hence, 
if sinh it = I *5, find cosh u and tanh u by means of the trigonometrical tables. 

13 . A mass M moves in a straight fine, so that its distance s from a fixed point 

at time t is given by sinh {fit + ^)* Find expressions for the velocity and 

acceleration at any time and show that the force on the mass at time t is repulsive 
from the fixed point and proportional to s. 

{velocity = an cosh {nt -f g)^ acceleration = an^ sinh {nt -P 

14 . If J = 3 cosh 3^+5 sinh 3/, prove that ^ = ^s. 

d}y 

15 . If 7 = A cosh nx + B sinh nx, show that -^2 = and determine A and 


B if 7 = 0 when x — and ^ = I when ^ 


(A = o, B =o- 35 .) 


10 . If z' = A cosh + B sinh nx^ determine A and B so that v may be . 
when x= Of and z/ = o when x-=:h. (A = z/q* ^ coth nh.) 

17 . Prove the following identity, which is useful in calculations relative to 
composite telephone lines : — 

sinh 01 cosh + z„ cosh 6 ^ sinh sinh (0^ + 6 ^) + ^ sinh (0i - 6 ^) 


d 

18 . Show that ^ tanh x ■ 


' sech* X, -j- coth x = ■ 
' dx 


-cosech* X. 


10 . B’ind the values of ^ (sinh ' (cosh"' -r), ^ (tanh ^x). (z^. Ex. LX V. 46.) 

;7r-f ^ 

Differentiate — 

20. sinh 2x cos 3;r. (2 cosh 2;r cos 3^ — 3 sinh 2 x sin ^x.) 

21. logsinh x. (coth.^:.) 22. sinh* x. (3 sinh* x cosh .r.) 

cosh {^x + l) ^ ( 3 sinh (3.y-pi) cos (4jr-2)-P4 cosh (3:r+i) sin ( 4 -y~ 2 ) l 

cos {t[x — 2) * I cos* (4x - 2) / 

24 . logscch X. (—tanh x.) 


23 . 


CHAPTER XV 


MAXIMA AMD M/MIMA 


(L) Graphic Method. 

122. The following table gives the density and the volume in cubic 
centimetres of i grm. of water at temperatures ranging from o® C. to 
loo® C. : — 


i°C. 

Density. 

Volume of i grm. in c-c. 

0 

0-999874 

1*000x27 

1 

0*999930 

1*000070 

2 

0999970 

1*000030 

3 

0*999993 

1*000007 

4 

1*000000 

1*000000 

5 

0*999992 

I *000008 

6 

0*999969 

1*000032 

7 

0*999931 1 

1*000069 

8 

0*999878 

1*000122 


We see that as / increases from o® C., the density increases until / = 4® C., 
and then diminishes, while the volume decreases until / = 4® C. and then 
increases. 



Fig. 91. 
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Plotting the curves D and V (Fig. 91) to represent the density and 
volume as functions of the temperature, we see that for the value 4° C. of / 
there is a point on D which is further from the axis of / than any point on the 
curve in its immediate neighbourhood. Similarly, for the same value of t 
there is a point on V which is nearer to the axis of / than any point on the 
curve in its immediate neighbourhood. We express this by saying that for 
the value 4® C. of t there is a maximum value roooooo of the density and a 
minimum value I'oooooo of the volume. 

If^ and ;r are two quantities connected in such a way that as x increases 
there is a value of jr for which y stops increasing and begins to decrease, 
that value of^ is called a maximum value. 

If there is a value of for which as x increases y stops decreasing and 
begins to increase, that value of^ is called a minimum value. 

When the values of y and or are found by experiment, as in the above ^ 

example, we can sometimes detect the maximum and minimum values r 

without plotting the curve, but the method of plotting has the following 
advantages : — 

(1) When the maximum or minimum value Is between two tabulated I 

values the shape of the curve in the neighbourhood may indicate the position I 

of the maximum or minimum value. I 

(2) It shows by the slope of the curve, near the maximum or minimum I 

value, whether y approaches that value rapidly or slowly, and consequently I 

what error will be made by taking a value of x^ which is slightly greater or | 

less than the true value. I 


123. Instead of having a tabulated list of values of y and found by 
experiment, we may have 7 expressed as a function of x by an equation. 

If we plot a curve having values of y as ordinates, and values of x as 
absrissir, we can find the maximum or minimum values by inspection of the 
curve. 

KXAMl'Ltt (l).-— 71? divide 16 into Hvo parts so that their product is a maximum 



Ffc;. Qa. 


Plot a curve for which values of one of the parts are abscissae, and values of the 
prcvhict are ortiinates. Wc see that the maximum product is 64, given by the point 
for whj(.h ihe two parts are each equal to S, 




Maxima and Minima 

1 CAMI'I.E ( 2 ).— !s tht sum of a nusnhfs »nJ thf s;u)’f i/r tf-if - ’ 
num f I 

5 t X be the number. Then we reqnne a rnifiim'int v ^ ^ 

lotting the curve to repre^iU thi^ e.iivrAtwn, we see t 4 :tr, 

; X = I V6. 

he student should plot the curve. 

XAMPLE (3).— ? .r/;*/.’ T ' 4 ‘i* * 

lot the curve jsrx'* - 6 t‘'‘ + 9^^ “b 5- 



Vc see that there k a maximum value 9 wSxfr .» ^,,.5 ^ Tri%4«' ■ 

e jc = 3. 

Tote thai the maxinmm value of yh no! the 1 ni 

greatest in the immediate nriglilmUftitK#! tm lh»* K'^t^r A?r, ■■ *f 
:er values when X k very large. Similarly, Ihe »*]•;«“ ^ ^ u ;.■ * :Kc 

possible value. 

LXAMPLK (4),— -/I'W Mr W«?,-OWW« ^Mu/ minrnu-n v,i!ufi nof y> ■ Ji f$*i / a f -in x 
^een / = © and / ~ w. 

fhe curv«t representing 7 m a fiinrfhm of / Hai be»'f} ;fi f n 1 

A^'e see that for the first half imdulatjon, from t o i », vs-'ir 
imum values r8, where /arO'S^y radian and wls^re / -■ 3x*«'v| »? -1 * 

Imum value 1*5^ where / = 1*37 ratlkni. 

Example rAere art n wtUms ttUt *Mk #/ KMF t 4 *tJ ♦«»?.'* 

•^ance r aJimff and if x aHf art arrmn^td in ttritt a'^-J ** in M# 

■ir ' ' 

Wif tkai the baUrry wit! tend thrmgh an trftrna/ rtdHant* |< i'.r 

C = -I 

' r + K 

« 

If then an 20 ee/Zr, e 1*9 w///, r :-: rra li ■ #*#*#, 4.>-* .>V; 

r/ in series to give the ir'eakst ^ssikk iurrmt t 

Wf: lave, antesittitiaf, C ® 

0 ’ni.r* 4 * 
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By calculation we find the following corresponding values of C and x z — 


X 

I 

20 

10 

4 

7 

5 1 

6 

C 

7‘3i 

8-93 

1 

15*2 

18*52 

17*97 

19 

i8*68 


We first calculate the positions of a few points to get a general idea of the shape 
of the curve, and then calculate values closer together in the neighbourhood of the 
maximum. 



Fig. 94. 

Plotting the above values of C and r, we get the curve, Fig. 94. 

From the curve we see that the greatest current of 19 amperes is obtained when 
5 cells are in series. 

We may here note an advantage of the graphic method. We may wish to know, 
not only how many cells in series will give the maximum current, but also whether 
it will make more difference to have too many cells in series, or too few. 

As the curve falls away from the maximum much more rapidly when x is 
diminished from the value 5 than it does when x is increased, we can see that it will 
make more difference if there are too few cells in series than it will if there are too 
many, as compared with the arrangement which gives the maximum current. 

TMs method is valid, although there are only a few points on the above curve 
which correspond to any possible physical arrangement. 

Examples LXIX. 

1 . Find a number such that the sum of the number and its reciprocal is a 
minimum. 

2 . The square of a number is added to 54 times the reciprocal of the number. 
Find the number so that the result may be a minimum. 

3 . Divide i into two parts so that twice the cube of one part together with 3 times 
the other part shall be a minimum. 

4 . A straight line 10 inches long is to be divided into two parts so that the cube 
of the length of one part together with three times the square of the length of the 
other part shall be a minimum. What are the lengths of the two parts ? 

6. The log of a number to base 10 is subtracted from the square of the numbe;. 
F or what numbci Is the result a minimum ? 



/Maxima sad Minima 


231 


0 Find the Tftlnes of x for whiuli the c^presnion 2 a’ — 2t.r^ + (>ox + 5 is a 

maximum or rnijumum, ^ . 

7. Find the valu* s of a ft *r which tlic cxprension — 3 A* — gr 4* 8 is a 
maximum or miuinunti, 

8 . Find a value of x he 'ween o and 1*5 for which the expression 5*624 — 
0793S-* — 1*21 cos X is a rnininmm. In calculating take x in radians, 

0 . Find a value of t Ijctwcrn oami x for which the expression rsind — ^ cos 20 is 


a maximum for the case ^ hen r = 0*5, / = 3*5. 

10 . An oi^en tank b to lie constructed of sheet iron with a square base and 
vertical sides so as to contain 4 cubic ft. of water. Find the width and depth so that 
the least possible quantity of sheet iron may I»e used. 

11 . A dfcular filler paper is of diameter 11 «:ms. It is required to fold it into a 
cone. * Find the height ami cubic contents of this cone so that the latter may be the 
greatest possible. 

12 . An open cylindrical can is to he made to contain 255 cubic ins. Plot a curve 
to show the total area of tin plate that will he used for difC-rent values of the diameter 
of the base, Fiml the ratio of the height to the diameter of the base so that the least 
possible quantity of material may he used. 

18 , A rectangular sheet of tin 24 ins. by 18 ins. has four equal squares cut out 
at the corners, and the «des arc then turned up so as to form a rectangular box. 
What must l>e the sire of the ixpiacci cut out no that the cubical contents of the 
box may be as great « possible ? ^ 

14 L Describe ® click of radius 3 ins. Inscribe rectangles in this, having their 
sides in various raiiof. PloUhc urew of the rectangles and the length of one side. 
Show that the gre.itrfil reclangle which tan be inscrilied in the circle m a square. 

16 . It is known that the weight of coal in tons consumed jier hour ia a certain 
vessel is 0*3 4 " o'ooiv* where v is the sjicctl in knots. The wages, interest on cost of 
vessel, etc., arc reprc?^rn!cd by the value of I ton of coal per hour. What value of v 
makes the total cost rd a voyage r<f looo nunlical miles a minimum? 

(Board of Kducation Kxainination, 1902.) 

10 . The strength of a rectangular beam of given length, loaded and supported in 
a given wav, is proportional to the breadth of its cross section multiplied by the square 
ofthedeptL 

Find the breadth and depth of the cross-section of the strongest rectangular beam 
which can be cut out of a cylindrical tree trunk i foot in diameter. 

Take various values of the breadth, and ineasurc the corresponding depth of the 
beam from a figure drawn to scale. Flol a curve to show the corrc.s|>onding values of 
the strength. Then fmd more exactly by calculation the values of the breadth, depth, 
and strength, near the case of maximum sirenglh ; and plot the corresponding portion 
of the curve on a larger scale, 

17 . The stiffnets of a beam varies as the breadth and the cube of the depth. 
Find in the itrite way as in the last example the brcawlth which gives maximum 
stiffness. 

18 . As in example 5 worked out iu full above, find the maximum current and the 
number of cells In tcricn when there arc 4S cells each of E.M.F. 1*4 volt and 3 ohms 
resistance, and the external re^htance is i6 ohms. 

18 . A battery of internal resmtance r and E.M.F. r sends a current through an 
external resistance R. 'Fhe power given to the external circuit is 


W ^ 


(K + r)‘ 


If / as 3*3, and r » I'S, with what value of R will the greatest power be given to 
the external circuit. 

20 , The power given to an external circuit by a generator of internal resistance r, 

and E.M.F. /, when the current » C, is W = — C*r. Find for what current thii 

is a maximum for the case when r s= 10 volts, r =s 1*8 ohms, 

21. A and B are two points on the same side of a ^»iane mirror CD. A, B, C, and 
D are in a plane pcri^entlicular to the surface of the nurror. A ray of light starts from 
A, is reflected by ike mirror at P, and passes to B, Plot a curve to show the total 
length of the path of the ray of light for different positions of P in CD, and show by 
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means of this curve that the path is the shortest possible when AP and PB make 
equal angles with the mirror. AN, BM are perpendicular to CD. In your figure 
take AN = 25 units, BM = 15, MN = 30. Draw the figure on squared paper, 
and erect ordinates from each supposed position of P in CD to represent the total 
length of the path of the ray corresponding to that position. 

22 . Light passes from a point A in air to a point B in glass. A and B are in a 
plane perpendicular to the surface of the glass, cutting the surface in a straight line 
CD. A ray of light passes through the air with a velocity of 300,000 kms. per 
second, and through glass with a velocity of 182,000 kms. per second, crossing CD at 
the point P. 

Plot a curve to show the time taken by the light to pass from A to B for different 
positions of P in CD. 

AN and BM are perpendiculars drawn from A and B to CD. Take AN = 10 cms., 
BM = IS cms., MN = 20 cms. Verify that the least possible time is occupied by the 
ray of light in passing from A to B when sin PAN : sin PBM = velocity in air ; 
velocity in glass. 

23 . A weight W is being pulled along a rough horizontal surface by means of 
a rope inclined at an angle 6 to the surface. The pull required is equal to 

uW 

: — where ii is the coefficient of friction. Find the angle for which the 

cos a + iu sin 0 

pull required is a minimum in the case where fx = o‘6. 

24 . A certain patented article costs is. (id. to make. The following table gives 
the number sold at different prices : — 


Price . . , 

2 s. od. 

2 s. 6 d. 

3x. od. 

3x. 6 d. 

t 

0 

4x. 6 d, 

No. sold 

3600 

3100 

2640 

2080 

1300 

700 


Find the price at which it must be sold so that the total profit maybe a maximum. 


124. (II.) Maxima and Minima by Differentiation. — The maxima 
and minima values of a function may be found by means of the differential 
calculus. 

Consider the curve, Fig. 93, p. 229, representing the function / = 2^ - 
4- 92: + 5* 

Imagine a point (2-, yi) to move along the curve in the direction of 
increasing x. Then, as the point passes through the maximum P, y stops 

increasing and begins to diminish, i.e. ^ which measures the rate of 

increase of changes from positive to negative by passing through the 
value o. 

dv • • 

Similarly, ^ = o at the minimum Q, changing from negative to positive. 

dy 

Otherwise, we have seen that ^ measures the slope of the tangent to the 

curve measured with respect to the axis of x. At the points P and Q the 

tangent is parallel to Ox, and its slope is zero, Le. ^ = o- 

We thus get the following method to find the maximum and minimum 
values oiy when expressed as a function of x. 

Find Then the equation ^ = o gives values of x for which j/ is a 

maximum or a minimum. 

To distinguish between maximum and minimum values : Suppose a 
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point (:t, y) to move along the curve in the direction of increasing through 

a maximum such as P, where ^ z= o. Then the tangent to the curve drawn 

through this moving point is turning round the point in the same direction as 
the hands of a clock, and the angle which this tangent makes with Ox is 
decreasing. 

Therefore ^ is decreasing, and which measures the rate of increase 

of ^ is negative. Similarly at a minimum, such as Q, the tangent is 
turning in the opposite direction to the hands of a clock, the angle which it 
makes with Ox Is increasing, and therefore ^ is increasing and is 
positive. 

Thus, to tell whether a value of x^ found by putting ^ gives a 
maximum or a minimum, differentiate again the expression for ^ so as to 

get and substitute the value of x found. 

If the result is negative is a maximum, if it is positive is a minimum 
for that value of x. 

. 

In the special case, when = o,^ is neither a maximum nor a minimum, 

but this case need not be considered at the present stage. 

We shall now consider some of the examples already solved by the 
graphic method in § 123. 


Example (i). — To divide 16 into two parts so that their product is a maxhnuTn. 

Let X be one part, then l6 ~ is the other part, and their product {16 — Jt) 

— i 6 x — x^. 

^ = 16 — 2;r 
dx 

For a maximum or minimum ^ = o 

ax 

16 — 2^ = o, X = 8 

Also = — 2, and since this is negative for all values of y can only have a 
maximum value. 

Comparing this result with the curve Fig. 92, we see that the condition that is 

negative expresses that the slope is always decreasing as we pass along the curve in 
the direction of increasing x. 


Example (2). — For what number is the sum of the number and the square of Us 
reciprocal a minimum ? 

As before y = x -i — ^ 
or 


For a maximum or minimum value 


dy 2 

2- _ 

o, X = V2 = 126 


which is the same as the value found from the curve. 
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Example (3). — To fifid the maximum and minimum values of 


y :=i X* 6x^ + 9^+5 

2 = 3^- 12^+9 


/, for a maximum or minimum value 


— 12X + 9 = 0 

^ = 3 or I 


Also 




dx^' 


6 x — 12 


For a; = 3, ^ is positive, and therefore y is a minimum. 
d^y 

Foi x= I, is negative, and therefore^ is a maximum. 

Substituting the values 3 and i for x, we get 5 as the minimum, and 9 as the 
maximum, value of^. 

These results agree with those already obtained by plotting. 

In this case we might have distinguished between the maximum and minimum 
values by substitution, but the above method is more general. 


Example (4). — We shall use the method of this para^afh to find the arrangement 
of a number of cells to give the maximum current with the data given in example 5, 
/>. 229. 


We have C = 


0*0 IX® 4- 0*25 


I ‘9 


o*oxx 


+ 


0*25 

X 


^ The value of this fraction will be a maximum when its denominator is a 
minimum. 


for a minimum value 


Let y = o'oix: + 


0*25 


dy 

^^=001-^ 


X 

0*25 


0 * 2 ? 

0*01 = 0 

JT* 

A jr® = 25, and = S 


i.e. there are 5 cells in series, and C = 19, as we find by the graphic method. 

It is evident from the physical conditions that this value of C is a maximum and 
not a minimum. 

Example (5 ). — The following case occurs in studying the flow of air through a 
small opening. 

For what value of x is x't — x 7 a maximum, 7 being 1*4? Plot the values near 
the maximum value, ^ (Board of Education Examination, 1902,) 

We have ^ = a* * - x’ ‘ = x' - x^ 


^ 

ix- 1 



) 


f 
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For a maximum or minimum value of_y, ^ = o 

ar = o, or 10 — I2x^ = o 
The case 4: = o is evidently not a maximum value. 


When lo — I 2 x^ = o, a: = = 0*528 


We know from physical reasons that this value of x gives a maximum value of y. 
The student should satisfy himself that this is so by plotting the value of for 
X = 0*528, and for two values of x respectively a little greater and a little less 
than 0*528. 


Examples. — LXX. 

Find the values of x for which the following expressions have their maximum and 
minimum values : — 


1. 2 X ^ — 13^-2 2.t.r -h 18. 

3 . X* — I2x^ + 28x^ -i- 40. 


2. 2jr* 

4 . ^ • 


• gx ^ — 24jr + 12. 

• “ 6 x ^ 4- 48^: 4- 17. 


Work Examples LXIX., with the exception of numbers 21, 22, and 24, by the 
method of this chapter. 

6. It was shown in example 2, p. 219, that in measuring an electrical resistance 
by means of a bridge wire the percentage error in the result due to a given small error 
in the position of the sliding key is proportional to ■ 


where x is the variable 

distance of the key from one end of the wire, and / the length of the wire. 

Show that the percentage error is a minimum when Uie proportional arms are 
equal, i.e, when the key is in the middle of the bridge wire. 

Plot a curve to illustrate your result, taking / = 120 cms., and ^ varying from 
o to 120 cms. 

6. In measuring an electric current by means of a tangent galvanometer, the 
percentage error due to a given small error in the reading is proportional to 

tan X 4" 


tan X 


Show that this is a minimum when x = 45° 
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FlTDEFimTE INTEGRALS 

125 . We have already shown how to find the rate of increase of various 
functions of a variable. 

We often require to perform the converse operation, i.e. having given the 
rate of increase of a function to find the function. The function of x whose 
rate of increase is equal to>', is called the indefinite integral of y with respect 
to jr, and is denoted by the symbol ^ydr. 

For example, we know that the rate of increase of with respect to r is 
6:r®, and therefore the integral of with respect to x is or J6x^dx = 

The two equations ^ ^ f 6 x^dx = are two different ways 

of expressing the same thing. 

We know that = 3^3.^ and /. 

We know that ^{sin (2tr + i)} = 2 cos (2x + i), J2 cos (2x -1- i^jr 

= sin (2X +1). 

In the same way it follows 

= Jx® 

because is the result of differentiating |jf®. 

So also 

Jcos ( 2 x 4 i)dx' a J sin^ ( 2 x 4 r) 

Thus we see that every result in differentiation gives a corresponding 
result in integration. 


Exam plks.—LXXI. 


Find the values of the following expressions, and prove by difi’erentiation that 
your results are correct : — 


1 . 2 . J'x^djr, 


6 . 6 . 

B, j cos xdx. 10. 

12, J2 cos (3xr 4 ^)dx. 13. 

15. Jsin xdx. 16. 

18, JS sin [zx - 3Kr. 19. 


8. j‘x*dx. 

7. fzd^dx. 

p cos {3^: 4 i)dx, 
Ja cos {bx 4 c)dx, 
J 2 sin {2x — s]dx. 

Ja sin. [dx 4 c)dx. 


4. jx^dx, 

8 . Jad!^*dx, 

11, Jcos (3^ 4 i)dx, 
14. J( ~ sin x)dx. 
17. Jsin (2x — ^)dx. 

20- ^ log (•»■ -t- S)- 



Indefinite integral!^ 


3j7 


21 . 


22 . 


(iXj which in usually wriurn j 


fdi 

|i j 


’ Adf 
X -hf 


X t s 


htl% U i f 5). 


25 . f 

j.. 


/ r 
f 


120 . In working throuKh the alnn'e examples the shniem has ohLtmffi 
number of standard integrals rorresponfling ti» the chtferentjal jeiifs 

previously obtained. Wt* may !u*re collet t llieiii {nv lefeicn* c. 


. . 

jyax ^ exrr‘|)t when fi ~ I 

K' K t tl , 

Ja^tir * 

Jtx sin 4' * ii i ““ h 

Jti ros '/O' 4 t*h/r . ^ r.iii j* 



127 . Arbitrary Confitant. 

We have = 7 A + 5) 


' Ui 


... 7i^. 


1 hus Jyx^tix' or i 5? or, in general, 4. C 

where C is any roiislant, be. :»i ail of (hr form ) C h.ivr thr 

same differential roelfitjent 7xt 

In the same way, e;u h of the integrals in the above hsj iniemirfhair in 
arbitrary constaiu. I'hus the hill expressnm im j n 

— J + C. We usiiaSIy omit (be eon .tant.but it •.oiiirtimr , h.i-i (o hr l.ikrn 

into account 


128 . Kxamiu.es. — 



rs.i 


1 9 


2 

-o'j 7 



ji sin {Gf 7 n^ 4 0-5236),// 


J3’2 coi {20 ^ r 


rcxTdx 1 




1^0 , f '6 


2 

*“ 4 “ O' 5446 ) 

sin C 2 I - 17 ), 
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Ja sin cx)di = — I* cos (3/ + trx), 
fa sin 4- cx)dx = — 1 cos {di + cx). 

Tkg symbols dx and di in the last two examples show whether x or t is considered as 
variable. 

Example. — Fifid Jpdv having given that ® = C, 

We have/ = ^ 

^pdv = ^ = loCi^'* 

We have already shown that a sum or difference can be differentiated 
term by term. It lollows that a sum or difference can be intee^rated term bv 
term. Thus— ^ 

/ ( 5 ^^ ~ 3^ + 2)^/.r = ~ |:t'2 + 2X 

f{a sin (i/ + c)+ a + ^}d/= -'i cos {bt + c) + gt 

Examples.— LXXII. 


Evaluate the following : — 


1. ^x^dx. 

2 . /ar’Va:. 

8. 

[dx 

Jx^' 

4. 

[dx 

JaP* 

6. fp^xdx. 

6. /arlV*. 

7. 

J 

fdx 

8. 

f dx 
y^piis* 

0. Jzdx. 

10. /.&. 

11 J 

cdx. 

12. 

/ u^du. 

13. J 

ff- 

/?■ 

15. J 

^ du 

u* * 

10. . 

f b{u^du. 

17. J 

[ du 

■ u'^^4’ 
r , 


19. j 

^h-T4’ 

20. 

fdy 

j/* 

21. J 

[5^^. 

V 

22. 

23. /2r»v<ir. 

24. 

/>■ 


25. JiSdt. 26. /r36^-i i'v^. 27. 

28. /sin (jr — 3) dx. 29. /cos {x — 2 )dx. 30. /a cos (i — x)dx. 

31. h sin a du. 82. Js cos dj^. 33. /4 cos ( 3 X + ajair, 

84. J 3 sin { 2 x — i)dx. 35. / 1‘3 sin ( 2 ‘jt — i'57o8)<//, 

36. /i -3 sin (2 59 + 6)./«. 37. /2-3 cos (1 - 39), /9. 

38. /A sin (2V7 + W*. 39. jA r cos (r?/ + 

f'^^'dx when ^ = mx, and also when = 443;a:. 

41. Jmx^dy where m and x = by, 

42. j a sin {bt + cx)dx where t = ^x + 2 . 

AO f Pi^v^dv , 

I where /j, v\, y are constants. 44. j xydx when j/ = + c. 

46. f xPydx when y - mx e. 40. fpdv when pnP^ = C. 
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47 . jj^dv when pv* = C 

(i) whenx = 1*37, (2) when j = i, (3) when s = o*S. 


48 . 


J where A = iry , and ^ = mx. 


49. If ^ = 3^® + 2 ^ ~ I, find j/. 

61 . ^ + S. find 

62. ^ = 

dx 


60 . If ^ = 2 sin 2 x 4- 4, findy. 


■ - 4- r2jr* 4 - sin (3 jc 4 - i) 4 - 2*6, findy. 


Evaluate the following : — 

63. ~ 2 ;>r 4- ^)dx. 64. f[4^ — 3 /* + 2 ^ — i)d^, 

66. /( 3 /* 4 - 4/ “ 5 )^^- 60 . f(x^ 4 - 3 -^ - 4 ^'-^ - 2 }dx. 

67. J-(.» - - 3 -I..* - i - sjflTj. 68 . f(s^^ - 

68 . J{5«‘ — sin 4- du) 4- ^ cos (a 4* 4- — d^^}du. 

60 . 6 a sin — 3^/) — 

61. given j?* 4- y’ = 

62 . If y = «* — 3w* 4- 2^“, find ^ and ffdu, 

63. If ^ = *• + S. find ^andjK- 

64 . If ^ = — find the equation connecting / and v. 

66. If y is the deflection at distance x from the fixed end of a uniform beam of 
1 ength /, fixed at one end and loaded with a w'cight W at the other ; then, if v/e 
neglect the weight of the beam 


dx^ 




W 

El 


E and I are constants depending on the material and shape of the beam. It is known 

dy 

that the deflection y and slope ^ are zero at the fixed end where x = o. Find an 
expression for y in terms of x. 

Note. — The arbitrary constants of integration may be found from the given 
conditions at the fixed end. 

60 . For a beam carrying a uniformly distributed load w per unit length, and 
fixed at one end, 

dx' 2EI*^ ~ 

Findy in terms of x, 

67 . Find the equation to a curve whose slope at any point is equal to the value of 
for that point. Verify by plotting the curve from the equation for the case when 

the curve passes through the point (i, 2) and measuring the slope. 

Evaluate 

68. fsec^ xdx. (r/. Ex. i, § 115.) 69 . fcoscc* xdx. (z^. Ex. LX IV. 9.) 

70 . / sinh (ax 4 - ^)dXf f cosh (ax 4- ^)dx. 

71 . The slope of a curve is given by ^ = 2^ 4 - 3, and it passes through the point 

ac = r, y = 2. Find its equation. Plot the curve. 

72 . A point moves along a straight line so that its velocity at time / is 3 sin zi. 
"When jf = o it has moved one foot. Find an expression for the distance which it has 
moved at any time /. 
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DEFINITE INTEGRALS — GRAPHIC METHOD 

\ 

129. An Area as the Limit of a Sum. r a j 

Let AB be a portion of a curve representing as a function of x, and 
BN the extreme ordinates, and let OM = a;, ON = 

Then, to find the area ABNM by the mean ordinate method, we divide 

the interval MN into any number 
of parts and thus divide the %«re 
into strips. Although it is not 
essential, we shall take the strips 
as being of equal width. Let 
be the width of one of the strips. 
Then we multiply the width d 
each strip by the ordinate y at its 
mid-point, and thus obtain an ap* 
proximation to the whole area 
ABNM as the sum of a number of 
terms y^x from x -- <2 to x ^ b. 

We denote this sum by the sym- 
bol 

In working examples on the graphic method of finding areas wc found 
that we got more and more accurate results as we divided MN into a greater 
and greater number of intervals 5x, and consequently diminished the sue 
of 

The result can be made as accurate as we please by dividing MN up with 
sufficient fineness into equal intervals 5x. 

We express this in mathematical language by saying that the sum 
approaches a definite limiting value as 5x approaches the value o. 
This limiting value defines the true area of the figure ABNM. 



/: 


130. Definite Integral as the Limit of a Sum.— Wc use the syml>ol 

ydx to denote the limit of the sum "^^y^x as 3x approaches the value o. 

If we have given a series of corresponding values of y and x between 

x = a and x = /J, we may find the approximate value of J ydx as follows 

Plot a curve from the given values of y and x. Then the area enclosed 
by this curve, the axis of x, and the ordinates at x = a and x ^ d\s equal to 


/: 


ydx, and may be found approximately by any of the practical methods for 

- f 

finding areas. 

J ydx is called the definite integral of y with respect to x between the 
limits a and b. 
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The connection between the definite integral and the indefinite integral 
already treated, will be shown in the following chapter. 

I^OTE. — The student may find some difficulty in understanding the reasoning of 
these two paragraphs ; but he will probably find the difficulty removed in the follow- 
ing worked examples. In reading these he should draw all figures for himself, and 
verify all measurements and calculations. 


Example { I ). — The following arc corresponding values of y and x. Find the value 
of j ydx ; — 


X 

I 

3 

27 

3-8 

4*7 

s-i 

1 

5*7 

6 

y 

0 

1-87 

2'89 

3*2 

2 '85 

2*23 

1*7 

I 


Plotting the given values of x and y^ we get the curve, Fig. 96, 



The area enclosed by this curve, the axis of x, and the limiting ordinates at x = i 
and ar = 6 is found to be 1 1 ’3. 

We have shown that j ydx is equal to this area, 

Example (2). — The following are corresponding values of x and y. Find ike value 
of I vy^dx. 


♦ 
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X 

2 

3 

3'5 

4*3 

5*3 

6-4 

% 

y 


1*2 

r'26 

i*i8 

o'8 j 

o'33 

0*1 


1*86 

4-52 

4*99 

4'38 

2*02 

0*34 

0*03 



By calculation we find the values of iry given in the third line. 
Plotting Try and x we get the curve (Fig. 97). 

The area under this curve is found by Simpson’s rule to be 13*85, 




Examples.— LX Xr II. 

1. The following are corresponding values of y and x. Find the value of yds. 




X 

1*2 

1*6 

1*9 

2*5 

3*5 

4*2 

4*9 

5-9 1 

1 5*2 

y 

5*00 1 

4*24 j 

3 *8 o 

■ 

3*34 

1 

3*06 

3*14 

3‘34 1 

1 

3*75 1 

3*9* 
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Find the values of 

3. 


4 

64 


3 

29 


214 


!%,/.< an.! j 


aiS 


5« >H 


5^»9 


994 


995 


Find the values of jp/x, j^^y.U. 

Plot a curve to show the valsjc «jf j yj-x for any <4 the upper limit -ar from 


jf = I to Jf =• 10, 


The following arc corrr poiidjir' values of r ai»(l x : 


X 



2 -So 

3'57 

4**3 

477 

S'3X 

5'9« 

y 

«-3f,5 ’ 

9'4'!5 

lo‘rfk> 

' 10 ‘920 

ir 52 o 

1 ra 145 


Find the values of the folI«#win|; ifi!r|pali :■ 


/•av 


pa 

yjx. 

6, 

j xiJx, 

1 ti-8 


J '1 « 

f6-9 


P'-St 

j yx^tfx. 

0. 

1 ir2f 4 S 

1 St 


J '» s 


0 . 



lix. 


./,r. 


181. Work dome by it Variabl® Forco. - AVe know th;u if a ronstaiu 
force F moves a bcKly a distant^ s in its own direction the wmk 

done is eaual to F^. 

Consider now a iKidy, Mali as the piston of a Meam-engine, wlit<;h is 
pushed forwards by a fierce whir li varies fjiuUutlly throughout the stroke. 

As the force is not the same in two eaicf c.sMve jiortiuna of the f^trokc, wr 
cannot now find the woik done by multiplying the lon e by tlie total di^utir o 
moved. 

If, however^ we suppo'»e ifje force, in?dea<I of changing giadually, to 
change by short steps ; in other wind?^, if we divide the stroke s into a 
number of small portions each equal to 3.f, and suppose the force during ear h 
step h to remain constant and equal to il^ actml value F at some |Knnt of 
that step, then the work done tn moving thnmgh any step It is F®.?. 

We obtain an approximation to the value of the work done in the whole 




4" 

f 

) 

I 

* 

I 
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stroke by adding together the values of V^s for all the steps ; le. if and s. 
are the distances of the piston from stanc fixed point on the line of its motion 

al the beginning and end of the stroke, Fbs is approximately equal to 

the work done in the stroke from to 

As in finding an irregular area, we get a more and more accurate result 
by imagining the stroke cut up into smaller and smaller steps, and we may 
say as before that the work done in the stroke from to when the force F 

is variable, is the limit which h\\ approaches as Ss approaches the 
value o. 

Now we have used the symhtd J Fi/s to denote the limit of the sum 
the w’ork done - J ’ FJf 

We may find the value of this integral by phating a curve in which the 
ordinate and abscissa aic corrcspomling values of F and s from j = j, to 

s =- .fj,. The area under this curve then gives the value of Fi/s, which 

is etpial to the work done. 

l‘his is the principle of the use of the indicator diagram of a steam or 
gas engine to find the w<jrk done in the simke and the average pressure. 
By mechanical means the engine is made to trac e amomaiit ally tlie curve 
showing the value of the pressure in the cylinder at dilfcrcnt paits of the 
stroke. 

From the area c^f this diagram the work deme cluring the stn^ke can be 
fijund. 

Similarly, if the connection between the force F and the lime / is given, 
Fs/ is the impulse or gain in monicntuin during the short interval of time 5/, 

and f * Fi/I is the total gain In momentum between the times /j and /j. 


KxamTI.k (i).“ P ix thi raultani fmtttrtpn thf pistm a at distance 

s /ram the beginning &/ (he stroke. P'ind the vmfk done as the piston rstoves f&muards 
through the stroke of 2o'‘^ 


/ inches o 
P 11*8. 38000 


I 1 4 

‘ i 

i 

8 

JI'S 

1 

1 

i 

19 

20 

38500 1 3H5OO 

1 

.1SSOO 

375 f« 

I9or.,)o 

j *5700 , 

i 1 1000 

3850 


Work done — | Fds ft lbs. 


Plotting P and / wc gel the curve BC (Fig. 98). 
The area A BCD is kmnd to be 494600. 



Pifr 494600 


.aid the work done 



Pds :r.. 413m ft, lb.’. 


Definite integrais - (irnphic Meihnd 


•s 

i 20,000 



6 ni 

S. (inches) 


Example carwd^^h lo (ms. // is dsmtn h' f-U P *h * ^ 

t following way, i Isnng the itme in seeamh /nms ^ ^ '' 


p 

1020 95 

/ 1 

0 5 


I i 

yea 

650 

?n itti 

1 « f 

IQ 

i 

»3 

11 

if emsftinf, 
rest. 

isnj e-/mi u 4 

fo /i#. /ift*# / /4^ 


rWd of E,i«c«li.,n KMmio4(io„ Aj.jMr,! M^. j.,,, , 

- 410 is avaikble for KcHing ajf ,he ■hcT^f’ *■ »' ' 

Tb. total impulse or gafo of mor„.r„„™ 

Plotting the values of P - 410 a,,, I 

.. . . 

ling the area we maj- reckon the wl'",.','''.* 1 r '*"■ '•fe' "'' *' 

houeh only their upper portion. »r^ . V *!*r .>» r .. 41.. _ ,, 

ntX we reckon foe ordinate in ealcukt.ng’t;^;^^^^^^^^^ 

The value of (P _ 4,0),//!* fo„„,i i,, simpv,,/. lu,;. 1 4,,.. 

This is foe momentum at aa aeronci. from re.t. 

Maag of car = 

32-2 

apeed .= “''“'•nlnm S,o„ ^ ^ , 

* 334.J0 
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Note. — We use the system of engineering units in which 32*2 lbs. is taken as the 
unit of mass. 


10 15 50 

VaJuss of t(aecondBj 


Examples.— LXXIV. 

1. P lbs. is the resultant iDressure on the piston of an engine at distance s ins. 
from the beginning of its stroke. 

Find the work done as s increases from o to 10. 


p 

23000 

23000 

15500 

8400 

S5<w 

3700 

s 

0 

14 

4 

6 

8 

10 


2. p is the pressure of a gas at volume The work done in expansion from 

volume to volume is j pdv. Find the work done as the gas expands from 
J 

volume I to volume 9. 
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8. J> is the pressure of a quantity of steam at volume v. 



68*7 

31*3 

19*8 

14-3 

ii '5 

V 

2 

4 

6 

1 ^ 

10 


Find the work done as the steam expands from volume 2 to volume 10. 

4 . From the following data find the work done in expansion from volume 4 to 
volume 10. 


V 

4 

s 

1 

6 

8 

ro 


717 

49*6 

38-5 

31*5 

28*7 


6. A force moves a body along a straight line in its own direction. F is the value 
of the force at a distance s from the starting-point. 

Find the work done in moving the body a distance of 1*85 ft. 


Fibs. 

7 

90 

207 

290 

225 

180 

0 

/ feet 

0 

0*25 

0*5 

0*9 

1*2 

I -5 

rSs 


6. P is the resultant force at time / on a portion of a machine which moves along 
a straight line. Its weight is 270 lbs. If it has a velocity of 2 ft. per second at 
time / = o, what is its velocity at time t = 0*3 seconds. 


t seconds 

0 

0*05 

0*1 

0*125 

0*15 

0*20 

0*25 

0*3 

Plbs. 

0 

307 

428 

440 

425 

330 

175 

0 


7. V is the speed of a car at time t from rest. 


/ seconds . 

0 

^ 5 

10 

15 

20 

25 

30 

V ft. per sec. 

0 

37 

7*5 

10*85 

12-95 

13*7 



Find the distance s travelled from rest in 30 seconds 


Also find the distance travelled from rest in 16' 5 seconds. 
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8. The following table gives the acceleration a of the reciprocating parts of a 
large gas-engine for different values of the tinne A The velocity gained between times 
As 

and /a is I adt. The velocity is o when t = o. Find the velocity (i) when 
t = 0*087 seconds, (2) when t = 0*1333 seconds. 


t seconds . 

i 

0 

0*0167 

0*0333 

0 

8 . 

0*0667 

0*0833 

0*1000 

0*1167 

0*1333 

1 

a ft. per sec. 



362*1 







per sec. . 

453 '2 

429 ’S 

261*9 

143 '8 

24*1 

-82*8 

I 

-167-5 

—226-6 


0 . The shearing force across a beam at a point A is 300 lbs. w is the load per 
foot at a distance x feet from A. The shearing force at a distance x from A is 

obtained by subtracting wdx from the shearing force at A. Find the shearing 

force (i) 6*5 ft. from A, (2) 3 ft. from A. 


X 

0 

I 

2 

3 

4*1 

4*6 

5*3 

5-8 

6*5 

w 

10 

10 

1175 

17 

22*4 

23*2 

22 

19*1 

10*4 


10 . If s is the specific heat of a body at temperature the total heat given to 

n 

unit mass of the body in raising its temperature from to 0^ is I sdB, The follow- 

J $1 

ing table gives the specific heal of water at temperature 6 . Find the total beat 
required to raise the temperature of a gram of water from 0° C, to 20® C, 


9°C, 

s. 

0 

1*00664 

2 

1-00543 

4 

1-00435 

6 

1*00331 

8 

I '00233 

10 

I *00149 

12 

1*00078 

IS 

1*00000 

16 

0-99983 

18 

0-99959 

20 

0-99947 


11 . Find the total heat required to raise the temperature of a gram of water from 
4® to 31®. The values of s up to 20® are given in example 10. Beyond 20® we 
have— 
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23 

0 », 4 ’i ; 

24 


2^ 

t s ** 4 I > , 

2 ti 

I J i| 

2 H 

I 4 , # * -n 


1 a #.,*41 


182, Definite InlDg-ml of a Fiinrtltm. 

aes ofjKand r given in a labnl.ifrd I;,?, r J,4<r i- ** 

ction of X, From this we may fal-n’.#'*' % .4 

eeed as before. 

Ingfeneraij if i* (x) is any fmif ijuiHif .1 uh*' h f au 

ween the limits n ami /^of r, we - an nnd / * !• 3 

thod. 

Examfli (!). .. | \y.*_ 

Calculate llir vahjesof ^ v4»-,^;r5 . ^ ,, ^ ^ 


*■0 : W6s ti h, ,y J, 


m these ya)ues iih.t the airtr y , < f„ „, , , .. . , 

'Ve get the curve A 8 . * ■ ? • ni ■• j .u ^ y 
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The value of is then given by the area A BCD enclosed by this curve, the 

ordinates at its extremities, and the axis of x» This area is found to be 16*24. 

J x^dx = 16*24 


Eslamplk (2). — Find the value of j * sin* 0 d 0 » 


(Km 

J 0 


Calculate the values ‘of sin* 0 for a number of values of 0 between o and -> 

2 

taking 9 in radians. 


6 degrees . 

] 

0 

18 

36 

54 

72 

90 

6 radians . 

0 

0*3142 

0*6283 

0-9425 

1*2566 

1-5708 

sin 6 . . 

0 

0*3090 

0*5878 

0*8090 

0*9511 

1*0 

sin* 6 . . 

0 

o‘09SS 

o‘34S 

0-654 

0*904 

1*0 


Plotting sin*0 and we get the curve shown. 



ila/uea of fi. 

Fig. xoz. 



By Simpson’s Rule the area between this curve and the axis of 0 is found to 

be 0*785. 



sm^ 0 d 0 = 0*785 


Note that, although it is convenient to take 0 in degrees when plotting the curve, 
we measure 0 in radians when finding the area. 
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AMPLE (3). — /« finding tke perimeter of an ellipse of major axis 2 and 
icily 0*5, wi require to find the value of the expression j 2 — 0*25 sin® ipdip. 

J 0 

find the value of this integral by a graphic method. 

>t the curve y I — 0*25 sin* ^ between the limits <p — o and ~ = 1*5708. 
t down the work as follows : — 


.dians. 

sia 

j sin* 0. 

o*as sin* 6. 

I — o‘as sin* 

* 

*J I— o’a 5 sinV* 

3 

0*0 

0*0 

0*0 

i 1*0 

1*0 

5236 

o ‘5 

0*25 

0*0625 

0-9375 

0*968 

5708 

10 

1*0 

0'25 

075 

0*866 

0472 

0*866 

o' 7 S 

0-1875 

0*8125 

0*9014 

7854 

0*7071 

o '5 

0*125 

0*875 

0*9353 

3491 

0*342 

0*11696 

0*02924 

0*97076 

0*985 

2566 

0*951 

0*9044 

0*2261 

0*7739 

0*88 

1745 

0*1736 

0*0302 

000755 

0*99245 

0*996 



Fig, 103. 


)n plotting these values we get the curve shown. 

The area enclosed by this curve, the line > = O, and the ordinates for which = o 
Ip = 1*5708 = ^ is found to be 1*47. 


7: 


i/i — 0*25 sin* ipdtf>:=: 1*47 



Example (4). — A gas expands so as to follow the law pv '=■ 0 , When the volume is 
ih, ft. the pressure u 2116 lbs, per square foot. Find the W 07 ’k done as the gas 
mdi (9 fill o volume of 'h cul>‘ fl* 
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We know that the work done in expanding from volume to volume v, is 
/ pdv. 

n 

We have pv ■= and therefore / = 

To find C we have, when 2/ = f = 2116. 


C = 2116, and p = — 

V 

Calculating values of we get — 


V 

I 

1*25 

1*5 

2 

2*5 

3 

p 

2116 

1690 

1 

1411 

i 

1058 

84 

70s 


Plotting these values we get the curve shown. 
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The area under this curve is found lo be 2321. 


work done 



2321 ft. -lbs* 


Examples. — LXXV. 


Pind the value of the following integrals by a graphic method : — 


1- 

4. j 

10- - *)!•»<&. 

/ tr 

^sin^ Bd6, 


dx 

1 


n dx 

-I 


■P. 

r.- 


sin 0 d0. 


X/J 9 — jr* dx. 


0. J \/4 - x’ dx. 

8. fV«(l - 


11 

la 


p gg dx 

* Jo^~. 

ros’ 

J 0 


Vi — 0*25 sin^ t^d^. 


14 . A quantity of steam expands so as to follow the law = 8000, where v is 
the volume at pressure /. Find the work done as the steam expands from volume i 
to volume 10. 

15 . A quantity of air expands so as to follow the law = C. ^ = 21160 
when » = I. Find the work done in expansion from volume 2 to volume 5. 

16 . In a paper by Lord Kelvin, on motion in an elastic solid, it was required 

to find the value of J (p — i)r^dr, when the following values were given : — 


i 

r 
















1 

P 

j 

lori 

78-5 

64-4 

49-6 

39*5 

31-8 

irS 

5*00 

2*46 

1*34 

0*82 

0*53 

038 

0*36 

1*00 

i 


Find the value of this integral. 


133. Variable Iiiinit of Integration. 

Consider the definite Integral J jrdjr, where the lower limit a is fixed 

and the upper limit x starts from the value a and gradually increases. 

Let AB be the curve representing^ as a function of x. 

Let OM = a and ON = the upper limit x. 

Then J ydx^ which we shall denote by I, Is equal to the area ABNM, 

and, as the upper limit x increases, N starts at M and moves along Ox 
through the positions N, N', N", while B moves along the curve AB. At the 
same time the value of I continually increases in the case shown in the 
figure. 

Thus for every value ON of 2 r there is a definite value of I equal to the 
area ABNM, and I is a function of x. When N moves to N' an amount 
equal to BB'N'N is added to I, and so on. 
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If at various points on Ox we erect ordinates to represent on some 
venient scale the value of the area under the curve AB from AM to 



respective points, we obtain a curve representing the definite integral I as a 
function of x. 

In the figure the curve MCC'C'^ is drawn so that any ordinate N'C' 
represents the area AB^N'M between AM and C'N' on some convenient 
sc^e. 

This curve represents I, or f ydx as a function of x. 


Example (i). — Plot a curve representing j Pdx as a function of x from x ^ 3 , 
to X = 6. 


Letl = 



We have already (example i, p. 249) found the value of I when a: = 3. We must 
now find the value of I for other values of x between 2 and 6, and plot a curve in 
which the ordinates shall represent the values of I, and the abscissae the corresponding 
values of x. 

First draw the curve = P from ;r = 2 to = 6. This is the curve AB (Fig, 105 ). 
To get the curve CD representing I, proceed as follows. Divide the area into any 
number of strips of equal width. In the figure we have taken 8 strips each of 
width 0*5. 

When X = 2, I = ^ s^dx = 0 C is on the required curve 

When X = 2*5, I = j x^dx = area ACFE 

= CF X (ordinate of curve AE at point x = 2*25) 

= 0-5 X 11*4 = 5*7 


Set off FG equal to 5*7 on the scale for I. Then G is a point on the required 

To get the value of I when x = 3, add the area of the next strip EFHK, which, 
is 0*5 X 20*8 = 10*4. This gives the point L on the curve CD. Similarly, successive 
points on the curve CD are obtained by adding in succession the areas of the strips 
into which the area under the curve AB is divided. 
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Finally, the ordinate at D represents the whole area AB MG, which is CKjiial to 

^ The scales on which I and x are represented need not be the same. The student 



V<dire» oj r 


should form an estimate of the greatest ralue of I that will be repaired before choosing 
the scale on which I is to be represented. 

The area of each strip is ecjual to its base multiplied by its noean height, and may 
be represented by that height if a suitable scale be chosen for I. Thus the addition 
of the areas of successive strips may be very rapidly performed with a pair of dividers, 
by marking off lengths equal to the mean heights of the sncccssivc strips. 

In the above example the width of each strip is 0*5, and its area is therefore 
numerically equal to one-half its mean height. We choose the scale of I so that the 
mean height may represent the area, i.c. we take the scale for I eq^ual to twice the 
scale for Thus the curve CD maybe rapidly constructed with dividers. The area 
of the first strip AEFC is 5*7, and 5*7 on the .scale for 1 is equal to the ordinate xi '4 
at the mid point of CF on the scale for ad, and the point G is obtained bj marki^ 
off, on the ordinate FE, a length equal to the ordinate to AB at the mid point of CR 
Similarly, L is obtained by adding to this length onthe ordinate HK a length equal 
to the ordinate to AB at the mid point of FH, and .so on. 


Example {2).— A carnm^hs lO and is drmm hy Ike Jndi P Iks., varying in 
iJufolIotmlng^ way^ t deing" the time in seconds from starting. 




Definite fniegralM --Qraphic Method! 257 

Wc havr akrii'iy seen (|>. 245) that the mtmicututxi of the car when/^s 22 Hccondi 
li 4*0)*//, »»i<l ite ^prc'l when t :=: 22 sccon*ls b equal to its momentum 

ilividoi it* m.isri r: ^ j (P — 410)1// « 0*0014*7 / (P — 4lo)<// feet per 

224 / I * y 0 


ictiond. 


In the -atiic way* ila s|icct.l at any time / sccomb from starting: is 


o c^l 4 i 7 j (i* - 4 ^ 0 )** 

jti'l we 'sli.ill fjfft |‘h»l a ousvc slinwii}|i: the ?5pcc<l us a function of /, 

i he f yitr ahowiii^^ P — 4*0 aticl / haa already t>ccu plotted (p. 246), and is here 

irpr»r 

r»jvii|r ihr iifra uiiilri ihi. curve into strips by ordinates drawn as in the figure. 
Tlic wAih rjf the firit strip i% 1*5, ami its mean height, reckoned from the axis 
I* - 4*0 o, wbu.h m n«a shown in the figure, b 595. 

* ' /. ~ = ‘‘5 X S 9 S = Ssa'S 

jnd the sj'jcril at the rnd of *'5 seconds 1:4 0*001437 X ^^92*5 — **29 ft. per second, 
Aici'vrdingly we plot the |HiiiU Q, who' c oidinaie h **29, on a suitable scale to 
frpro^nt the 'Uicrd when / --- **5. Similarly the ordinalc at R which represents the 
\prrd at the rmi nf 3 ?Mrcfnph fiom rest b obtained by adding to the ordinate of Q a 
length equal In ihr arra r 4 tfic sci.'oud strip nmliUjjIicd by o*cx)1437. 

Pt**!.*-e4}f!g thu'i wr nhiaui the curvc QRST, which gives the speed at any time, 
the final ipeed being **"7 ft, im r^econd, aa in example 2, p, 245. 


ExAMn,m,--LXXVh 


all values of x from x ss o 


1. Plot a t'lifvc ^liMwing the value of j x\ix for al 

to A ■ 5 ' 

2 I'lol J C 2 .»' 4" *h/x hir all values of x from x =s i to x ss 10 , 

3. Plot j\i -f from x ^ i to x ^ to. From your curve read off the 

v*hf: of the intf’gial when x ^ 4 , 

C I' 1 f 4 J d' 2 x - 4 )./x from x o to x » 


B. T 


d«l j %i 


%ifi 0*0 from I r: o to f ^ : 


0, I'h4 I from x :3 o*l to x ^ 3* 

/ -Y . X 

f . p|i4 I . J from X o to X - 0*9. 

J -3 n/ I "* X 

8 . liot j‘% ^ + ajf + «, ftom * = i to * » 2 . 

», Tho laWc Rim tU pull P *t the drawbar of an electromotor at time 
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i 

P lbs. . . 

1150 

1450 

1320 

> 35 ° 

1040 

1300 

1150 

1370 

1120 

! 

750 

/seconds . 

0 

12*5 

25 

37*5 

43 

50 

55 

62*5 

75 

«3 


Deduct 300 lbs. for friction, air resistance, etc., which are taken as constant, and 
plot a curve to show the value of P — 300 for any value of / from o to 83. The train 
wcig:hs 21 tons. Obtain a curve to show the speed at any time from / = o to 
/= 83 secs. 


10. P is the resultant pressure oii the piston of a bull engine when the vireight has 
been raised to a height h feet. The work done in raising the weight to the height h is 

j lV /4 ft.-lbs. Plot a curve to show the work done in raising the weight to any 

height from o to 8 ft. 


k feet 

0 

o ‘5 

I 

1*5 

2 

3 

4 

5 

6 

7 

S 

riba. 

1X0 

no 

tio 

no 

100 

73 

54 

44 

38 

34 

30 


11 . The following table gives the drawbar pull exerted by an electric locomotive 
at distiiuce s from rest : — 


Plh;. 

s feet 


930 

1000 

930 

0 

15 

30 


835 

45 


xooo 

1225 

1325 

1300 

1230 

1000 

800 

80 

IXO 

160 

180 

200 

227 

260 


650 


300 


The work done in drawing the train from rest to a distance s 


is j‘pdi. 


Plot a 


curve to show the work done for any value of s from o to 300 ft, 

Kxamplcfi 9 and xx arc adapted from a paper by P. V, MacMabon, in the 
Electrkmn for June, 1899, p. 227, where the student will find additional material for 
#?xanipics. I’he data refer to the City and S, London Railway. 


12 . A l>ady weighing 1610 lbs. is lifted vertically by a rope, there being a damped 
spiing balance to indicate the pulling force F lbs. of the rope. When the bod^ had 
brrn lifted jc feet from its position of rest, the pulling force was recorded automatically 

as follows I'— 



0 

XX 

20 

3 . 

45 

55 

66 

76 

F 

4010 

3915 

3763 

! 

353 * 

33 ^ 

3208 

3100 

3007 


Draw a cnirvc sliowing the probable value of the velocity v feet per second for all 

values of x up to So. 

Note.— A* hc resultant upward force on the body is F — 1610 lbs. The work done 
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*^cr€:asiiig the kinetic energy of the body is equal to I (F — i 6 io)dx. Since the 
starts from rest this is also equal to the kinetic energy imT^, where is the 
ojf the body = Thus the value of v can be obtained for any value of x, 

(Board of Education Examination in Applied Mechanics.) 

TThe following table gives the force F producing the acceleration of the 
Pro eating parts weighing 2080 lbs. of a 400 H.P. Crossley gas-engine at intervals 
e\r second. 



0 

0*0167 

0*0333 

0*0500 

0*0667 

1 

0*0833 

! 0*1000 

1 

lbs. 

29270 

27740 

23390 

16920 

9287 

1560 

-5349 



0*1167 

0*1333 

0*1500 

0*1667 

1 

0-1833 

0*2000 


lbs. . 

— 10820 

— 14640 

— 16920 

— 18040 

— 18480 

0 

00 

CO 

1 



Oonstruct a curve to show the velocity at any time from i — oto t — 02 second. 
Given, velocity = o when / = o. 

X4. The following table gives the resultant turning moment M exerted on the 
cra.rik: of a 500 H.P. Crossley gas-engine for different values of the angle d through 

the crank turns. It can be shown that j Mde varies as the square of the 

velocity <» for any value of so that an ordinate equal to this integral will 
? «^|>res<5nt <M* on a suitable scale. ^ ^ 

Oonstruct a curve to show how the angular velocity « varies for different values 
e. TThe scale for m need not be shown. 


^ d^grrccs . 

0 

14 

28 

46 

72 

100 

134 

180 

218 

243 

270 

302 

327 

350 

355 

360 

2^ ft. -lbs.) 

per sq. in. > 
of piston j 

~ 4 i 

34 

109 

129 

ns 

109 

1 — 

59 

-41 

-91 

— 107 

-91 

-41 

31 

-41 

-43 

-41 


INotb. — S ince the scale of the resulting curve is not determined, 6 maybe taken in 

^Escamples 13, 14 are adapted from a paper by Mr. Humphrey {Frdce^dmgs 
Mechanical Engineers^ Jan., I pot, p. 67), where a number of curves are 

X33a. Tabiilation of Definite Integrals. 

■When the values of the dependent variable are given at sufficiently small 
iiite^rvals, and the curve is not too irregular in shape, we can tabulate the 
V3ulia€is of the definite integrals without actually plotting the curve. If, for 
in Fig. 106, p. 256, the values of v are given at intervals of a secs., 
tbLexi t:he mean value of ‘Z' throughout each interval is approximately the mean 
its values at the beginning and end of that interval, and this may be found 
wit:l3LOut actually plotting the curve. Multiplying this mean value by the 
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length of the interval, we i?et the corresponding portion of cicliiiitc 

integnil that is, we get the space described during the interva.!* 

'J he work may be arranged as in the following example. 

F.X AMPLE. — V ft, per sec. is the veloiity of a point rn&ving in a straight /f'rsr iii 
t secs. Construct a table to show the distatice s ivJsich ike point has travelieJ nj time. 


( t ) j 

(») 

(3) 

e 

V 

; a X mran tf 

0 

0*05 

0*10 

0-15 

0*20 

0*25 

0* p 
0-35 
040 

69-50 ' 

66-94 

64-45 

62‘tx> 

59*61 

57*27 

54*97 

5^*72 

50*5* 

136-4 1 
131*39 

126-45 

121-61 

I i6‘HS 
112-24 
107*69 

*03*23 


( 4 ) j 

tUtSktl V \ 


68'2 ;o 

65'f«;s 

i.o- 8<.5 j 
5S 4 lu i 
5OJ2.) 

51-615 


(5) 


(S) 


t ? ,• 


he 


(mean x<) X hf ™-. Bs 


f 


f'.j/ » 


o'o5 


3‘4iio 

;r2,S475 

3-16125 

3'^M025 

2 '(} 2 Zq 

2 ’1S060 
2 '61 ^22 5 
2-58075 


O 

3 * 4 I * 

X 

I 

55 1 • 3 s ;■ 


The numbers in cs 4 umn {3) arc obtains! by adding tognher in pairs the yi«rjd»rii 
in column {2). 

The numbers in column (4) arc obtaincti by dividing ibc imml^ers in c^:. 4 aftjn f ii 
by 2. 

The numbers in column {6} arc ribtaincd by multiplyirjg the numbers iit 
(4) and (5). 

'I’hc numbers in column (7) arc the sum:* of the numbersdown to the con c:.| 
points in c(»lumn (6). 


Kx A M r LKS. -• d . X X VIA. 

1 . A ftucc move* a bcidy along a straight linr in its fiwn direction. P 
value of the force at n dotance e It. from some hxrd pturg on the line. Firicl ? ^ ■ tk 

done in moving the In^dy irom s 10 to s 13. 



.. 





/ 

10 

10*5 

u • ns 

la 

*2*5 

F 

20*085 j 

33 * 1*5 

1 1 

54-54H 1 Kr.l 5 « ! 

1 

' ! 

121*51 ^ 

134-29 


A ns. 254*60 •• ii 

2 . I1ir_ folbrn’ing valueii of / and x being given, tabulate 3A for eacit 
\%heie is the area in the interval bclwren !Wf» ordinate.. A =►■■■ 0 whr*f# a p 
labtdftlc the vabir*, of A ftnm x 3 to jr 13, 


> 7 S >0-45 K/oS ; S7-56j 35-85 43-84 51-50 j 5»-78 65-61 


ifi 


j 58-78 

65-61 


7»-<?3 7 7 - 7 » 


(A = 434-32 when * = 13.) 
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3 , ijt i^. arr» !rr;ifi«in nt tim** / of a point tnovinp; alonj^ a straight line. 
Ta!ni!:tt^ iIk* v.iltir;. «»f thr vdorisy at iliffwnt times from 10*1 secs, to 11 secs. 

'I he -d-itV, fi'fim rr',t when / '' io*i sees. 


0 f. s, 

• ^ 7 ''OO * 71 -O 1 71 ‘CJ} j 71.45 

yt-f.i j 

71-78 j 

71*94 

72*1 1 

72*28 

72*44 

/ "tT, 

■ o'ci ^ I0'2 1 if )*3 j 10-4 

1 i^»‘5 

10*6 ' 

10*7 

to *8 

1 0*9 

11*0 

. 


(r ' h when f 11 .# • 


1 34. C*nnn? motion of CurvoH fVmn a given Tiaw of Slope. 

With th»* ‘.itnr nf*t;it}on hohn n (§ 134 )^ let x increase by a small amount 
h 2 \ tliat N ninvrs a short ciistanre NN'. 

^ ‘1 rirn I is h\f ’«‘;u eel l*y thr area BB'N'N, whic h is equal to NN' multiplied 
!ty ii value SI' r»! / between NB and N'B'. 

i>. ST / nx 


nl 

8a* 


ST 


To find . we must fmd 

if t 

the linulinK value *4 ^ :v, 8 r 

appreta*' ihr value o. 

In B.n *'ivr. N’ move*; i 

k N and tV la B, and ! 
thn** S’T, wliK'h inu’-.t alwetya 
lir tjrivveen NB a?id N’B', ; 

ba^ k f o and uUsmatrly 
idr’i with HB. 

‘f Nts ,r . . (t) 

<£Al 




8^' 


ntn' 


Fit;, if>7. 

S'i>* 'i’** ‘tf rtirvr MCC' is equal to the value of I, and 

iherrf.up mrn-.urft the slojie of the < iifve WICC'. 

Tlvvi '-'i) tt^aten that the slope <»f die curve IVICC' is equal to the 

*4 fui've AB* and we h;n*e rdiown how to construct the curve 
MCXT ^hrn law of dupe n yjvrn by the ordinate of the curve AB. 

hor ri4ioi->» in example i. p. l-yUwc showed howto drawthe curve CD, 

rr|ifr%en!u;p when 4 % law of *dope^^|^ 1 *® was given by the curve AB. 

tn enamylr p. 2 ^ 7 , we -.howed how to draw a curve, representing 
f 1 1 * - 410,,.//, whrn ii% sh»pe B 410 at any point was given on a suitable 

/ d 

%e;4ic b? the A. 

iiy 

i\% 4 %4 f |. » CM. / f.d’.k pjvfi ihe value ef the fhpe of a eeriain curve 

f-hmn ,r^ t . 

6 


0*65 


M 

r J 

ro 

a*7 

4 

5*2 

Jr 

Jw 

or. 

rt 

^ 1*4 j 

0*82 

0*4 

.7K 

,‘A/ 

i f.U 'fn % ■ 

■ i'2 iiui X 

h, hitvirik^ given (hat y 


r f ^ iff* «• ’* •' jrtjdy if* 


inhrdfr msmhrf u( r.ufvrf having the given law of dope, for 
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if one be constructed it may be supposed moved in a direction parallel to the axis of 
r without changing its shape, and thus we may obtain as many more curves as we 
please, all having the same law of slope. We require to choose that particular curve 
in which ^ = 2 , when x = 1*2. 



First construct the curve A, Fig. 108, whose ordinates represent values of ^ given 
in tlie table. 

From this obtain, by the method of p. 253, the curve B, whose ordinate for any 
value of X is equal to the area under the curve A from = 1*2 to that value of x, 

^afx which, as has been shown above, is equal to 

the value of in the required curve if measured from a suitable point. Wc then 
adjust the scale for^ so that^ = 2 when jr = 1*2, and B is the required curve. 

Example (2).— exampU 2 , 256, we obtained a curve giving the value of ike 

speed V of a car at any time between o and 22 seconds from starting. To construct a 
airve to show the distance s moved by the car from rest at any time between o and 

22 seconds. 

We know that v = ^ and therefore the velocity curve already obtained represents 
tJie slope at any value of / of the required curve representing s. 

We therefore obtain the / curve from the v curve by plotting the values of I vdt 

in the same way as the velocity curve was obtained from the curve A representing the 
force, and therefore also the acceleration. The initial value of s is evidently *ero. 

The resulting curve VW is given in Fig. 106. 



Dcfiniie iniegrmls - QtmpMc Method! 


r.'iAMi'i.f.. Lxxvn. 

1 . TliC faUr ii'.vri fhr nf t rrrfaiii «uvf for varirnts valurs of ^r. 

It is kiif»v*"n r ' 3‘S ^ 3. f‘on-!ru«t fhe rurvo hrlwceti jr 2 ancl 

X H’ 5 . Fr'-'m y^m rmvr rra^! »-if thr valnrs of v when x - 5 ami whrn x — H, 



Value of X ♦ ; 

a 

>■3 

3*6 

3 

3-6 

4*3 

S 

f 

SInpr of rUfV'- 

0 

0-4K 

fjyS ; 

rn 25 

ns 

0*97 

0*44 

1 

Value (t{ X . 

S’44 

5’?« 

6-3 1 

tS *9 , 

7-5 

E*i 

3*5 


Slope of rv.i ve 

0 

- < 1-47 

- 0 %%) '■ 

1 

-•0*93 1 

1 -CS 

--0*4 

0 


S. 1^1 / s\ Vh 4 rtifvit ^ tm a largo ?umle from x =s o to x =? 3, 

Fht aho / rr x - o to x - 3. *nicfi, aiiioc m x.r, the «r«lin:tte of the 

sioionrl tnrvc mranmot Iho %loj^ ttf the hr at for any value of x. Mcarmre the area 
|»rtwrrn (hr xr<r.u>! ». uivr »ri*| thr '4 »h of X from x z': 0 to X :=^. 3, and verify llmt it is 
equal to the orlmatr of »|ie hfit rufv^ at ■ ,1» 

3 . A rurve hmH'h(h^U('i ’.lo|^-ra? anvj'riint bri|«aUo twice theabfidim at that |>oint, 
Clon^tru* I ih^ rnrvr. If h givrn ihitt fnr curve oanset through the point (l, 2). 

4 . ’Hk f]o|v r>f a r’^FVr xf nny b erpml to 2 x — i, where x Im the alrscim of 

that point, f ? urve, having given that / ss S when x ?= 3, 

5 . (himirijet a ■ nr.r .ji whi< h t ),e r ektnmhicf ween/ and xb%uch that the equation 

^,,+jr- 4 -o 

is •siin-.fted ft! r%r<fy of fhe eufve. It is given that y o when x ■x' o, 

6. The (mhiwini* fat b give’s ih*' sperd tf itt feet I er second of a train in the futy 

and boudi l/uolon klrrfrk I'’adw4y at time f neomd^i from itarting, idot a curve to 
show the Sijwed nf any tn^lAnl from / ■ o to / *74 nef;r}nfh. 

If / is the rli.i?a.ncf moveii in / seconds we know that if .r and therefore the 

ofdinate of dir «|irrr| curve gives she '^lope of the dbfuiice curve for any value of /. 
Ilriir«- con-. I? SO’ I a curve fu %how fhr ds'-t^rac^ / travelled at so»y time f from / — o to 
/ r: 174 

reerrmds . ' a 2$ I %o i 40 j 50 j 70 I 75 


I' fi, fier p-r. ' 0 ri'-tf f4'0^ ifi‘3i j 19*35 20'9fi 20*23 


fmxnmk . 9f> : 105 i 125 : 145 lOo 174 


p ft. f^cf p»r.'. 


7. From die data giv*"n in esiimfde 7, fo 247, CFUr.truct a curve to the 

dhtafirc iravriletl |,y ihc rat from rest at / r: o to any time from o to 30 sees. From 
yom carve f«d cjf ilic dkfance Iravtlled in 16*5 »cci. 
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timr i 


8 fn lJ,r u!4r r U thr yrUity of l}.^ p.-jr, (,i<- i„ tUr hnrr „f » k’ 

r / VI nij Jii fj.*m !ljr' *>f lir rxplir.ioa ; 


/ 'tfi . n't » 'i ' *’* * *7- ‘i ■ i 'i >5 ‘ j'f i|f ) ' > 


trtjf 1^9 = 




1^7-1 : 114;! ^ I 2 yj 


Vhd ft riinr r. thr ^ ^r-.. n^r-i hy -hr -h..! f,,j . 

fVf.r .„|’/i I . r^Mi iH.j, ?i.a> / «’ f »'’.rn'/ 

II kl 11 tl** a- ■ ,,| gj. jy* Ij 


*nir. 


4 r?, I -I s-. . ^rr sr,-. ^‘4 I'J’, 4 -^ | 


^ ,i'3J 2'it\ fyn rii 


/ '.r* 


7 M 


';-■ ■/»'■ ’ ••; ft..:.» (.*i «fT, 7 ,,,,. },„,„ 

19 ft, n Ui V, , t:> !i, { .,4ii|}:;fJ » «t|?vr !>> »hnW !].r wrl^ j»w a» »n i " 

fr»4fi f fi / |if> vr. U. ^ 

!.v 4? 5'.'"' '4 "V"*’'" * ‘•“"•J'!'-'). f.u4 ll.f r !,*,- 

i ' ; 'f ■' f '' ‘ ■ *■ t ,■ V- »., (.- Ill tn ■.'■ ■. *» Miji tUi!itii>. ( .,),-,<t(|, I » . . 

' ■ •■■'>:■■' y^.ov ; «,. m »;,.. .;„.r j,, j.,, . 

11. r ii ' m i«,B!,i- r, , 1 , ; ! ,.„., r-r.’ttr lijvr »t *in.- / I.r 

ft- M, I.! ai. J <■,, .,4 ; (., kHj ]!t ’ 

9 p ,. , 1 , 04. )■ ... I, 4 , ,,5 ,, „ ^ 


I' 7 -1 V r i 




f. 141-1 


li 19 : 


■i ;>7 Ir-.m I', \. M |,.>vv 9 


.!i. , ..r;;.;v-!;. 47 ■■' • «.->» *' - fi. 


t-.- . . 9 ^ 


I* 


u^arm !*■ #■«■«) 

*■- *#4 4 
n ^ 


ticfinltc Integrals Oraphic Method 


a 6 s 


lljr *ljr inMfri fild* i-s ll*f. 

tnr% rif l^^fr aijfl ihr air in fmnt «*xrrt no rdarfling force on 
thr *h^ arr-rlri^fn.n h oV»!ainrt| hf fliyulmij I* in lirt. fiy the maj-rt 

32'3' 

riot nuvr-i |o *.hMw !h*» .n, ¥rl.« jiy an*l fJH^anrf travrll«<.i n^y ingtant 

f!*lo:o'li'‘Ut *hr |.rro**l o I. 

Il w.'J l*r fM’un.f *>hr joirrfj V4!ttf'« 4 m fint Hr rx.tMly on a rr^julir curve when 
ploHr-l. A I*";;:*’' V w;li |#r o!.»Ani ^4 hy ilrawlni^ a month curve, lying 

is rvrtvv > an;' og | 4 M!!r 4 than hy maling fhe curve jmvi exactly 

lLroU|;li thr iJ-Mint-i |4».»t!*'r| fronr the giwm data. 

iri I'hr f lAisr th^ nrr-rlrrAtitm a of fhe rrciprocating ptrfi of a 

11.1*. f •? ^'stf^rrnt vahKi of thr time /, (’onitnu't a curve to 

v-.nA' ’hr 4t At.y ■? ■mr Hmoi { o to / ' o given that the velocity if* xrro 

whrij / n. 


/ ’.ri, nljrft .... 

0 

o*ra 

1 o-rj4 

j 

©•<^ 

O’ 10 

a fl. |<rr VC. pel ir,,. 

J4H7 

14 S *4 

' mi 

I 5 I '4 

K475 

i6'7H 


o\|H 

o'4fi 

o ’44 

0'42 

i 

0*40 

0-38 

txrxiV'h , , , , 

rri4 

Cl'ffl 

Q’fli 

O' 20 1 

i 

1 

0*32 

1 

0'24 

a k. prf %.ri\ |»rf ser. 


-- 139 '! 

- I 5 J *4 

- i 63 '«j 

f6K'i 

- 


. «^T 4 1 

j ! 

1 O’jl*' 

o'a8 1 

0*26 

i 

0*24 


Front / o !o i - r#*4^* fis paarf ?Jironj|li the wme valneii ai hum t .v o to 

/ . " ov*4. 

14, Ij p i|;,r rrD^^'nriir, |rt4t|f.Hr#i* f.ltiongh a coU of an knlitction mf»tor at time/. 
1’hr Ilf r4c,«rvr4 urnl given in lire following table. Cumtftmi a curve 

lo thriw the IrcF^^Uoa for all vakr* of # (hrottghotti ihc |«fiod comhlered. Take 

l| O Wjjrfl I ■ o. 


/ *rf'i. 

0 : O'ri^ ' -ci'io j M’t| i O'art 0’2$ 0*30 i 

OMS 

0-40 

«'4S 

/I. .. : 

'“‘'N 

1 ■ 1 j ■' 1 ! 

1 **5,|To'hl9p< 


-0-864 

|-«W> 


■ 1:7. ,..' , ,! 

1 


1 


in-, 11i#r fallowing fable givr^ I'sirllrnlara of artr^fher feft of the aarne motor ai In 
llir ri*frs|ilc. IhsfRiifwn % fo thow the imltrcflon I, for all vilui» of / re* 

Mmry lallflf I, O "^l-ec I sr «f. 
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' \ i 

/ ^CS. j 0 ’ CV05 

0*10 

. 

0*15 

'■ 

0*20 

0*23 

0-30 

o’SS 

0*40 

0-45 

'fit t, ' 

J, -•■■M 2'.vt 

i*8H 

rst 

r*o$ 

0*25 

- o '59 

- 1-28 

- 1*63 

— 2‘Ol 


Ifi A }j‘»nr.uiital bar, ii inn. is fixed at one end, and is loaded a 

w.iy tbaf fhr wrijdsl w per unit leni'th at various points is given by the following' table, 
r is the dislaiur fr(»rn the free end. 


1 , , 1 

1 

0 


s 

10 

i 

n> llfi, per iii. | 

4 

S*2 

i 8-3 

I2'2 


Plot St curve to nhow the value rjf fa at any point. Note that the load 
cuufjonotr.ly. 'i’hr expression '' wt-ight per unit length” does not imply tli»t th^ 
1*^4 1% unsionii for a unit length of the bur at any place. 

ft is krjf.wn that re ■ wliere / is the shearing force at distance x from the- ftr** 
aim / ' oat the free end. 

f fui'iirurt a c urve !i> show the value of s at any point. 'What is the shearirsf' ** 

Si! lb** fsirt'i rnd / 

17 . In the last exatuple, if M is the hfnddnj» niomcnt, then ^ distar»c'»e’ s 

fto’u ihr fire ejul. ( ‘onstmet a curve to shciw the bending moment at any 
M D a! ’hr free c'ud. 

JB. A h'-uui loft, long is loaded in the rriannrr given in the following talker, rr 
4nd X I avr {}'.<• same inraniiigH m, in exarnples i6, ly. Plot curves to show' 
per tjT,;? Iro,:th, (i) the shearing for«e, (3) the bending moment at any 
What h *h*' "-!;<"aru»g fufx at the fjxc’d rnd ^ 


» 01 1:3:4 si 

; i ! 

1 

6 

7 ^ 

1 

8 

9 

' ' 

5* 3 , 3-5 , 3'7 ; S’S 1 77 97 

ir 2 

I 2'2 

n *8 

10* a 

! i i ! 

! 

! 





10 . A h^rirou'ul bar to inx long in fjxrd at one end. The other end cm.rr *r:% m 
vfr ip]i* i 4 s. 'Phr bar U also tsTuformly loaded with 200 lbs. per inch thirr-^iil^b ■■ 

•nt ju Iriigih. Ph'd a cuTvr to^hr^w the shraring force at any point. 

Sti'^r that i • ' ifm whm x o. What is the shearirjg fr.ircc at the fixed en^l i 
liO. I’hd A r'Tuvr !'’■» idmw fhr l^eridmg moment at any point of the bar. B»f ■ ^ 
t o. %%'):> 4* \% fhe Willing moment at the fixctl enci i* ^ 

‘Jb I r im 1 ^ thr downward displacement of a |KHnt on the bar at a ci mtww 
# (fom the- free erreb 'Then it h known that at any imlnt the sbj« of th« fmt 




/x -bC 


iK'l-.rtr Is th** l«ending moment, K a mil are constants depending on the mafc-rial 
iiiirf *! *ii ?hr har, and C is the* slope of the l^eam where x = o. ^ , 

In for a wro'4ghf-ifon bar of rectangular section 3 ins. wide by- ^ m%. 

•I.rjt, K » S X >f>S I 'ft. "■Wl “ ° »' •* “ 

(rowUucS » tiirtc luvlnc a* itt «dinal'^ tii- alop^ of Uie 1 i.ir at .any ^int. 
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Note.-'- It ii not nccrn^ary to know C, Construct the curve as though C were 
zero, an4 afterwards move the !;cale for so that the slope is shown as o at the 

fixed ettd where x - 10. 


22. C onstruct a curve trv shnw the displacement y of each point in the bar. The 
curve obtained in rxainple 21 gives the law of sIojjc of the required curve, and the 
rrt|inrcfi curve can therrhue be c* instructed. 

Nctfe. Ihe dis|»lac;rrnfnt is evidently o at the fixed end, and the scale for y must 
therefore l>e riKwed lo to give this value. What is the displacement at the 
free cad ? 




ft 
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135. CTonfi«tton wrnii Unfiritu ana riuinfiiutn tnU^p^rn.lB. 

\Vc h.r-^ n !h,it a 1 r. liir. dfaiuitn s 

./i 




.■« 

.i! ) 


tlifli y 

./ 1' 


lUa 15c tlrliuca *t% th.il fuiulitin of x 

flillCI '..rn? ;% r*^Jul n, y. 


.*. the drhnilr. 


I: 


yJt^ X’i *|r|inr?| }|j {]^i» |,|.^| #5;if4cr, its IdcntiuU 
witli the. in4r}itil*»^ .L'-*- ,:?•*: j\Ji 41 drUnrA m ( lut^drr XVL 

l! i:. Ifi hnj,r%rf^ fU.a flm n*tirjiuar* fiUrt;r;d may have 

du- r.4 j u..n hrtv^rrn !h-ic Iwm wnyi id dcimini: an integral will 

hr ni.ivir r.r-,||-rr :.,y !|,r h»Ui4AiUr: 


^ f J[.a«|4- ». fi /jt fn f.^r >i itifVf hfwftn X ■ ^ and x h 

"j ’*'** ■‘'**^'* f I#. 

Im hi'. I fc'VJI'lf*' JllJUy l-l ■*r«--| -jj 

^1. V^r iiJ 4 f *,i,r 'v^-fr All, *a4tif4fr W ri|nal t** 44 ’ — Xr for rmy 

*4 .t a I I. 1 ha ^4»-r« Ixx A 4n|,r uf ih^ tnimml euivr, wlikh 

ti#4y ir.w- IfT r,: 1./ A> ill ilif! r*4nt|ik^ mI tile k’it i'ha|<irr. 

I hr ^4 ;;?i4!r f4 * •n^r *»|a4:rvr4 h 0'^iul fu j 4..^ — 2j*Kx» 

nh'S ll,- Un>l *.*i-5ra!r 4! | 15 rv^u4 |r, «■ j./j-. 




^ ^ K, ftinl CU k thr laitvc olifaitifilliy thk 

II, li-n ithr- IS hy *l,f rf|4rvafiii 4 A» - *rf, nuy he obuiiial frrmi 

Ihi*. l/t -^s’kiir^hr Ai til *li4|4cr XVI. 

A 5#i 1*’iC i»‘-4Viir'l ■>• jftf* 


^ l> 

/4»' - 1 



■*ar 1 *#» f ' 

0 wli^-n A ■ n. 

Wr lavr «/ . Ii-i* 

- 4 <: 






l»#f »m tAllif ut M 
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13 S. Kviiliimtlfiii of n Dtsllnlf-n 

1 Ilf! 't.illi'’'* ira r . y hultl*, y^uinl whrti J** jjivcn ctjual to Siny 

fun* f*' 1 . »)f 1' fd w]ii h fli” r>i i'i l-:iifnvn. 

j:> Uic iii»i n]*"'.;?.!’ td i- . i , wi: It.ivc iti gcof'r.tl 

j (• I .;’» ../ ,/>) / ,,) 

I'hc f»f ihr* rqiulif^ii 1% wiiurn 

llm *4 r.-iU ukui. j; fhr valor <4 ihr* tirtinitc Integnd of any 

fynt..S»ort '•Ahrn thr 1, kwovn, 

Tu cnleiilatn Iho v&luii of ( yd t. 


Firit find thn indoflnilo Ininicfai fy(h. Find ihti valtin of thb 
whfoi X is iitinnl to Iho ummr UnuX b, and from tho roiiuit subtraot its 
vftluo wlitin S’ Is iiiiual to Ih*) iowor liiiut «, 

EXAMI'LR iij, - 



t(fZ$ 


lltr vaittr of d.ii a.i i-MiA uy tlir i;f^j 4 ik 24*0 WiLi 16 * 24 , 

ExAHXi-M fa;. ■- 





i*} KiKlO 


K.i{ i\) f'ffiJ *h« 44/4 .//:/ ///i /V / . ■■ tin x tffiJ the axis cf X Jr am 

,t a f,) ,s' r Aita find ihf mtitH value ij un x IxtUkrH o and 

me nyhi 

V.> luve 

»rrA j X ill • j"**” j* 

* ( ' ' ^ *'■*'* jj ■■'’ C n 4 ' < ® I 

TIir ■ «ln jr 11 in log. 0 , 

‘flic ’i'riify ihr nl.ovr rciiulf, that the area hrlwern o md ^ is I, by 

ithiA tri^'4A>itFUXTd. 

1 It fiir4j. % id mn ,« h d;*- hr;-j4? of a fr<.»4riglr on thr Aitine hmr^ having an 
tira rfr,,a| In b-riviFru !|.F of thr tuu'C toii'.i'lrfrd and the axti of x. 

If 4 is m^Mu vrfbj*-,. m-*- hav.«- 

4 X ■■•■' * 

/. 4 0*637 

P 

EXA^ 4 ri.*f 4 | '■ /# flmi J fJi- having ^wm that pv 2116. 

j ^/ f *' j ^ {^** ’* ''*'*'1 

... 3116 iloir,3 - iog,t) 

- ..;= 2116 K 3 '|«j 26 X ©'4771 *2 2321 
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On page 253 we obtained the value 2321 by the graphic method. 
Example (5).— 

/ n .n 

^ sin ^ede =§J (I C0S 2e)dd 

= J ““ i "«*• = ? = 07854 

The value of this integral found by the graphic method was 0785 , p. 250 . 
- i} and the portion of the axis of x between the origin and the poifit i = ^. 


Area 




ad^dx 


[ ax^+^ “j^ ab’^+^ 

« + lJo“ w + I 


Examples. — LXXVIII. 
Evaluate the following definite integrals : — 


•/; 


x^dx, 

dx. 

e 

’^dx 


'■/: 

fi’Q 

, / -«•' 
J TS 


xf^"^^dx. 


18. j^^d^dx. 


19 

22 . 


d^dx. 


/; 

"■L 
■I. 
■/: 
■f. 

■i> 


2 . 

e 

10. 


-^-^dx. 


e*dx. 


23 


26. I e^dx. 

29. 

n-ii87 

32. / sin xdx, 

' 0*8109 

35. I sin xdx. 


sin ixdx. 


■ /!*■"• *■ f. 

/yii.. 7. yi 

-■ /; 

/ 0-5 

;r-: 
a-j 

20. J <rWx 
. j'ei’tfx. 24. J 

' -f, 

r’^%w. 

' 

fs 

. I cos;^dx» 
39. cos 3 j:< 36 r. 


xdx. 


2/f xdx. 


x^'^dx. 


^dx 


27. 

80. 

83. 

30. 


d'^^dx. 
sin xdx, 
cos xdx. 


8- + 3 )Jx. 

no 

12. 

15. j e*dx» 

18. J e^dx, 

21 * j e^^dx. 

e-^dx. 

28. i* 3dx 

/ 2-0044 

COS xaC**. 

I*fi7{>8 

/ 0'52y6 

COS Ar^i!jt;. 

37. j cos Ixdx. 

9 

40. hsm {2x-^ i)dx. 

J 0 
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41 

44 . 


• /!=“ 

/: 


sin { 2 x + i)dx. 

0’B238 


42 . J^2si: 


sin (i ~ \x)dx, 43. 


sin(o*50 4 - 0*1745)^/0. 


O'SUS 

1 


40 . 

48 . 

61 . 

64 . 

67 . 


J-^ sin (2ir// 4- g)dL 
y 1 :r 

r 

f-* dx 
j Z/-1WT/. 


49 

62 

55 

68 . 


Jt V 

f‘ /£_ 

• j,2V+ I- 


/: 


•. fez,. 

J 2 V 

■ /•-.'■ 

P /jc 

• 


sin (^/ - 
60 . 
63 
60 


(i — 

dx 


59 . Plot the straight line / = Jjr 4- i from :«: = o to .r = 4. Verify by integration 
that the area of the figure formed by this straight line, the axes of x and and the 
ordinate at r = 4, is equal to the length of the base multiplied by the arithmetic mean 
of the lengths of the two parallel sides. 

60 . Find the area enclosed by the curve y — 3jr*, the axis of and the ordinate 
at x: = 5. What is the mean value of^? 

61 . Find the area enclosed by the curve y — 2.1J xixam .r = 0 to x: = i, the axis 
of X, and the ordinate at :«: = i. Verify by plotting and approximate measurement 
of the area. 


62 . Find the area between the curve / = 5x' — 4 ~ .at* and the axis of x from 
x: = I to = 4, Plot on a large scale, and verify by measurement. 

63 . Find the area between the curve y = x^ ^ -h 2 and the axis of x from 
J? = I to a: = 2, Verify by plotting and measurement. Note the geometrical meaning 
of a negative value of the definite integral. 

04 . Find the area between the curve y = 8 x x* from = o to .^p = 2, and the 
axis of X. Verify by plotting and measurement. 

66. Find the area between the curve / = sin 2 x and the axis of x from x = o to 


2 ‘ 

06 . We know that J ^'dx = log^. This gives a graphic method of calculating 
logarithms. Plot on a large scale the curve .y = p and from this construct by the 

graphic method the curve Verify by trial at various points that the 

ordinate of this curve is equal to log^x* = 2*303 logi^:^:. 

07 . Find the area between the curve y = 2 ^:^ and the axis of x from x = o to 


68. Find the area between the curve y = ^and the axis of x from x — i to x — 2. 

68. Find the area between the curve y = sin ^x and the axis of x from x = o to 
X = 0*5236 radians. -c*- j 

70 . A quantity of gas expands so as to satisfy the law C. Find the w^k 
done in expansion from t/ == i cub. ft. to v — 10 cub. ft. Given p ^ 

square foot when z, = I cub. ft. xr- a 

71 . A quantity of steam expands so as to satisfy the law /zA - C. hmd me 
vroik doneL expansion from r- = 3 to v = lO. Given / = 8000 lbs. per square foot 
when = I cub, ft. 


T 
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72 . Find the work done in the expansion of a quantity of steam from 2 cub. ft. at 
4.000 lbs. per square foot pressure to 8 cub. ft. The steam expands so as to satisfy the 
law = C. 

73 . A point starts from rest and moves along a straight line so that its velocity 
V feet per second is always numerically equal to one-third of the time in seconds which 
it has taken since starting. How far will it move in 4 secs, from rest ? 

74 . A body of mass 10 units moves in a straight line so that the force acting on 
it at time i is 

F = - 4. + I 

The acceleration is obtained by dividing the force by the mass. Find an expression 
for its velocity v at any time, having given that v = o \7hen / = o. Calculate the 
velocity when / = 0*5 and when / = i. 

75. Plot a curve to show the acceleration of the body in example 74 at any time 
from / = 0 to / = I, and from this obtain by the graphic method the curve showing 
the velocity at any time. Compare with the calculated velocities for / = 0*5 and / = i, 
and estimate the percentage error of your results obtained by the graphic method. 

76 . The shearing force S at any distance x from the free end of the bar in 
example 19, p. 266, is given by the formula 

S = 200X + 1000 

Obtain an expression for the bending moment in terms of Xy and apply it to calculate 
the bending moment at the fixed end. Compare with the result obtained by the 
graphic method. 


point. 


Obtain an expression for the slope of the bar in example 2I, p. 266, at any 

78 . From the expression for ^ obtained in the last example, find an expression 

for the displacement y at any point of the beam. Given jy = o when x = 10. 
Calculate the value of y when xr = o, and compare with the results obtained by the 
graphic method. 


t 707 

79. — If ^3 = logo — r~ 0*695, 6nd formulae for 


80 . Prove that the area of a sector of a circle is ^r' 0 . 
and divide into elementary triangles. 


Take polar co-ordinates 


137 . Simpson’s Rule, — We may now prove Simpson^s rule for finding 
an area. 

Lety^i,y^2i /a three successive equidistant 
ordinates drawn to a curve and meeting it in 
A, B, and C. Let h be the distance between two 
successive ordinates. 

Take the foot of the middle ordinate as origin, 
and assume, as on p. 140, that the portion ABC 
of the curve can be represented with suflicient 
accuracy by the equation 



/ = /r + 4- 

Fig. ISO. where a, b, and c are constants to be determined. 

To find the constants we have the condition 
that the curve passes through the three known points A, B, and C. 

At A, Jr= - 

substituting, y-^ = a — bh ch^ . . , . 


(0 


At B, ;r = o,^ = J/2, 
At 0,x = h,y 
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AJ'2 = ^ (2) 

y^ = a bh-^ ch^ (3) 

Adding (i) and (3) we get 


J'l 4-^, = 2 ^ + 2ch^ = 2/a 4* 2ch^ 

2 

Now the area enclosed by the curve ABC, the ordinates y^ and /a, and 
the axis of x is 


r+ h r+A 

I ydx =1 (^^ 4 - 4 - c^)dx 

J J --h 

= 4- ^ch? 

h 

= -{6^J +/, ,+ J'j - 2>'J 

= ^^^1 +>s +4JK2) (4) 

This is Simpson’s rule for the case when there are 3 ordinates. 

We get the form of Simpson’s rule for any odd number of ordinates by 
making use of the result (4) to find the area between the rst and 3rd 
ordinates, the 3rd and sth, the 5th and 7th, and so on, and then adding the 
results. 

For example, if there are ii ordinates, the result (4) gives 

ht 

Area = ^1 + 4^2 +J's +/3 + 4/4 +/6 +^5 + 4/6 +./7 +/7 + 4^8 +/» 4'/9 4- 4/io +/u} 
h 

= j{/i + J'n + ^{y^ +yi+yi + y») + 4(y, +j', +^. +y, +y,i,)} 

In the same way Simpson’s rule evidently follows for any odd number of 
ordinates. 

Since we take the spaces between the ordinates two at a time in obtaining 
this rule, it is evident that it does not apply unless there is an even number 
of spaces, and therefore an odd number of ordinates. 

In finding the area of a figure, such as the section of a ship (Fig, 80;, 
we may increase the accuracy of our result by inserting intermediate 
ordinates where the curve is steepest. We may, for example, divide the area 
to be considered, in the first instance, into six spaces by seven equidistant 
ordinates, and then insert intermediate ordinates in the middle of the spaces 
at the two ends, as in the values given in the example, p. 165. We must 

substitute ^ for h in the corresponding parts of the expression for the area* 
We get 

h 

Area = + 2^j + + >» + ^y^ + J'j +^6+4^6 + J'r + + 2/8 + iy»} 

h 

= 2(4/1 + 2 /a + i 4 /s + 4/4 + 2/5 + 4 /. + li/i + 2/8 + i/,} 

In the same way we may insert intermediate ordinates at any part of 
curve, provided the total number of ordinates is odd. 
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ME A AT VALUES BY INTEGRATION 


ise. In Chapter IX. we have shown how to find the mean value of one 

variable with respect to another. 


B 


.i 

M 


f 10. 1 1 1. 


1 / 


Z 

I'lu. It’. 


If we plot a curve A B, Fig. in, 
representing the variable ^ as a 
function of ;r, then the mean value 
of y with respect to x- is the height 
of a rectangle standing on the ba.se 
MN of the same area as the area 
ABNM between the curve and the 
axis of X. 

But the area enclosed by the 
curve AB, the axis of x, and the 
ordinates at ;r = ^ and x ^ d is 

equal to j ydx, and the base IVIN 


■ 

■ 


m 

1 

■ 

1 


n 


1 

H 

R 


■ 

1 

H 

■ 

1 

■ 

1 

1 

n 

IHHH' 


is equal to b — a. 

the mean value of 
between x — a and ^ is 


L 


ydx 


1 hus, if we know and can 
integrate the expression for y 
in terms of jr, the mean value 
of^ can be calculated. 


Example {i).—Find fAe mmn 
value of 3 ^/ x from x ^ o io x =14. 

In the figure, OP is the curve 
y = 3V^ X = o to .r = 4. 
The area OPM = T 

2=[^ ]o = i6. 

mean value of 3s/x 
(height of a rectangle of area r6 
and ba.se 4) = 4. 
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ExampL® {2). — jFi^d the mean value cf sin x. 

Here tlie c^rve is of a regular wave form, so that if wc consider a complete period 
tnereis as tniicn of tne area positive as negative, and the mean value over a complete 
period IS zero . 

We may get the mean numerical value of sin x by considering half a period from 
ar = o to a: = IT radians. 

Area = I sinxdx^ 2 


mean value = ~ = o*6t7 
s rr 

This was obtained hj the graphic method in example 10, p. 167. 


ExampIuH: (3 ). — Find iJte average pressure in example I2, /. 167, By htiegraiion. 


We have pv = 100 p = - 


no 

The average pressure = — g — = 12 5 J ~ 



= 12*5 (log, 10 — log, 2) 
= 12*5 (log. 5) = 20*11 


Example (4). — 7 « a simple periodic motion the distance s from a fixed point m the 
path at time i is gfiven by the equation s ^ a sin nt, Find the mean values of the 

velocity and acceleration from t = O to t =: 

ds 

We have velocity = ^ = cos nt 


mean velocity : 


an cos nt dt 


r n - 

- la sin 


acceleration = ^-5 = .— an^ sin nt 




mean acceleration = - 


This is the time average of the acceleration; to find the space average of the 
acceleration virc have 

Acceleration = — sin 


Also as / increases from o to 


r increases from 0 to 
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r -n*s.ds 

mean acceleration = 

a 

a L2J0 2 

= half the value of the acceleration when j has its maximum 
value a. 

189 . Boot Mean Square Values. — In taking measurements of alter- 
nating electric currents and electro-motive forces, instruments are used of 
which the readings depend upon the “ Root Mean Square ” of the value of 
the current or electro-motive force. 

If i is the current regarded as a function of the time /, the root mean 
square value of i is the square root of the mean value of 2 2 taken over one 
period or any exact multiple of one period. 

The abbreviation R.M.S. is often used for root mean square. 


Example. — Pind ih£ R.M.S. value of the current i 
is the current at time t seconds. 


loo sin 240 tt/, where i amps. 


i goes through a complete period when 240ir/ increases by 27r, when 120/ 
increases by i, and /. t increases by second, 
mean value of i for one period 


/ lao . . 

100* SI 


sin’ l^Qnrtdt 


= 6 X lo' 


fm 

X lO"* X i j {l ^ cos 48orr/)f// 

: 6 X 10* X = i X 100* 


/. R.M.S. value = Vi X lOo’ = 

Note that this is equal to the maximum value of the current divided by 

. Similarly it can be shown in general that the R.M.S. value of A sin // m . 

V a' 

Examples.— -LXXIX. 

Find the mean values of the following : — 

1. x’ between ^ = o and .r = 2. 2 . between jp = o and x = 3, 

3 . JT"® between x = 1 and x = 2. 4 . x^ between =: o and x = 2: 

6. ir* between .r = - i and x = o. 6 . e^ between J and jt 4 - 

7 . between a: = - 3 and ^ + 3. B. between :r = o and x = J, 

9 . A sin x between jp = o and x = 

2 


10. If a body falls vertically from rest, its velocity v at the end of / seconds is 

gven by the equation v ~ 32*2/. Find the average velocity (a) for the first second. 
[h) for the first six seconds of its motion. * 

11 . Find the mean value of sin pt from / = o to / = ^ 

12 . Find the mean value of cos pi from / = o to / = ~ 

P* 


Mean Valves by Integration 279 

Find the mean values of the following expressions in which p and g are whole 
numbers : — 

13 . (A sin //)(V sin pi) from / = o to ^ = 2ir. 

14 . (A sin pt)(V sin gi) from / = o to / = 2ir. 

16 . (A cos //)(cos gt) from / = o to / = 2 v. 

18 . V cub. ft. is the volume of a quantity of gas at pressure p lbs. per square inch. 
If the gas expands so as to follow the law pv = 100, find the average pressure between 
volumes i cub. ft. and 3 cub. ft. 

17 . A quantity of steam expands so as to follow the law = 200, p being 
measured in lbs. to the square inch. Find the average pressure between volumes 
2 and 4. 

18 . A quantity of steam expands so as to follow the law /zA'is = 4000 p being 
measured in lbs. to the square foot. Find the mean pressure from z/ = i to » = lO. 

19 . A spring oscillates so that the force F lbs. which it exerts on a weight at the 
end of time t seconds is given by the equation F = 2 sin 3/. Find the mean value of 

the force from / = o to / = -. 

3 

20 . A particle moves along the axis of x so that the force upon it at a distance x 
from the origin is equal to ax where a is a constant. Find the mean value of the force 
as X increases from o to s, 

21 . The electric current C in a conductor at time t is given by the equation 
C = 4 sin 200/. Find the mean value of C throughout the following intervals 
of time : — 

(1) ^ = o to /= 0*031416 secs. = 

(2) / = 2*5 to / = 2*531416 secs. 

(3) / = o to / = 0*015708 secs. = — . 

22 . The voltage V at time t in an alternating current circuit is egual to 100 sin 
300 /. The current is equal to 2 sin (300/ — a) amps. The power in watts is the 
mean value of the product of the current and the voltage. Find the power (i) when 
a = o, (2) when a = 45® = 0*7854 radian, (3) when a = 90® = 1*5708 radian. 

23 . Prove that if C = C, sin gt and V = V, sin (y/ — a) then the mean value of 
CV = ^ C,Vo cos a. 

Find the R.M.S. values of the following : — 

24 . 2 sin 3/. 25 . 5 cos 2/. 26 . 3 sin (2/ + i). 

27 . sin pt. 28 . cos//. 29 . A sin [pi + a). 

30 . An alternating E.M.F. of c volts is given by the equation e — 100 sin 1000/, 
where / is the time in seconds. Find the R.M.S. value of and verify by the graphic 
method. 

F 

81 . If / = 5 4 - sin qty where E, R, and g are constants, find the R.M.S. 

R 

value of {, 

82 . Find the R.M.S. value of A sin // + B sin gt, ^ A, B, /, and g are constants. 

33 . Find the R.M,S. vsduc of A sin (// + a) + B sin {qt + $). A, B, /, q, a and 

B are constants* 

139 a. Hesolution of Compound Periodic Oscillations into their 
Simple Components. — We have seen in § 76 that when a number of simple 
periodic oscillations of the form ^ = sin 0, = sin 20, y = sin 30, etc. . , . 

y = cos 0, ^ = cos 20, y = cos 30, etc., are compounded together, we get a 
compound periodic oscillation whose period is the least common measure of 
the periods of the simple components. 

It is frequently necessary to finti the simple components when the 
compound periodic oscillation is known. 

Consider a case where there is no harmonic higher than the second. 

Let the given compound oscillation be— 

y = Aq + Aj cos 0 4 A2 cos 20 4 As cos 30 
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We require to find the values of the constants Ao, Aj . . . B, . . . which 
are the amplitudes of the simple components. 

Integrate both sides of equation (i). 

f 2 ir 

j yde - de + Aj I ^ cosede + , , , , 

All the terms on the right-hand side, except the first, vanish. 


We have 


2irAi 




ydB, 


Ao = — / j'do = mean value of^. 

To find Aj multiply both sides of equation (i) by cos 6 and integrate. 
j ti ~ j f ‘^6d6 -i- A^J ^ cos 6 cos 26d6 -h • • • 

-j- Bj ^ cos B s'ln edB + B.^J ^ cos B sin 2BdB 4 * ... (2) 

Now 

cos Ode = o, j ^ cos /a cos gede = o, where / and g are unequal whole 

1 : 


numbers. (Ex. LXXIX. 15.) 

/ 2 v 

sin 20dB = 0 

. f 2 TC 

j ^ cos pB sm gOde — i j {sin (g +j ^)0 + sin (g — P)B')de = o, where p and 

g are unequal whole numbers. 
j ^ cos^ /jBdB = i I {cos 2^0 + I }d 0 = IT = I sin^ ^BdB, where/ is a whole 

number. (Ex. § 139.) 

Thus every term on the left-hand side of equation (2) vanishes except 
the second. 

I pff 

A j ^ y cos ede = ttAj, and A^ = - I y cos Ode 

= 2 (mean value of y cos B). 

To find Ag multiply equation (i) by cos 2O and integrate 

j ^ y cos 2dde — AqI ^ cos 2edo + Aj I cos 20 cos Bdd +A2 I cos^ 20do 4- 


Ag j ^ cos 20 cos zode + B^J ^ cos 20 sin edo 4- , . 
= A2T, the remaining integrals vanishing as before. 


Ao 


I 


y cos 2Bde = 2 (mean value oiy cos 20). 

I Ptt 

Similarly Ag = - / y cos ^Bde = 2(mean value ofy cos 30) 
■D I P*" . 

~ V / « = 2(mean value of^ sin e) 


Values ty Integrstioa 

B ■ 

'";-/;/s'n^<’^« = 3(n,eanvaIueof^sina.). 

Th. „ .. ' A of^ sfn 

number “> the case when there are 

and A^ — L [^ ^ 

ij y cos nM6 = 2(mean value of^ cos ««). 

If the ~ ^ sia «tf) 

ordinate. J- d" I j I ~r~ i p— 



Fig. tTaA.-VaIaes of». w 

fVar Professor Dalby’s “Valvec-nj tr , „ ''“• ""--ValuesofaS. 

r cases. and Valve Gear Mechanisms » for data of many 


r iue Jr 

similar cases, 
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We have 


I 

Aq = ^ / yde = mean value oiy = 4*83. 

I f^Tr 

Ai = - / y cos ede = 2 (mean value cos B) 


= J C{(I) - (6) - (7) + (I3)} cos 15° + {(2) - (5) _ (8) + (Ii) } cos 450 
+ {(3) - (4) - ( 9 ) + (10)} cos 7S°], where the numbers brackets 
( ) are the numbers of the ordinates. 

= i [lo-i cos IS® + 7-42 cos 45° + 2-53 cos 7s°] = 2-6i. 


I fiir 

Bj = - / ^ sin $dd = 2 (mean value of_y sin 0 ). 

IT J 0 


4[{(i) + (6) - (7) - (12)) sm T5° + {(2) + (5) _ (8) _ („)> sin 45° 

+ {(3) + (4) - (9)- Uo)} sin 75 °] ^ ^ 

= J[ 4 'i 4 sm IS® + ix-i8 sin 45® + 15-87 sin 75°] = 4-12. 


Aj = y cos 2ide. 


= I [(i) - (3) - (4) + (6) + (7) - (9) - (10 + (12)] cos 30° 

= i (.J- 9 ' 7 ^ - 18-83) cos 30® = 0-134. 

I fir 

Bj = " / sin 2ddQ 

ir y 0 

= i [{(^) + (3) — (4) — (6) 4 - (7) 4 - (9) (10) - (12)} sin 30® 4 * { C^) — (5) 

4 - ( 8 ) — (xr)}] 

= i[(^ 9*32 — 19*27) sin 30® 4* 0*02] = 0*0075. 

As = ~ y cos z^de 

= ILM (2) (3) + (4) 4 - (5) - (6) — (7) 4- (8) 4 * (9)— (lo)-(ir) -4 (i2)l 

cos 45® ^ 

= i C29'o 6 - 28*91] cos 45 ° -I O' 1 $ cos 45® = 0*0177, 

I 

Bs = ; / ^ .y sm sede 


= HW + (2) - (3) - (4) 4- (5) 4- (6) - (7) - (8) 4- (9) 4- (ro) — (1 r) — (12)! 
sm 45°. 

= H2371 - 29*26] sin 45® = |(~ 0*55) sin 45® = - 0*0648. 

The coefficients might be found by a graphic method from ifiA, 


Mean Values by Integration 


2S3 

Fig. II2B, Fig. II2C. Thus to find set off lengths of io*i, 7*42, 2*53 along 
the lines marked (i), (2), {3) in Fig. ii2A. One-sixth of the sum of their 
projections on OX will then give the value of Aj. 

Similarly, one-sixth of the projection upon OY of a length of — 0*55 set 
off along the line i, 5, 9 in Fig. 112c gives the value of B3, though the 
arithmetical method is preferable for the higher coefficients. 

Thus we have shown that the valve displacement 

y = 4*83 -4- 2*61 cos 0 -h 0*134 cos 20 4- 0*0177 cos 3^. 

4- 4*12 sin 0 4- 0*0075 sin 29 ~ 0*0648 sin 30. 


I 

I 
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CHAPTER XX 


VECTOR ALGEBRA-^ADDITION OF VECTORS 

140. Scalar and Vector Quantities. — Consider the point A in tlie figure 
as capable of being moved about the paper. 

We shall speak of the operation of moving the point A from one j>osition 
to another as a displacement of A. In order to give complete directions for 
any displacement of the point A, we must evi<iently 
B specify (i) the distance through which the poiiit A is 

• to be moved ; ( 2 ) the direction of that motion. 

Thus we cannot say that we perform ttxG. same 
operation in moving A to B as in moving -A to C, 
because, although the distances AB and AC are 
equal, the directions of the two displacements are 
M ^ not the same. 

^ *C Also, the displacement of A to D is not th.e same 

Fig. 1x3. operation as the displacement of A to B, because, 

though the directions of the two displacements are 
the same, the distances are different. Thus a displacement is a difTerent 
kind of magnitude from such quantities as the area of a figure, the mass of a 
body, the work done by a force, the temperature of a body, the electrical 
resistance of a conductor, etc. 

The area of a body is completely known when we know how many units 
of area it contains : the work done by a force is completely known wfa-en we 
know the number of foot-pounds by which it is measured, and so on. 

We find that any one of the latter class of quantities can be expressed 
by a single arithmetical number. 

On the other hand, we find that there is a class of quantities siicli ^ as 
velocity, acceleration, force, momentum, impulse, electric current, etc., wbich 
resemble a displacement in that we require to know not only the numerical 
magnitude, but also the direction in order to describe them completely. 

Quantities which can be completely described b); means of an arithmotical 
number expressing the number of times they contain a single unit are called 
scalar quantities. 

Quantities which have direction as well as numerical magnitude, an.<d can 
only be completely specified by stating both size or numerical mag’rt.zstude 
and direction, are called vector quantities. 

The numerical magnitude of a vector, such as, for example, the nUiXiber 
of feet or centimetres in a displacement, is sometimes called its tensor, and 
the direction is sometimes called the ort of the vector. 

We shall speak of the size and direction of the vector. 

All kinds of vectors can be completely represented by displacement 
vectors, the length of the displacement representing the size, and its directiion 
representing the direction of the vector. 

In what follows we shall speak with direct reference to displacenuent 
vectors ; these will be represented by straight lines, an arrow-head losing 
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used to show the direction of the displacement along- the straight line which 
represents it ; we shall speak of the straight line itself as a vector, regarding 
the operation of drawing it as a displacement. 

Thus in the figure, AB represents a displacement from 
A to B, CD a displacement from C to D. BA is used to 
denote a displacement from B to A, 

In this book we shall follow Mr. Heaviside in using 
clarendon type to denote that a letter is intended to repre- 
sent a vector ; thus a means a certain vector having a 
definite size and direction. 

a means a number used as in ordinary arithmetic and 
algebra, expressing the size of the vector a, and has no 
reference to direction. 

In written work it will be found convenient to under- 
line a letter when it represents a vector. Thus, in his own 
work, the student should underline all letters which would be printed in 
clarendon type on the system followed in this book. 

141 . Specification ofVectora. — We shall employ the following method 
of specifying the size and direction of vectors in a plane. 

0 


E 

\ 

F 

— X 

Tig. 115. 




Suppose a base line OX to be drawn from left to right, as in specifying the 
rectangular co-ordinates of a point on a plane. Then the direction of any 
vector is specified by the angle which it makes with OX. The angle is 
understood to be positive,' it is the angle through which OX would have 
to be turned about O, in a direction opposite to the motion of the hands of 
a clock in order to make its direction the same as that of the vector. 

The angle expressing the direction is written after and below the number 
expressing the size of the vector. 

Thus, 3670 represents a vector of size 3 units, whose direction makes an 
angle of 57® with OX. This is represented hy the straight line AB in 
Fig. 1 15. 

The straight line CD represents the vector 4 i 20®. 

Note that attention must be paid to the direction of the arrow-head on 
the straight line representing the vector, and this must always be inserted ; 
<sr.r. it might seem that EF makes an angle of 45*^ with OX, but OX could only 
be brought to the direction EF by a positive rotation of 315 , and the 
symbol for the vector EF is 2* 53^50. 

We might also specify the directions of vectors by reference to the pomts 
of the compass, representing these on the paper as they are usually 

represented on a map. , , , oxr rr* ctr 

Thus AB in Fig. iips a vector of 3 units in a direction 57 N. ot b. ti- 

is a vector of 2*5 units In a direction S.E. 
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Examples. — LXXX. 

Draw straigiit lines to represent the following vectors, and specify the direction of 
each by reference to the points of the compass : — 

1. 2. 3*4i 64°» 5*^alX®* ^ 3280°* ^ 

142. Equal Vectors. — ^Two vectors are said to be equal wlien they 
have the same sign and direction, although their positions may be different. 

Thus two equal vectors are repre- 
sented by equal and parallel straight 
lines, and the equation 

a = 6 

In vector algebra means that the straight 
lines representing a and b are not only 
of equal length but are also parallel. 

It follows by elementary g-eometry 
that with this meaning of the sign “ = ” if a = 6 and c = 6, then a = ^ 

Thus the sign ‘‘ = in vector algebra obeys the same law as in ordinary 
scalar algebra. 

143. Addition of Vectors. — Consider the case of a yacht sailing" against 
the wind from a point A to a point B, the distance AB being 7 miles in a 
direction due E. 

Then, when the vessel reaches B, there is evidently a sense in virhich we 
may say that she has sailed 7 miles in an easterly direction, althougli, owing 




Fig. 116. 



to the necessity of tacking, the straight line AB does not represent her 
actual course, which is represented by a, 6, c, e, f in the figure. 

Then, although the vessel has undergone a series of displacements 
a, bj Cj dj e, /, her “nett” displacement is the vector g from A to B. 

A single displacement equal to g would have carried her from her 
starting-point to the point where her course ended. 

In vector algebra the vector g is said to be the sum of the vectors 
0, b, 0, d, €, ff and the sign + is used to express this kind of addition. 

Thus the equation 

a 4 - 6 + c -h d -k e -k / = 

means that if we draw a straight line to represent the vector a, and from the 
end of this a straight line to represent 6, and so on ; then g is the vector 
represented by a straight line drawn from the beginning of a to the end off. 

Note that the sign “ 4 * ” between two vectors is not a direction to add 
their numerical magnitudes together. 


Example.— the value of 4 - 42550 + Sas*®. 

Draw the straight Unes AB = 3 ^oo> 80 = 43550, 00 = 33500 as in Fig. iiS 
Join AD. 
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Theii by measurement we find that the length of AD is 4*85, and that it makes an angle 
of 330® with OX, 

the required vector sum is 3^00 + 42530 + 3350° = 4 ‘ 8 S«oo 

We should of course get a very different result if the sign + in the above equation had 
the same meaning as in arithmetic. 

144. Zero.— “Note in particular that the sum of a number of displace- 
ment vectors which form a closed figure is zero, for the point which is 
supposed to undergo the displace- 
ments comes back to its starting 
position, and its nett displacement 
is zero. 

Example . — To find the value of 

34*0 “b 4253 ° Hh 3350 ° 4 “ 4*^5 ISOO* 

These are represented by the straight 
lines AB, BC, CD, DA in Fig. 118, so 
that when the tracing point has undergone 
the above four displacements in succes- 
sion it has returned to A, and its nett 
displacement has been the same as if 
it had not been displaced at all, ue. 

34*0 4 “ 4 * 35 ° 4 * Sssoo 4 - 4 '^ 5 i 8 oo == . 1 v 

defines the meaning of the symbol “ o in vector algebra. 

146. Composition of Velocities, Accelerations, etc.— We here take it 
as self-evident that displacement vectors are added by the method explained 
above. 

A velocity is the rate of change of a displacement with respect to the 
time, and therefore this method of addition also holds good for velocities. 

If a point has several simultaneous velocities in different directions, their 
vector sum is the resultant velocity of the point. In the same way it follows, 
since an acceleration is the rate of change of a velocity vector with respect to 
the time, that this method of addition also holds good for accelerations. 
Since a force is measured by the acceleration which it tends to cause, it 
follows that the same method also holds good for force vectors. Other 
vectors quantities, such as Momentum, Impulse, Magnetic Induction, etc., can 
be derived from displacement or force vectors by multiplying them by scalar 
quantities, and thus the same law of addition holds for all vector quantities. 

We see that the law of vector addition includes, as special cases, the pro- 
positions known as the Parallelogram of Velocities, the Parallelogram of 
Accelerations, the Parallelogram of Forces, etc. In particular, the statement 
that when a number of vectors taken in order form a closed figure their 
sum is zero, is equivalent to the polygon of velocities when the vectors are 
velocities, and to the polygon of forces when they are forces. 

Examples. — LXXXI. 

In the following examples give the angular measurements in the results correct to 
one-half of a degree. Find the following vector sums: — 

1. 3300 4- SiMO. 2. 3300 4- 5i330 4- 4430. 8. Toto 4- 97oo 4- Smso- 

4 . 8*01270 + 9*4i6«o 4 - 7*95230* 5 . 3 aso 4 - Sm® 4 - 43000. 

6. 5uo 4 - lOi^o 4 - 5 *^ 53230 . 7 . 3^00 4 - S1150 -f- 4 rio* 

8. 600 4- 4imo + 82350 -f 7900. 8. 7oo + 39 f 4- 3i8oo 4" 4- 4i8oo* 

10. A ship sails the following course: 3 miles in direction N.E., then 3 miles m 
direction 30® S. of E., then 5 miles in direction due N., then 2 miles m direction 



Fig. 1x8. 
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30® S. of E. At the end of her course how far, and in what direction, does the 

vessel lie from her starting point? . , , 

11 . The following forces act at a point. Find the numerical magnitude and 
direction of their resultant. 


15 lbs 

. making an 

angle 

of 48° with ox 

20 



162° „ 

ox 

33 

»> 


202° „ 

ox 

H 

*» 

» 

300° .. 

ox 


12 . Find the resultant of the following forces : — 

15 lbs. making an angle of 25° with ox 
12 „ „ 141® 

10 „ „ 250® „ ox 

13 . A cricket ball is travelling in a direction AB with a momentum of 125 units 
It receives a blow in a direction BC, which gives to it a momentum of 100 units. 
The angle ABC is 42®. In what direction will it move after the blow? What is 
the numerical magnitude of its momentum after the blow ? 

Note.— The momentum of a body is equal to its mass multiplied by its velocity, 
and has therefore the same direction as the velocity. The final momentum is the 
vector sum of the momentum before the blow, and the momentum given to the ball 
by the blow. 

14 . A point has the following velocities at the following times. Find approxi- 
mately the value of the acceleration when / = io‘02. 


Velocity, ft. per sec. 1 

IOOjo° 

103-335" 

I 0 S 7 «° 

I07-25i‘> 

io 7 - 8 , 2 ’ 

Time, seconds 

10 

lO’OI 

10*02 

10*03 

10*04 
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146. Rules governing tlie Use of the Sign ‘‘ +.” 


Let a and b be any two vectors. 

Construct a parallelograra ABCD, so that AB = DC = a and* AD = 


BC = 6. 

Then a + b = AB + BC = AC 
and also b + a = AD + DC = AC 
/. a +6 = ^ + a 

the sum of two vectors docs not depend on the order in which they are 
taken. 

This is the Commutative Law of Addition. We already know that 




it holds for ordinary arithmetical addition, and we have here shown that it is 
also true when the sign + has the special meaning given to it in vector 

addition. , . , 

Brackets are used as in ordinary algebra to indicate that the terms winen 
they contain are to be taken together. Thus, in the expression (a + 6) 4- a, 
the bracket indicates that a -f 6 is considered as one vector to which the 
vector c is added. 
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If a, 6, c, rf, (?, f xte vectors, as shown in Fief. 120 the evnretiQinn tn h\ 

■+ c denotes d + ^ch is equal to e, and is the same as a + 6 + c ^ ^ 

Similarly, a + (6 + e) = a+/=e=a^- 64 .c. to-t-c. 

' . . , . ,V. “ ’f'C* + ’’) = « •!-<> + c = (a4 6 ) +c. 

Similarly m addingf together any number of vectors we may take anv 

two or more together in a bracket without altering the sum ^ ^ 

This IS the Associative Law of AddiHnn 1,.,, 'i. , 

it holds for vector addition as well as for arithmetiSl additiJf ® 

To la^ holdsfor more than two vectors, we have 

^ commutative law for two vectors 

— O -f- 0 4- flt. 

Similarly, we can show that 

. , , , “ + * *+* + «= C +a4 6, etc. 

law holds for the addition of any number of 

Examples.— LXXXII. 

1 . Starting at the same point o, find by construction on the same Daner the 
following vector sums. Verify that they are all equal ^ ^ ^ 

3ia0 + 5«0 + 53000 4 7900 
5oo 4 34S0 4 Tooo 4 Ssooo 
Ssooo 4 5oo 4 7900 4 3430 
7900 4 Saooo 4 5oO 4 3450* 

a a = 4„<,, b = 27ja,„, c = 3-3,^ d = 37,„,„. 

Eind by three separate constructions the values of 

{CL 4 6 ), (c 4 c/) and (a +- b) -f (c 4 - d). 

Find in the same way the values of 

(a 4 c), {t 4 d) and (a 4 c) 4- (6 4 1/), and of (c -f 4- a) and (c 4 </ 4 a) + 6. 

Verify that (fl + &) + (o + rf) = ( « + c) + (6 4 y) = (e 4 . rf + a) + 6 . 

S. Find the values of / v i t / -r- 

26330 4 + 4I2J00 / 

and 26330 4- 4^2300 4 37iiao j 

a.iid verify that they are the same. 


147. Use of the Sign “ — / 

The sign ‘‘ - before a o/ X 

v-ector indicates that its direc- ^ 

tion is reversed. / 

For example, -a is a vector f 

of the same numerical magni- 
tnde as the vector + but in / 

tire opposite direction. 1 

- 5690 is a vector of 5 units / 

1x1 a direction opposite to that ^ 

of the vector 5ggo. 

Evidently it is the same as a positive vector 52490. 

^ 1 • displacement vectors, a ~ 6 is the nett displacement of 

-f “> ® distance <1 in a 

ciu action opposite to that of the vector 6. 

In the figure c = a - 6. 
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If a = 7250 and 6 = Ssa® 

Then - 6 = 53^90 

and a — b = 725® ““ Seo® = 725° + 5240° 

Thus, in any expression a vector with the — sign before it may always be 
replaced by an equal and opposite vector with the -f sign before it. 

It follows that the laws shown, in § 146, to hold for the 4 - sign, also hold 
for the - sign. 

Note in particular that 

For in Fig. 117 the expression on the right-hand side of this equation would 
be represented by reversing all the arrow-heads, and would represent the 
case where the ship sails back over the same courses from B to A. 

Evidently the resulting nett displacement is 

-g = -{a + b + c-hd + e +f) 

In ordinary algebra, if it is given that a = 6 and c = flf, we take it as self- 
evident that a 4 c = 6 4 {/. 

Consider the corresponding case when a, b, c, d are displacement vectors. 



If a and b are equal displacements, and also 0 and d^ it is evident that the 
double displacement a 4 c has the same effect in changing the position of 
a p(;int as the double displacement b ± d ; i.e. 

a 4 c = 6 ± 

Note that this is equivalent to the proposition (Euclid I., 4) that two 
triangles are equal when two sides and the included angle of one are 
respectively ecjual to two sides and the included angle of the other. 

We have now shown that the signs 4, and = obey the same rules in 
vector algebra as in ordinary algebra. 

It follcjws that in vector equations we may transfer a term from one side 
to the other provided we change its sign. 

The fundamental laws of vector addition and subtraction have been 
treated with some fulness to enable the student to realize the actual meaning 
of the symbols he uses as repre.senting the vectors themselves. The student 
hliould be careful to avoid the habit of dealing mechanically with the 
expressions and processes of vector algebra as if he were dealing with mere 
symbols. 

KxAMin.E //a = CffOj b = 74^0, c = 43*0, Jind the values of a-\-b — a and 
a ~ 6 4 c, 

— b is the same as the positive vector 73*50 

— c is the same as the positive vector 4*1*0. 
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Thus in the figure 

P = a + 6 — c and Q = a — 6 + c. 
We find by measurement that 

P = 7 '^^ 240 > Q “ 5*43200 

measuring the angles to the nearest degree. 




Example (2). — Water is flowing at 10 feet per second along a pipe having a right- 
angled bend. What is the vector change of the velocity at the bend ? 

(Board of Education Examination in Applied Mechanics.) 

In the figure (Fig. 124), velocity along AB before reaching bend = lOoo 
velocity along BC after passing bend = lOg^o, 

change of velocity v = IO900 — iOqo 

where the — sign has the meaning given to it in 
vector algebra. 

In the figure AB represents lOoo, BC repre- 
sents lOgoo. To find V draw CD to represent ~ 
io<,o. Then u = 10,00 ~ lOoo = BC + CD = 

BD. By measurement or calculation BD = 

14*14 and the angle ABD =45°, 

/. u = I4*I4u50- 

The required vector change of velocity at the 
bend is therefore a velocity of 14*14 feet per 
second in a direction bisecting the angle at the 
bend. 

148 . Belative Velocity. 

If a point A moves with velocity w, and 
a point B moves with velocity u, then the 
velocity of A relative to B, i.e. the velocity 
which A would appear to have to a person Fig. 125. 

moving with B and facing in a constant 

direction, is u - v, where u and v are regarded as vectors, and the 
sign - has, of course, the meaning given to it in vector algebra. 

Example. — A vessel A is sailhig at a speed of 10 knots in a direction N.E., and a 
vessel B is sailing at 12 k7tots in a direction 20® W. of^. Find the velocity which A 
appears to have to a person on B. 
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Wc may write 

velocity of A = i/ = 1O450 
velocity of B = y = 122500 
velocity of A relative to B = £/ — y 

= IO 4 JO 122500 
— IO450 “f* I2jqo 
= 2I*4758*so 

by construction and measurement. 


Examples.— LXXXIIL 

Find by construction the values of — 

3250 — 5 335° + 43000- 2. ^gjo + 9*7oO — 5 i08O. 3. 8’OInjO — g‘4ngO — 7*952030* 

4 . If a = 3540, 6 = 2 i4oo, 0 = 3250°, find the values of a 4 - 6 -h c and a — 6 + c. 

6 . a = 3^jo, b ~ 2^200, c = 43150, find the values of a + 6 + c and n -f- 6 — c. 

6. A point A has a velocity 135150, a point B has a velocity 21O2800. Find the 
velocity of B relative to A. 

7 . A vessel A is sailing at ii knots in a direction S.E., and a second vessel B is 
sailing at 13 knots in a direction 10® E. of N. Find the velocity of A relative to B. 

8. A body is moving at a speed of 150 ft. per second in a direction AB, It 
strikes an obstacle and rebounds at a speed of no ft. per second in a direction BC. 
The angle ABC is 125®. What is the magnitude and direction of the velocity which 
is given to the body by the blow ? 


149 . Multiplication of a Vector by a Scalar Quantity. — If a be any 
vector and « any number, or denotes a vector in the same direction 
as a, but ^ times as large ,* if a = 2590, 3a denotes a displacement of 
6 units in a direction making 59° with OX. 

Let a, 6, c be three vectors, and let 

a + 6 + c = / 

Draw the construction to find the sum a 4 - 6 + c. 

Then the sum 2a + 2b + 2c will be found by drawing a similar and 
similarly situated figure on twice the scale. 

By elementary geometry the resulting vector sum will be parallel to /and 
of twice the length, 

2a -f 26 + 2c = 2/ = 2(a + 6 4 - c) 
and, in general, when n is any scalar number 

zza 4- 4- + . . . = «(a 4- 6 4- c . * .) 

Thus we may “ multiply out ” each term in a bracket by a scalar quantity 
as in ordinary algebra. 

This is the Distributive Law of Multiplication. 



Example. — 71? that the diagonals of a 

parallelogram bisect o?ie a?iothcr. 

Let the diagonals AC, BD of the parallelogram 
ABCD intersect at E. Then the vector AB = DC, 
the sign = here expressing equality of direction as 
well as equality of numerical magnitude. But the 
vector sum 

AE 4- EB = AB, and DE 4- EC = DC 
A AE 4 - EB = DE 4 - EC 

AE — EC = DE — EB (see § 147) 


But the vector differences on each side of this equation are vectors having different 
directions, and therefore cannot be equal unless they are both equal to zero, 
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AE ~ EC = o, and AE = EC ; DE - EB = o, and DE = EB 
which proves the proposition. 


Examples,— LXXXIV. 

1. AC and BD are two straight lines bisecting one another al E. Prove that AB 
is egual and parallel to DC. 

2. If AB is equal and parallel to CD, prove by vector algebra that AC is equal 
and parallel to BD. 

3. D is the mid-point of the side BC of a triangle ABC. A point G is taken on 
AD so that AG = 2 GD. Prove by vector algebra that CG and BG when produced 
bisect AB and AC. 

4. Prove that the figure formed by joining the mid-points of the sides of any 
quadrilateral is a parallelogram. 



Let forces represented by mAB^ nAC act at A. 

AB and AC are linear displacement vectors, and m and n are scalar 
quantities. 

Join BC. Divide BC at P, so that BP : PC = n i m. 


m,BP = n.PC 


(I) 


Now in vector notation mAB = m(AP + PB) = mAP + mPB = mAP^-mBP 
and «AC = n(AP + PC) = «AP 4- nPC 

adding, mAB 4- nAG = (m + ;^)AP — mBP + nPC 
= (w + n)AP by (i) 

The sum of two force vectors is their resultant ; the resultant of forces 
mAB along AB, and nAC along AC, is {m + n)AP along AP. 

The position of P is evidently independent of the position of A so long as 
the ratio m : n remains the same, so that A may be moved as far away from 
BC as we please. 

As A moves to a greater and greater distance from BC, the three lengths 
AB, AP, AC become more and more nearly equal and parcel. 

Choose the scale so that AP represents the unit force. 

Then, in the limit, as A moves to infinity. Fig. 127 becomes Fig. 128, and 
AB and AC become equal to AP, and the resultant of two like parallel forces ni 
and « at B and C is w + w at P, where P divides BC so that BP : PC — n\ m. 


151. Centre of a System of Parallel Forces. — Similarly, to find the 
resultant of the three forces 


WjAB, WjAC, WjAD 

We have, in vector notation, 

m^AB 4 WgAC = 4 m^bP 

where BP : PC = \ 
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.% the vector sum 


MjAB + m.^AO + m.,AD = + m.^)AP + yn^^AD 

= (wzi + w-2 + ^^h)AG by the last paragraph 
where PG : GO = -f- mA 


A 



t\e. the resultant of forces WjAB, m.^AC^ m^AD along AB, AC, and AD is 
(w 1+ + W3)AG along AG 

When A Is taken to infinity the vectors AB, AC, AD, AG become equal 
and parallel. 

laking AG to represent the unit force, we get the theorem that the 
resultant of parallel forces at B, at C, and at D is -h w.,) 

at G. It is evident that the position of G does not depend upon the direction 
in which A is taken to infinity, and therefore the parallel forces at B, C, and 
D may act in any direction, but their resultant will still act at the same 
point G. G is called the centre of the system of parallel forces. If the 
parallel forces are weights, G is the centre of gravity of the weights m. at B, 
w., at C, and at D. 

We may evidently extend this to the case of any number of parallel 
forces. I’hus, if we have weights at Pj, Wg at P^, at Pg, at and 
so on, the f:entre of gravity of the system of weights is at G where G is a 
point whose position is given by the vector equation 

(mi + -f + . . .)OG = miOP^ + + m^OP^ + Hh . . . 

where O is any point, the lines OPj, OPj . , . OG are understood to be 
vc‘rtors, and the signs -P and = have the meaning which we have given tc 
them in vector algebra. 

'Fhis vector equation may be taken as a definition of the centre of gravity 
of a number of particles. 

Kxamti.k,-' Pind hy a graphic constrziciion the position of the centre of gratuity oj 
the foliowing weights : — 

3 Ihs. at the point P, whose polar co-ordinates arc (5, 42®) 

^ >> >> ^3 >1 i» 25*^) 

^ tf t9 » it (3> 120*^) 

^ tf tf P4 >» n 

The position of the points is shown in the figure. Consider the lines OP,, OP^, 
OP„ Or^ as vectors. Then, if G is the centre of gravity, we have shown that 

loOQ = 3OP1 + 2OP3 + 4OP3 + OP4. 

Find by construction the vector sum 

3OP, -f 2OP, + 4OP, 4- OP4 = OP, 
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Then OP = 10. OG. 

G is on OP at a distance OG equal to 'j^jOP from O. We fmd by measurement 
that the polar co-ordinates of G are 

r = 25'8, e = 60°, 



This method is given chiefly for its interest as an example in vector addition. In 
practice we use a more convenient method which is derived from this (see § 162). 


Examples. — LXXXV. 

1 . Find the polar co-ordinates of the centre of gravity of the following weights: — 

3 lbs. at the point whose polar co-ordinates are (2*24, 26*5°). 

1 n » »» (2'o6, 76°). 

2 5j >» ja ^2, 153 5°)* 

10 „ „ „ (1, 270°). 

2 . Find the polar co-ordinates of the centre of gravity of : — 

I lb at the point whose polar co-ordinates are (5*83, 149°). 

4 >> » yy (9’43j 5^°)* 

5 »i » (^3 45» 42 ). 

3 >> >» *> (2i*5> 22 ). 

3 . Draw an equilateral triangle ABC having its sides two inches long. Find by 
construction the vector sum of forces proportional to 3AB along AB and 2 AC along 
AC, and verify by measurement the theorem of § 150 that the resultant of the forces is 
5AP along AP, where P divides BC so that BP : PC = 2:3. 

4 . Three equal weights are placed at the angular points A, B, and C, of a triangle 
ABC. D is the mid-point of BC. Prove that the centre of gravity G of the weights 
is on AD, and that AG = f AD. 

6. Prove by vector algebra that the centre of gravity of 4 equal weights at the 
comers A, B, C and D of a triangular pyramid is at a point G on the straight line AE 
joining the vertex to the centre of gravity E of the three weights at B, C, and D, and 
such that AG = AE, 



CHAPTER XXI 


MULTIPLICATION OF VECTORS 

152. Scalar Product of Two Vectors— The scalar product of two vectors 
is defined as the product of their numerical magnitudes into the cosine of the 
angle between them. 

If a and b are the two vectors and B the angle between them, the scalar 
product is written ab^ and we have 

ab = ab cos B 



Note that the angle 0 is taken between the directions of the two vectors 
a and 6, measured both from or both towards the point where they meet. 

if the vectors are in the directions OA and OB in the figure, B is 
taken* as the angde AOB ; if the vectors are in the directions AO and OB, 
however, the angle 0 is the angle COB between AO produced and OB, and 
not the angle AOB. 

As its name implies, the scalar product of two vectors is a scalar quantity 
and not a vector- 

The physical meaning which it has and the units in which it is measured, 
depend on the original vectors which are multiplied together. 

If two displacement vectors are multiplied together the resulting scalar 
product has the dimensions of an area which, of course, is a scalar quantity 
having no direction. 

If a force F causes a displacement s in its own direction, the product Fs 
is the work done. We now extend this statement, and say that when F and s 
are vectors in any two directions, the scalar product fs is the work done by 
the force F acting through the displacement s and remaining parallel to its 
original direction throughout the displacement. The work Fa is measured in 
toot-lbs. or similar units, and is a scalar quantity having numerical magnitude 
but no direction. 

If a force F is moving a point with a velocity v in its own direction, the 
product Fz' is the rate at which the force is doing work, and is called the 
power or activity of the force. 

As before, we now extend this to the case where F and v are vectors in 
any two directions. 
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If a force F is moving a point with velocity v, then the rate at which it is 
doing work is equal to the scalar product Fu. If F is in pounds, and u in 
feet per second, the power Fu is given in foot-lbs. per second. This is a 
scalar quantity having no direction. 


153 . Commutative Law. — Since cos 6 = cos (— it does not matter 
whether the angle B in the scalar product is measured from a to 3, or from 3 
to a ; i.e, we get the same result by taking B = AOB as by taking B = BOA 
in Fig. 13 1, or ab = a3 cos B -z 3a cos (— B) — ba. 

Thus, in finding the scalar product of two vectors, the order of multi- 
plication does not affect the result. In this respect scalar products resemble 
ordinary arithmetical products. This is the commutative law for scalar 
products. 


164 . Perpendicular and Parallel Vectors. — If the vectors a and b are 
at right angles B = 90®, and ab = a3 cos 90® = o. 

Thus, the scalar product of two perpendicular vectors is zero. 

E.g. if the force F and the displacement s of its point of application are 
at right angles, the work done = Fs = Fx cos o® = o. 

If the two vectors have the same direction, 0 = o, and the scalar product 
ab = ab cos B = ab, i,e, the scalar product is equal to the ordinary algebraical 
product. 

E.g, if the force F produces a displacement s along its own direction, we 
know that the work done is the ordinary algebraical product Fs, and we now 
see that this is also the scalar product when the directions of the force and 
the displacement are the same. Thus the definition given above of the work 
done by a force as a scalar product is general, and includes as a special case 
the ordinary definition as the product of the force into the displacement in 
its own direction. 

If a vector a be multiplied by itself the resulting scalar product is written 
a^. Since the angle ^ = o, 

a, a, cos o = 

or, the square of a vector is equal to the algebraical square of its numerical 
magnitude, and, being a scalar product, has, of course, no direction. 


155 Kule of Signs. — The vector — 6 is the vector 6 reversed. 
The angle between a and — 6 is the supplement 
of 0 or 1 80® - B 

the scalar product a(- 6) = ah cos (180® — B) 

= — ad cos B = •-ab 
Similarly (— a)(-- 6) = -f a6 

i.e. the rule of signs in scalar algebra also holds for Fig. 132. 

scalar products of two vectors. 



158 . Consider two vectors a and 6, both starting from the same point O 
in the same direction, and let a remain fixed while b rotates about O until it 
is in the opposite direction to a. 

The numerical magnitudes a and 6 remain the same, so that the scalar 
product ab cos B follows the variations of cos B. 

The scalar product has its greatest value ah when a and 6 are in the same 
direction. As B increases to a right angle the scalar product diminishes to a 
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As B increases from a right angle to two right angles the scalar product is 
negative, and changes from o to - ab. 

If 6 is made to rotate further the scalar product 
passes back through the same series of values to 
the value ab when b has turned through 3^0*^. 

We see that the scalar product of two vectors is 
a maximum when they are in the same dLirection, 
and a minimum when they are in opposite direc- 
tions. 





Fjg. 134. 
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Example (i). — Find the scalar prcduct q/" the iwo 
vectors and I0,goo. 

Here 0 == 55® and the scalar product. 

12,350. 10,5,0 = 10 X 12 X cos 55® 

- = 68-83 

Example '{1) —Calculate the scalar proefud of 6„r. 
and 5^000 • 

Here B = 150° and the scalar product 

6too . Saooo = 6x5 X cos 150° = — 25 "98 

Example (3). — A horse pulls a canal barge at the r'este of 
ft. per second with a force of 85 lbs. The rope makes csri angle 
of 25® with the direction in which the barge is moving. Find the 
work done in pulling the boat 100 y?., and the horse-powe-r^* 

The work done is given by the scalar product ojf a force 
vector of 85 lbs. along the direction of the rope, and a displace- 
ment Vector of 100 ft. along the direction of motion of tlie boat, 

/. work done = 85 x 100 X cos 25° ft.-lbs. 

= 7703 ft.-lbs. 


'I he power is equal to the scalar product of vectors of 85 lbs. and 5^ ft. per second, 
making an angle of 25° with each other. 


Power = 85 X 5*5 X cos 25® ft.-lbs. per second 
^ 85 X 5*5 X o*c^63 p 
550 

= 0-770 H.P. 


Examples. --LXXXVI, 

Calculate the following scalar products : — 

1 . 5300 , Xqo. 2. 5,5,0 . 1,0. 3. 52,, o . 1,0. 

530*>*^«0«' 5,5<p.I„o. 7. 52100.19,0. 

5«k»-340«- 10 . 11 . (2*32„o)^ , 

13. 3 - 17 , 0 . 4-2«,50. 14. 3'43„o . 2 - 99 , 0 . 1^' 3’7i390. 

10* 4 ' 33 Mf> ' 2-93350- 17. If — 5270 ; b = 63,0, find ab. 

IB. (xiven a sr 25,30 ; b = 3^ui®> calculate the value of ab. Also draw- lines to 
represent the vectors — a and -- b, calculate the values of the scalar products 

{-a)b, (~42)(-45) 


4 . 5330 *^ - 

Sajo*-’ - 
12. 2*6520 * 


anri verify that the rule of signs of ordinary algebraical multiplication also holds gootl 
for the scalar products of two vectors. ' ^ 
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19 . Find the scalar products of the following pairs of vectors in a horizontal 
plane : 15 N.W. and 10 E. ; 12 S.E. and 15, 30® E. of N. ; 350 S. and 7 W. ; 12 in 
direction 25° N. of E. ; and 13*1 in direction 16° N. of W. 

20 . A horse pulls a canal boat with a force of 364 lbs. If the rope makes an 
angle of 23° with the direction in which the boat moves, find the work done in pulling 
the boat 100 ft. 

21 . If the force in the last question is 500 lbs., and the boat moves with a velocity 
of I ft. per second ; find the power. The angle between the rope and the direction 
of motion is 25°. 

22 . A truck is pulled at a speed of 8*8 ft. per second along a line of rails by a 
rope passed round a revolving drum at the side of the rails. If the angle between the 
rope and the direction of the rails is 28®, and the force in the rope is 512 lbs., find 
the power. What islhe power when the truck is passing the drum, so that the rope 
is at right angles to the rails ? 

23 . An electric tramcar is travelling at a speed of I4§ ft. per second. The wind 
is blowing against the car at an angle of 40® to the track with a force of 155 lbs. 
Find the power exerted in overcoming the resistance of the wind. 

24 . OB is the crank, and BA the connecting-rod of an engine. B is moving 
round a circle at the rate of 6*3 ft. per second. OB = 6 ins., BA = 3 ft. Find the 
power at the instant when OA = 3*2 ft., and the thrust along AB is 1200 lbs. 



Fig. 136. 


167. Orthogonal Projection. 

Let OP be any linear vector r, and OX a straight line in any other 
direction. Draw PN perpendicular to OX. Then ON is called the orthogonal 
projection of OP on OX, and the point N is called 
the projection of the point P on OX.^ In what 
follows we shall use the word projection to 
mean orthogonal projection. 

If we regard OP as the displacement of a 
point, ON is the distance which the point moves 
in the direction OX, while it is displaced from 
O to P. . . 

If OP is regarded as representing a velocity, acceleration or force, ON 
represents the component of that velocity, acceleration, or force in the 
direction OX. 

Take a vector OI of unit length along OX. Let / denote this vector. 

Then the scalar product of OP and / = r . / = r . 2 . cos NOP = ON. 
the orthogonal projection of a displacement vector r upon a direction 
OX is the scalar product of r, and a unit vector i in the direction OX. 

The relation between the rectangular and polar cordinates of a point may 
now be expressed in the language of vector 
algebra. ■ 

Take rectangular axes OX and OY through O. 

Let ;r, be the rectangular and r, 0 the polar 
co-ordinates of P, and consider r as a vector in 
the direction OP. 

Take unit vectors OI = / and OJ = J along 
OX and OY. 

Then x and y are the projections of r on OX 
and OY. 

X - rj = r. I, cos XOP = r cos 0 
^ = ry = r . I . cos POY = r cos (90° - 6) = r sin ^ 



Thus we may calculate x and y when r and 0 are given. 

Example. — 7 b find the projections of the vector S320 on the axes OX and OY. 

In this and the following examples we shall take the base line OX, with reference 
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to which the directions of vectors are specified to be the same as the axis OX of 
rectangular ordinates. 

If / and j are unit vectors along OX and OY (Fig. 137), 

Projection of ^^^0 on OX = ON = 5 . / = 5 . i . cos 32® = 4*24 
» 5320 on OY = OM = 5 .y = 5 . i . cos 58® = 2*6495 


If the projections of a vector on two fixed straight lines are given, the 
vector is determined. 



Example. — Thg projections of a certain vector 8 on 
two fixed perpendicular straight lines OX and OY are 
1*5 and 2*3. Find the numerical magnitude and the 
direction of 8 * 

In the figure we have 

ON = 1*5, OM =2*3= NP 
OP = v^i' 5 * + 2*32 = 2*745 
and tan NOP = = 1*533 = 57 ® 

NOP = 57® 
and 8 is the vector 2*7455x0. 


Examples.— LXXXVII. 

Draw two axes OX and OY at right angles. Take OX as base line from which 
to measure the directions of the vectors. Find the projections of the following 
vectors on OX and OY : — 

1 . 2I230. 2 . 2l0,o. 3 . 32^50. 4 . Ipaoo. 6. 63103c 

3. 63 iego. 7. 242160* 372900* STsio®* 1®* 295150 , 

Find the numerical magnitude and direction of the vector S in the following 
cases : — 



Projection of S on OX. 

Projection of S on O Y. 

11 . 

2*7 

I*I 

12 . 

1*35 

-2*74 

13. 

- 3*46 

2*95 

14. 

-47 

~3*2 

16. 

4*5 

-5*2 


168. Kesolution of Forces and Velocities. 

Example (i). — A boat is moving at the rate of 7 miles an hour in a direction 
40® E. of N. At what rates is it moving east and 7 iorth ? 

If we take a straight line drawn from W. to E. as a base line, we have to find the 
projections of a vector 7^50 on the directions OX and OY, 

.*. required velocity in direction E 

= 7,00 X / = 7 cos 50® = 4'499fi miles per hour 

Velocity in direction N 

= 7 #o« X / = 7 cos 40® = 5*3^20 miles per hour 

These velocities are called the rectangular components of the velocity 7^00 iu the 
directions E. and N. 
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Example (2). — In Ex. 3, p, find the componmt of the pulling force along the 

in the direction in which the boat is moving. 

The magnitude of the required component force is the scalar product of a vector 
of S5 lbs. in the direction of the rope, and a unit vector making an angle of 25® 
with it, 

= 85 . I . cos 25® = 77*03 lbs. 

Note that the work done in pulling the boat 100 ft. was found to be 7703 ft. -lbs. ; 
it is the product of the displacement into the component of the force in the 
<iirection of the displacement. 


Examples .— LXXXVIII. 

In the following examples find the components of the given forces along OX and 
OV. The angle given in each case is the angle which the direction of the force 
xnakes with OX. 

I. 353,0 lbs. 2 . 3S1530 lbs, 3 . 35197 ° 4 . 35 sijo ihs. 

6. The components of a force along OX and OY are 35 lbs. and 24 lbs. Find 
the magnitude and direction of the force. 

6. The components of a force are 156 lbs. in direction N. and 142 lbs. in direction 
E. Find the magnitude and direction of the force. 

* 7. A truck weighing 7 tons is being pulled up a gradient of i in 35. What is the 
component of its weight which tends to pull it down the track ? 

8 . A ship is sailing in direction N.E. at 15 miles an hour. How many miles per 
hour is it travelling in a direction due E. ? 

8. A truck is running at 28 ft. per second down a gradient of i in 56. At what 
rate in feet per second is it moving vertically downwards ? 

10 . A projectile is fired from a gun at a speed of 1800 ft. per second in a direction 
making an angle of 15® with the horizontal. Find its horizontal and vertical 

velocities. i. • j 

II . A truck is drawn along a line of rails by means of a rope passing round a 
revolving drum at the side of the line. If the rope makes an angle of 17® with the 
rails, wlTat must be the pull along the rope in order to give a force of 500 lbs. in the 
direction of the rails ? 


159. Projections of the Sides of a Closed Polygon. 

Let OABCDE be any closed polygon. Consider the sides OA, AB, BC, 



CD, DE, EO as vectors, whose directions all pass the same way round the 

^^Then the sum of the projections on any straight line OX of OA, AB, etc., 

taken with their proper signs is zero. _ r a o a 

For, let Ai, Bj, Cj . . . be the projections of A, B, C . . . and consider 
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the vectors OA, AB, BC ... as the displacements of a point P it moves 
round the figure. Then, as the point P moves through A, B, etc., in 
succession, its projection moves through A^, Ci, etc. When the 
moving point P comes back to O its projection P^ also comes back to O, and 
the total displacement of P^ along OX has been zero. 

f.e. the sum of the projections of OA, AB, BC . . . on OX is zero. 

The same reasoning applies if the projections are taken on a which 

does not pass through an angular point of the polygon. 

The vectors OA, AB, BC . . . above need not be supposed actually to 
form a polygon. It is sufficient that their magnitudes and directions are 
such that they could be moved parallel to themselves, so as to form a closed 
polygon, ue. their sum must be zero whatever their positions. 

We may state the above theorem as follows : — 

If the sum of a number of linear vectors is zero, the sum of tkeir pro- 
jections on any line is zero. 

If the vectors OA, AB, BC, etc., represent forces acting at a point, they 
are in equilibrium since their vector sum, which is equal to their resultant, is 
zero. Thus the theorem of this paragraph leads to the important theorem in 
mechanics that the sum of the components in any direction of a system of 
forces in equilibrium is zero. 


OE. 


160. Bistributive Law for Scalar Products. 

Next consider a number of vectors OA, AB, BC, CD, DE whose sum is 


As before, whilst a point P passes from O to E, along the vectors OA, AB, 

BC, CD, DE, its projection 
Pi on OX passes through 
Ai, Bi, Cl, Di to El, and Pj 
has altogether been dis- 
placed for a nett distance 
OEi, which is the projection 
of OE. 

the sum of the pro- 
Fig. 140. jections of a number of 

vectors OA, AB, . . . DE is 

equal to the projection of their sum OE. 

As before, this result holds good whatever the position of the vectors 
considered. 

In the figure let a, b, c, d, e, / be the vectors OA, AB, BC, CD, DE, OE 
respectively. 

We have a*f6-fe-f(/-f^=/- 

Then, if / be a unit vector along OX, the projection of any vector ci on OX 
is the scalar product /. a, and we have shown that the sum of the projections 
of a, b, c, d, e is equal to the projection of their sum /. 



/. /(a -t- 6 -h c 4- + e) = // = /a -f ib + io 4- id + ie 


Let p be a vector of any size along OX. Then, since / is of unit length, 
// = p, and multiplying both sides of the above equation by we g-et 

p{a + b + 0 d + e) = pa + pb + po pd + pe 

This is the Distributive Law for scalar products of two vectors. We 
have already pointed out that this law holds when the sum of a number of 
vectors is multiplied by a scalar quantity, we have now shown thsLt it also 
holds when the sum of a number of vectors is multiplied by another vector 
so as to form a scalar product. 
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Examples.— LXXXIX. 

1 . If a = 3400, 6 = 5i,50, c = 4710, find the vector sum a + 6, and the scalar 
products c{a + b), ca, and cb, and verify that c{a + 6) = ca -h cb. 

2 . Verify in the same way that c(a — b) = ca — cb for the case when a = 2*7710, 
b = 3 *^ 1350 > C = I' 92050 * 


161 . Calculation of tke Sam of a ISTumber of Vectors. — The dis- 
tributive law for scalar products gives a method of calculating the sum of any 
number of vectors. 

Let the vector S be the sum of the vectors a, b, c, d. We have 
a+6+c + t/ = 5 


Taking unit vectors / and J along the axes of x and we have by the 
distributive law 


ai + bi + ci + di = Si 


Or, in words, the projection of S on the axis of x is equal to the sum of the 
projections a, 6, c, and d on the axis of x. 

So also 

aj + bj + cj + dj = SJ 

Or, the projection of S on the axis of y is equal to the sum of the projections 
of a, b, c, and d on the axis of/. 

We thus calculate the projections of the required vector sum on the two 
axes. 

The numerical magnitude of S is equal to the square root of the sum of 
the squares of Si and S], Also the tangent of the angle which S makes with 

OX = and thus the direction of S is found. 
bl 


Example. — L&t a == b = 41050, C = 228 oO' Calculate the valtu of the vector 
sum 5 = a + 6 4- c. 

Take the base line from which the given angles are measured as the axis of jp, and 


a straight line OY perpendicular to it as 
the axis of/. 

Then we have seen that the sum of 
the projections of a, 6, c on OX is equal 
to the projection of S on OX ; i,e. in 
the figure, OAj + AiBj +• BiCi = OGj, 
each projection being taken with its 
proper sign. 

Therefore, if / be a unit vector in the 
direction OX, 

sum of projections of a, b, and c on OX 

= ai + bi + c/ = 3 cos 62® -p 4 cos 165® 
4- 2 cos 280® 

=3 X 0*4695 -4 X 0*9659 4 - 2 X 0*1736 
= ~ 2*1079 = projection of $ on OX 
= Si = OGi 



Similarly, if j is a unit vector in direction OY, 

sum of projections of a, 6, and c on OY 

= aj +• bj + cj = S sin 62® -j- 4 sin 165® 4 - 2 sin 280P 
s= 3 X 0*8829 4 " 4 X 0*2588 — 2 X 0*9848 
= 1*7143 = projection of S on OY = ^‘ = OC, 
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= oc,^ + o,c,' = {Sir + {sjr 

= ( - 2-io 8)^ + (1714)2 = 7-38 
5 = ^7^ = 2717 


To find the direction of 5 , we have, if 9 be the angle which 5 makes with OX, 


tan $ 


- 9i^ = ?l=z- >'714 

OCj Si 2*108 
e = (180® ~ 39®) = 141® 

\ S = 2 ‘ 7 i 7 „io 


= — 0*814 = — tan 39° 


The student should compare this value of 8 with the value obtained by construction 
and measurement. 

Similarly, to calculate the value of 5 = a — 6 + c, we find the values of 
ai — bi + ci and aj — bj + cj\ which are the projections of 8 on the axes, and thus 
the value of 8 may be calculated. 

The same method may, of course, be used when the vectors are forces, in order to 
find their resultant. 


Examples. — XC. 

Work Examples LXXXL, Nos. 1 to 9 , by calculation, and compare with the 
results previously obtained by construction. 

11 . The following forces act at a point O : — 

SsoOj 7»50» ShOOj S22S0> 42900* 

The magnitude of each face is given in pounds, and the given angles are the angles 
which the respective forces make with a straight line OX. Find the magnitude and 
direction of the resultant of the given forces both by calculation and construction, 

12 . The following forces act at a point. Find their resultant by calculation and 
construction. 

^«lO> SiooOj 3lTPO> 42300> 9»4PO* 

13 . AB, BC, CD . . . are straight passages, called drifts, in a mine in the 
same horizontal plane. Their lengths and the angles which they make, with a 
straight line running from S. to N., are measured as follows : — 


Drift. 

Length (links). 

Angle with meridian. 

AB 

265 

00 

0 

0 

BC 

128 

92® 

CD 

104 

142® 

DE 

71 

67-5" 

EF 

292 

156® 

FG 

633 

260® 


What would be the length and direction of a drift bored from B to G ? Work both 
by calculation and construction, and compare results. 

14 :. With the same data as in the last example, it is required to bore from some 
point in the drift FG a drift which shall come out at B, and be in the same straight 
line with BA. Calculate the distance from F of the point from which the new boring 
must start, the angle between the new boring and FG, and the length of the new 
boring. Verify by construction. 

Note. — If K be the required point on FG, the sum of the projections of BC, 
CD, DE, EF, FK, on an axis at right angles to AB is zero. 

15 . A drift is to be bored from D to G. What is its length, and what angle does 
it make with CD ? 

162 . Centre of Gravity of a NTumber of Particles.^ — The distributive 
law gives a proof of the method of finding the rectangular co-ordinates of 
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the centre of gravity of a number of weights at points whose co-ordinates are 
known. 

It was proved in p. 29*4 that if G is the centre of gravity of weights at 
Pi, at Pj . W3 at P3 . . . and O is any point, then, in the notation of vector 
algebra, 

+ ^2 + ^3 + • • •) OG = + m^OP^ Hh W3OP3 + . . . 

Take two rectangular axes OX and^OY. Let {^2^2) ... be the 

co-ordinates of Pj, Pg, . . . |Lnd let ix,y) be the co-ordinates of G. 

Form the scalar product of each side of the above equation with the imit 
vector / along OX. 

Then, by the distributive law, 

{pii + W2 + . .)OG/ = . OPi . / ■{‘m2* OP2 . / + »Z3 . OP3 

But OGJ=x ; OPi/ = Xi ; OPJ = X2 * . * 

(wi + ^2 + + m 2 X 2 + -f . , . 

Or, as it is usually written, 

i{Jn) 

where 2(w:r) denotes the sum of all the terms of the form mx. 

Similarly, by multiplying by a unit vector j along OY, we get 


Example. — Find the co-ordinates of ike centre of gravity of the followmg weights: 
I lb. at the pint (i, 2*5) ; 2 lbs. at (0*5, l) ; 3 lbs. at (1*6, I ’5} ; 4 lbs. at (1*9, 0*5) ; 
6 lbs. at (2*5, 2*5) ; 3 lbs. at (3-2, 1*9). 

We have 

'r - - (I X I) -K2 X 0-5) -K3 X r6) -K4 X vg) -+(6 x 2-5) + (3 X 


I + 2 - 4 - 3 + 4 + 6 + 3 


39’0 

= ^ = 2-053 


Similarly 

V = = (I X 2’5) + (2 X I) -f (3 X 1-5) 4 - (4 X 0-5) + (6 X 2-5) + (3 X 1-9) 

^ 2(ot) i4-2-P3-i-4-h6-h3 

= 317 =,.6, 

19 

/, the centre of gravity is a point G whose co-ordinates are (2*053, 1*67). 

Example. — Find and show in a figure the position of the centre of gravity of the 
following weights at the points given by the corresponding values of x and y. 


Weights 

4 

1 

3 

6 

2 

3 ‘ 

X 

2 

4*2 

2*5 

1*2 

3 

y 

3*5 

2*3 

45 

3*1 

2 


Answer x = 2*61. 
y = 3 * 34 * 
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168 . Principles of -Virtual Work and Virtual Velocity. — If the 
vectors a, b, o d e are forces acting at a point, and a displacement p is given 
to then point of application, while their directions remain unchanged, the 
scalar products in the equation 

pa + p6 + pc + pd + pe = p(a + 6 + c + d 4. e) = p/ 

give the work done by each force and by the resultant/, and the distributive 
law expresses the theorem that the sum of the work done bv all the forces is 
equal to the work done by their resultant. ^ 

If the forces are in equilibrium their resultant is zero, and the sum of the 
work done by all the forces is zero. 

This is the principle of Virtual -Work in mechanics 

Similarly, if p is the velocity of the point of application of the forces, the 
scalar products are the powers, or rates of doing work of the respective 
lorces and of their resultant. ® v ui luc r 

The distributive law then expresses that if the point of application of the 
toices be supposed to have any velocity, the sum of the powers of the various 
orces is equal to the power of their resultant. Or, if they are in equilibrium, 
the sum of their powers is zero. This is the principle of Virtual ‘Velocities 
in mechanics. 


164 : Use of Brackets. — We may now extend the distributive law to the 
multiplication of two expressions in brackets. 

Consider the scalar product 

(a + b){c Hh d) 

(u + 6) denotes a single vector, which is the vector sum of a and. b . 

/. by the distributive law, as shown in § 160, 

(a 4- 6)(c 4 - if) = (a + 6)c + (a 4 tjd 

We now get the sum of two separate products (a 4 t?)c and (a 4 - 6)d, and, 
applying the distributive law to each of these, we get 

(a 4 6)(c + d) = ac + be -h ad + bd 

'rhis may be extended to the scalar product of two brackets containing 
any number of terms connected by plus or minus signs, since, for any vector 
having: a minus sign, we may substitute a positive vector in tlie opposite 
direction. 

We have previously shown that the commutative law ab = ba liolds good 
for the scalar products of two vectors. Since each bracket denotes a single 
vector, this law also holds good for the scalar product of two braclcets con- 
taining vectors connected by the plus or minus signs. 

All the operations of ordinary scalar algebra involving the use of brackets 
and the multiplication of not more than two quantities, can be sbown to 
depend on these two laws, the distributive law and the commutative law. 

It follows that we may proceed with the scalar products of two vector 
expressions of the first degree, exactly as with products of two scalar 
quantities in ordinary algebra. the result 

(a 4 6)® = a® 4 2a6 4 6* 

holds good when a and 6 are vectors ; a + b means their vector sum, ab 
means the scalar product of a and 6, and the squares as shown in § 154 are 
the squares of the numerical magnitudes of the vectors a -i- and b : for 
the proof of this result in ordinary scalar algebra only depends on the dis- 
tributive law, and therefore holds equally well for vector algebra. 
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Example. — To prove that the sum of the squares on the two sides containing the 
right angle of a right-angled triangle is equal to the square on the hypotenuse. 

Let BC, CA be two vectors a and 6 at right 
angles, and let the vector BA = c. Then, by vector 
addition, (? = a + 6. 

Squaring, we get 

c® = a* + 2ab + 6" 

or, since a* = a\ 6® = P, ab = ah cos BCA, == 

=1 2ah cos 90° 4* 

= a^ + h^ 

i.e. the sum of the squares on BC and CA is equal to the square on AB. 



106 . General Proof of the Formula 

cos (^1 - ^2) = cos cos (?2 + sin sin 

This formula has already been proved in Chapter IV., for the case where 
and 62 are acute angles. We can now 
prove it for the case when 61 and $2 are 
angles of any magnitude. 

Take two points, Pj and P2, whose 
polar co-ordinates are (rj, 6^) and (rg, ^2)- 
Let {xp y{) and (^2, be the rectangular 
co-ordinates of Pj and P2. 

Regard Xi, t/i, Ki as vectors in directions 
ON^, NjPi, OPi, so that by vector addition 

''1 = -^1 + yi 

and similarly 

'■a = Jfs + i/a 

Forming the scalar product of rt and 
we get 

= {X^ + yi)(X2 + i/a) 

= Afir, + x^2 + yiX^ 4* yiy, 

by the distributive law, 

= xix, 4 - yiyt 



since the scalar product of two perpendicular vectors is zero. 
/. putting in the values of the scalar products, we get 

rjrj cos PjOPi = X1X2 cos o® 4- yiyt cos o® 
r,rj cos (^1 - 


.•.cos(5,-fl,) = S.L.+ 


Siji 


= COS $1 cos 62 4- sin sin 62 

This proof holds for any values of and We may therefore write 
- $2 for ^2> 2.nd we get 

cos (^1 4- O2) = cos 61 cos — sin sin 


By changing 6^ to Bi 4* we get, since 
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cos + ^3 + = ~ sin ((9i 4- ^ 2 ) 

cos — sin ^ 1 , sin = cos 

sin (^1 4- O 2 ) = sin cos + cos sin ^3 
and, changing the sign of we get 

sin (^1 - ^ 2 ) = sin $i cos - cos sin 6^ 


Examples. — XCI, 

1. Prove the formula in trigonometry, 

a* = 4 r* — 2lfc cos A 

by vector algebra. 

2 . If R is the resultant of two forces, P and Q, acting at a point so that $ is the 
angle between P and Q, prove that 

R2 = p2 + Q* + 2PQ cos d. 

3 . ABC is a triangle, and D is the mid point of BC. Prove that 

AB* 4 AC* = 2AD* 4 2DB*. 

4 . With the same figure as in question 3, prove that 

AD* - DC* = AB . AC cos A. 

6. Prove that the sum of the squares of the distances of the two ends of a diameter 
of a given sphere from a given point is the same whatever diameter be taken. 

6. Explain the physical meaning of the commutative law for scalar products when 
the two vectors are a force and a displacement respectively. 

7. a, by Cy and d are the sides of a quadrilateral, none of whose angles are greater 
than 180®, a and j8 are the angles between a, b and b, c respectively ; 7 is the angle 
between a and c when they are produced to meet, a, /8, and 7 are taken as the 
angles which face towards d at each point of intersection. Prove that 

4 4 — %ab cos a — 7 .bc cos jS — zca cos 7. 


100. Field of a Vector. — ^This section is chiefly intended for students of 
electricity. 

Consider the case of a stream of water in steady motion. At every point 
in the interior of the stream the velocity of the water is a vector having a 
definite magnitude and direction. 

If any vector satisfies this condition throughout any region of space, 
that region is called the field of the vector. In the above example the 
region of space occupied by the stream is the field of the velocity of the 
water regarded as a vector. 

Consider any limited space on the earth’s surface, such as the interior of 
a room. 

The weight of a given mass is a vector, which has the same magnitude 
and direction at every point in the room. The interior of the room is, 
therefore, the field of a vector, and when, as in this case, the vector is the 
same at every point, the field is called a uniform field. 

At every point in the space near the poles of a magnet the magnetic force 
is a vector which has a definite value, and changes continuously as we pass 
from point to point. This space may, therefore, be regarded as the field of 
the magnetic force, and is usually spoken of as a magnetic field. 

The conception of a magnetic field is of great importance in electricity. 
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It is usual to represent the direction of the magnetic force vector by Ifnes, 
called lines of force, supposed to pass through the field so that at every 
point their direction is the same as that of the force. 

The magnitude of the force is represented by the number of lines which 
cross a square centimetre of a surface at right angles to the direction of the 
field. Thus in air we may have 8000 lines to the square centimetre, and in 
iron 18,000 lines of induction per square centimetre. 


107. riow or Flux of a Vector across a Surface, 
of a stream flowing with uniform velocity v feet 
per second at every point, and suppose a plane 
surface is drawn in the fluid, making an angle ^ 
with the direction of flow. Then we may re- 
quire to find the amount of fluid which flows 
across a unit area of the surface in one second. 

Let A BCD be a square of one foot side 
perpendicular to the direction of flow, and 
having the side AB in the given surface. Let 
the lines of flow through C and D meet 


-Consider the case 


given surface in 
rectangle ABEF. 


E and F, and complete 


the 

the 



Fig. 3 


Then BEG = 6 and BE = ^ ft. 

sin Q sin d 


area ABEF = AB . BE = ^ sq. ft. 

sin & ^ 


Now, since A BCD is one square foot in area, and the fluid flows through 
this square at the rate of v feet per second, it follows that v cubic feet of the 
fluid flow through ABCD, and therefore through ABEF, in one second. 

Therefore the volume of the fluid flowing through one square foot of the 
surface in each second is 


V • A 

A S ~ r^ ~ F = Sin ^ cu. ft. 

ABEF 

Sin Q is the cosine of the angle between the vector v and a unit normal n 
drawn from the surface ABEF on that side to which the stream is flowing, 
and thus we may also state the above result as follows : — 

The volume of fluid flowing through one square foot of the surface in each 
second is equal to the scalar product of the vector v and a unit normal drawn 
from the surface on the side to which the stream is flowing. 

For example, in a stream flowing uniformly at lo ft. per second, the flow 
per square foot across a surface making an angle of 40® with the stream 
lines is 

10 sin 40° = 6*428 cu. ft. per second 

Similarly, we may say that in any vector field the flow or flux of the vector 
across unit area of a surface is the scalar product of the vector and a unit 
normal drawn from the surface on the side to which the vector passes. An 
important example of this occurs in the case of the magnetic field where the 
flow of the magnetic induction vector across a surface in the field is spoken 
of as the magnetic flux per unit area across that surface. 

Example . — In a magtietk field of 6000 lines per square centimetre^ to find the flux 
per square centimetre across a surface making an angle of with the fields 
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Here the angle between the normal and the field is 55 °» therefore the flux 
across the surface is 6000 XIX cos 55® = 3442 lines per sq. cm. 


Examples. — XCII. 

1 . If the intensity of a magnetic field in air is 8000 lines per square centimetre, 
find the flux across surfaces inclined at angles of {a) 85®, (^) 45®, (c) 5®, to the 
direction of the field. 

2 . The intensity of a magnetic field in iron is 18,000 lines of induction per square 
centimetre. Find the flux per square centimetre across surfaces inclined at angles of 
(a) 77®, id) 61®, {c) 43®, id) 2®, to the field. 

8. Find the flux per square centimetre across a surface inclined at an angle of 6l® 
to the direction of a field of 12,400 lines per square centimetre. 

4 . 0*525 inches of rain fell on a certain day. How many cubic feet of water fell 
on a roof 252 sq. yds. in area, and inclined at an angle of 40® to the vertical ? The 
rain is supposed to fall vertically. 

Note. — The expression “ one inch of rain ” means that if the rain which falls on a 
horizontal surface is not allowed to escape, it will cover the surface to a depth of 
one inch. 

8. A stream is flowing at 7*3 miles per hour. Find the flow per square foot per 
hour across a surface making an angle of 30® with the stream. 

6. A valley runs east and west, and its sides have a mean slope of 20° to the 
horizontal. Compare the quantities of sunshine received per square yard by the two 
aides of the valley when the sun is due south at an elevation of 70®. 

168. Vector Products. 

Definition . — The vector product of two vectors a and 6 is a vector c, whose 
numerical magnitude is ab sin d, where d is the angle included between a 
and 6, Its direction is perpendicular to the plane of a and 6, and is such that 
to a person facing in the direction of c a clockwise rotation passes from a to 6. 

The vector product is written I^a6. 

We may state the direction in another way, by saying that if the angle d 
is always measured from a to 6 in a counter-clockwise direction, then a 
positive value of the vector product ab sin d indicates that it is directed 
towards the spectator; a negative value, that it is directed from the 
spectator. 

The rule for direction is most easily remembered by imagining that an 
ordinary right-handed screw is being turned from a to 6 in the direction in 
which d is measured. Then the screw will move forward in the direction of 
the vector product c. 



Fig. 145. Fig. 146. 


in Fig. 145, if a right-handed screw is turned from a to 6 it will 
pass down into the paper, and accordingly the direction of the vector 
product yab is down into the paper and perpendicular to it. 

In Fig. 146, if a right-handed screw is turned from a to 6 it will move 
forward from the paper towards the spectator, and, therefore, the direction 
of yob is towards the spectator. 


109. Ghoometrical Representation of the Vector Product. — Let a 
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and b be two displacement vectors, and construct a parallelogram of which 
they are two adjacent sides. Then a3 sin 0 is equal to the area of this 
parallelogram. We may thus obtain a way of looking at the vector 
multiplication of two vectors as a process in the geometry of motion. 

We may say that, to form the vector product Vab of a multiplied by 6, we 
move the vector a parallel to itself through 
a displacement equal to the vector 6. 

Then draw a line at right angles to the 
plane of the parallelogram thus traced out, 
in the direction given by the above rule, 
and mark off along it a length numerically 
equal to the area of the parallelogram. 

Then this line of definite length is the 
vector product of a and b. 

Students familiar with the working of 
Amsler’s planimeter will note that if a is 
the free arm carrying the roller, the instru- 
ment registers the numerical magnitude of the total vector product of the 
length of the arm a regarded as a vector, and the vector displacement of the 
tracing point. 

It can be shown that areas swept out by rotation of the free arm cancel 
each other in passing round a closed curve, and that the area enclosed in the 
curve is equal to the total vector product as registered by the rolling wheel. 

We may now express the rule for the direction of the vector product in 
another way. If the paper is held facing the observer, so that a points 
upwards, then, if a is moved to the right through the displacement 6, the 
vector product Vab is directed away from the observer ; while, if a is moved 
to the left, Vab is directed towards the observer. 



170. Commutative Law. — In multiplying two numbers together it 
does not matter which we take first, ab = ba, and we have shown that the 
same law is true of scalar products. Vector products, however, do not obey 
this commutative law. 

In the figure, the direction of the vector product 1^06 is found by imagining 
that a right-handed screw is turned from a to 
6. It will pass down into the paper so that 
the direction of ^db is away from the observer. 

To find the direction of yba we suppose a 
right-handed screw to turn in the opposite 
direction from 6 to a ; in this case it will move 
up through the paper towards the observer. 

Thus the direction of Vba is opposite to that 
of Vab. 

The two products Vba and Vab have the 
same numerical magnitude ab sin 6 — ba sin, 6. 

Vab and Vba are equal in numerical 
direction or sign. 

We get the law 

Vab = -Vba 

This is an important difference between 
products, which, as we have seen, satisfy the corresponding law 

ab = ba 

We get the same result by taking into account the direction in which B is 
measured in calculating the magnitude of the vector product, for, if ab sin B 



magnitude, but opposite in 
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is positive when 6 Is measured from a to 6, it will be negative when $ is 
measured from 6 to a, when the sign of Q is changed. 


171. Buie of Signs. — Vector products obey the same rule of signs as the 
products of scalar quantities. 

For consider the effects of a change of sign in a or 6, or both, on the 
vector product I^a6. (Fig. 148.) 

If a screw passes downwards when turned from a to 6 at O, it will pass 
upwards when turned from a to ~ 6, 

y{ab) = - K(a . - 6) 

So also, if turned from — a to ~ 6 at O, the screw will move forwards in 
the same direction as when turned from a to 6. 

/. yab = I'C- a . - 6) 

Thus the rule of signs ” of ordinary scalar algebra also applies to vector 
products. 

The working of an AmsleFs planimeter affords an illustration of the rule 
of signs as applied to vector products. The wheel registers positive vector 
products by rolling one way, and negative vector products by rolling the 
opposite way, thus automatically adding the products up with their proper 
signs. The student who is accustomed to use a planimeter is probably 
familiar with the fact that if the tracing point is taken the wrong way round 
the area to be measured, the result is measured backwards from the zero 
point, ue. with a negative sign. 


Example (i). — Find tfu vecior^prodtuU V(3490 . 51220) and V(6252« • Si«o«>)* 



The angle $ between 3400 and 51220 is 73®. 

/. V(3,„o . 5 i22o) = 3 X S X sin 73® 

= I4’34 

in a direction perpendicular to the plane of the paper, 
and towards the observer. 

Similarly V( 51220 . 34^0) is a vector 14*34 directed 
away from the spectator. 

The angle between 62420 and 5,000 is 152®. 

V(62520 . Siooo) == 6 X 5 X sin 152® 

= 14*085 


in a direction away from the observer. 


172. Magnetic Field. 

Example (2). — ^ a straight conductor, carrying a current of C amperes, Is placed 
in a uniform magnetic field of intmsity B lines per square 
\ centimetre, it experiences a force of F dynes per unit length. 

The value and direction of F are given by the equation 

F^^vm 

Note that F, C, and B are vectors. 

Find the force experienced by a straight wire, carrying a 
current of 3 amps., in a frld of intensity 5000 lines per 
square centimetre. The direction of the current makes an 
angle of 60® with the magnetic fuld. 
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We have F = ^ 


V{CB) . 

. 3 . 5000 . sin 60® = 1300 dynes 


the wire experiences a force of 1300 dynes per centimetre of its length in a 
direction perpendicular to the plane of 0 and and towards the observer if the 
directions of C and B are as shown in Fig. 1 50. 

Example (3). — If a straight conductor he moved through a magnetic Jidd oj 
intensity B lines per square centimetre^ with a velocity q cm. per second^ an E.M.P. 
of E volts, per unit length will he induced. The value and direction of E are given by 
the equation 

f = V{q .B) . lo”** volts. 

f , <7, and B are vectors, 

A straight wire in the armature of a dynamo is being moved at right angles to itself 
with a velocity of 2400 cms. per second through a magnetic field 
of 6000 lines per square centimetre. The direction of the wire is 
at right angles to the field and to the motion. Find the E.M.F. 
induced in the wire. 

= 0*144 volt, per cm. length 

If the wire is supposed to be perpendicular to the plane 
of the paper, and to be moved in the direction of the arrow, 
the induced E.M.F. is directed from the observer. 



Fig. xsr. 


Examples.— XCIII. 

Find the following vector products ; specify the .direction of each by reference to 
a figure. 

1 . 1 ^ 527 ° • * 71 * 40 * ®* * 7 «*®* 

4 . 1 ^ 7230 ® • ^m®* ^* ^3«oo*4»ro« ®* ^^(35 oo)(“" 4«r°)* 

7. 1^(~35o®)(~4.7®). S* 350®)(4.to)* 

9. A wire is moved with a velocity of 1320 cms. per second at right angles to its 
length, across a magnetic field of 5000 lines per square centimetre, in a direction 
making an angle of 81^ with the direction of the field. What E.M.F. will be 
developed per unit length of the wire? Explain its direction by means of a figure. 

10 . Find thfe force on a wire carrying a current of 4 arnps. in a magnetic field of 
intensity 5525 lines per square centimetre, the current making an angle of 65® with 
the direction of the field. If the direction of the field be taken from left to right, and 
the angle 65° as being measured in a counter-clockwise direction from the field to the 
current, state the direction of the force. 


173. Distributive Law. — To prove that vector products satisfy the 
equation 

Fa(6 + c) = Vab 4- Vac 

where the sign + of course denotes vector addition. 

We shall here confine ourselves to the case where a, 6 , and c are in the 
same plane. 

In the figure let AB = a, AC = and CD = 0 . 

Then AD = 6 4- c. ^ 

We shall consider the vector products as the result of a geometneal 
process, as explained in § 169 . 

I. Let 6 and e be both directed to the same side of a, as in Fig. 152 . 

To form Va{b + c) we move AB parallel to itself along AD, thus tracing 
out the parallelogram ABED. Similarly Vab is given by the area ABFC. 



m 



314 Practical Mathematics 

And, since CF = a, Vac is given by the area CFED. 

And since the three parallelograms, AF, CE, and AE, have equal bases, 
and the sum of„the heights of AF and CE is equal to the heig'lit of AE, it 
follows by elementary geometry that 

ABED = ABFC + CFED 

ix. the vector a traces out the same area if moved through the displace- 
ments 6 and c in succession, as it does if moved through the displacement 
6 4“ C- 

Since, in the figure, the three vector products which occur are all directed 
towards the observer, and perpendicular to the plane of the paper, ^ab and 




are both in the same direction, and their sum may be found by adding 
the areas of the corresponding parallelograms by ordinary arithmetical 
addition, 

/. Va{b -f- c) = I^a6 -h Vao 

II. Let 6 and c be directed to opposite sides of a, as in Fig. 153. 

Then the vector a traces out the same area if it is moved parallel to itself 
through the displacements CA and AD in succession, as it does if it receives 
the displacement CD. 

Via){ - 6) + Va{b + c) = Vao 
but by the rule of signs for vector products, §171, 

l'(a)(-6) = - Vab 

/. Va{b 4-0) = Vab + Vao 

Similarly, if we suppose the same displacement a is given to 6, c, and 
6 + c, we obtain the equation 

V{b -F c)a = l^6a + Voa 

which can also be proved from the former case by reversing the order of 
multiplication, and consequently the sign of each vector product. 

We may now extend the distributive law to the case of the vector product 
of any two factors, each of which is regarded as the sum of two or more 
vectors. 

Let a = d + e. 

Then by the above result 

V{d + e){b + c) = V(d + e)b 4 V{d + e)c 
= Vdb -F Veb + Vdc + Vec 

This may, similarly, be extended to the case where the two factors contain 
any number of terms with either plus or minus signs. 
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Thus in dealing with vector products we may multiply two factors together 
term by term, and add the results with their proper signs as in ordinary 
algebra, and the result will be the vector product of the two original factors. 
We must, however, be careful to keep the order, in which any two terms 
appear in a product, constant throughout the work. In ordinary scalar 
multiplication we might write x (<5 + ^) = + cx^ but this is not true of 

vector products. 

The above proof of the distributive law applies to vectors in the same 
plane, and it is not necessary here to extend it to the case of vectors in 
different planes. 


174. Moment of a Force. 

Let P be a force vector, and A any point. 

Then we know that the moment of the force P about A is equal to the 
magnitude of P multiplied by the perpendicular drawn from A to the force P. 


Fig. 154. 

of action of P. For, if we take any other point, such as Oi on P, the areas 
of the two parallelograms formed by moving the straight line representing 
the force P through displacements OA and OjA will be the same by 
elementary geometry, and we have shown that the formation of vector pro- 
ducts may be represented by the operation of forming these parallelograms. 



i ms IS numencally equal to the vector product of the 
force vector P, and a displacement vector OA equal 
to a drawn from any point O on the vector P to the 
point A. 

We consider the moment as a vector whose 
direction is that of the axis about which it tends to 
cause rotation. 

Thus the moment of P about A may be defined 
as the vector product V{P . a), and this form of the 
definition is convenient for certain purposes. 

The point O may be taken anywhere on the line 


175. Varignon’s Theorem of Moments. — This theorem states that if 
P and Q be two forces acting at a point, then the algebraic sum of their 
moments about any point A in their plane is 
equal to the moment of their resultant. 

Let P and Q be the two force vectors. 

Then the vector P + Q through O is their 
resultant. 

Draw the straight line vector OA = a. 

Then moment of P = V . Pa 
jj n Q ^ ^ • Qci 

Moment of resultant P 4- C = V{P -f- Q)a 

But we have proved, in § 173, that when P, Q, and a are in the same 
plane 

. Pa + K . 0a = K(P + Q)a 



i.e. moment of P + moment of Q = moment of resultant (P + Q). 

Note that this is true whether A is inside or outside of the acute angle 
formed by P and Q so long as the vector products are taken with their 
proper signs. 

Thus we see that this important theorem in mechanics is a special case 
of the distributive law for vector products. 
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Example (i ). — Prove the formula 

sin {$i — ^2) = ^2 ““ ^2 

directly y by a similar method to that of § 165, using vector products instead of scalar 
products. 

Example (2). — If a, 6 andc are three line vectors meeting at a point, prove that 
the scalar product aVbo is equal to the volume of the parallelepiped formed by 
a, b and c. 

176 . Note on tlie Theory of Multiplication. —Students often feel the 
difficulty that the definitions of scalar and vector products seem to be chosen 
in an arbitrary way. Why are these called products ? Why is the process 
of forming- them called multiplication ? The following note will make this 
point clearer : — 

In arithmetic the product of the two integral numbers 3 and 5 is defined 
as the result of taking 3 five times over. But even in arithmetic we already 
extend the notion of a product to cases where we cannot proceed in this 
way. _ _ 

in finding the value of 2 x -^3 we cannot take two 3 times over, 
since Vs cannot be measured exactly in terms of any unit ; i.e. it is incom- 
mensurable. Similarly, a definition of the above form does not apply to such 
products as 3 X -J, 2 X - 5, 2 X — 3. 

We notice, however, that if a and b are two integral numbers, the product 
ab satisfies two important laws : — 

(1) The commutative law, ab — ba\ 

eg. s X B = 24 = 8 X 3 

(2) The distributive law, a{b + e) = ab + ac; 

eg 3X7==3X3 + 3^4 

We take these two laws together as the definition of multiplication when 
applied, to any two algebraical quantities, whether integral numbers or 
fractions, positive or negative, commensurable or incommensurable. 

The product ab of any two algebraical quantities a and b is defined as a 
method of combining them which satisfies the above two laws. By repeated 
use of these two laws, together with laws for addition and subtraction 
previously found, we obtain all the results of ordinary scalar algebra involving 
products of the second degree. 

When we seek to apply the process of multiplication to vectors we find 
the important difference that vectors have direction as well as numerical 
magnitude, and we have to take this into account in multiplying them. 

The scalar product of two vectors is defined in such a way as to satisfy 
both of the above laws. For the vector product of two vectors the second 
law is the same, while the law Yab = -Yba takes the place of the first of the 
above laws. The algebra which is developed from the laws which govern 
these two species of products supplies a powerful method of treating many 
physical problems. 


CHAPTER XXII 


SOUD GEOMETRY— POINTS AND STRAIGHT LINES 

177. Rectangular Co-ordinates of a Point. — We have seen that the 
position of a point in a plane is specified by two rectangular co-ordinates x 
and which are its distances from two perpendicular axes. If these two 
co-ordinates are known, the point is fixed in the plane. If, however, the 
point is not confined to one plane, but may be anywhere in space, two 
co-ordinates are not sufficient to define its position, for, even if x and y are 
known, we may suppose the plane containing the co-ordinates x and y to 
move up and down a third perpendicular axis Oz^ remaining parallel to the 
original plane of the axes x and y. 

In order to fix the position of the point, we require to know a third 
co-ordinate which fixes the position on Oz of this plane containing the 
point P and its co-ordinates x^ULdy, Thus co-ordinates are required 
to fix the position of a point in space. 

For example, the position of a point in a room is defined when we know 
its distances from two adjacent walls and the floor. 

Accordingly, the position of a point 
in space is defined as follows : — 

Take three axes Oxj O/, Oz at right 
angles to each other. 

The position of any point P is defined 

by 

(1) its distance x measured parallel 
to Ox from the plane Oyz, 

( 2 ) its distance y measured parallel 
to Oy from the plane Ozx^ 

(3) its distance z measured parallel 
to Oz from the plane Oxy. 

We may construct a figure to show 
the position of the point P as follows : — 

Measure off lengths equal to x, y, 
and 2 : along the axes of Ox, Oy, and Oz 
respectively. Construct a rectangular 
block or parallelepiped having these three lines as adjacent edges, then the 
point P is at the comer of the block opposite to O. 

The point P, whose co-ordinates are x, y, and z, is known as the point 

Example.— find the position of the point (2, i, 3), set off distances 2 along Ox, 
I along Oy, 3 along Oz, and construct a rectangular block having these three lines as 
edges. 

The point (2, i, 3) is at P in figure 157. We shall represent the position of 
points and lines in this subject by parallel oblique projection, as in the figure. 



Fig. 156. 
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The plane of and z is supposed to be parallel to the paper and facing; tlie reader. 
The lengths of the co-ordinates y and z will therefore be drawn correctly to scale. 

The four edges of the block parallel to Ox are, 
however, supposed to stand out perpendicularly to 
the paper towards the spectator ; they are, therefore, 
foreshortened, and appear to be of less than their true 
length. 

We shall find it convenient to suppose that the 
figures are looked at from above the xy plane, and 
from the right of the zx plane. 

We shall make the angles xOy and siOx each 
equal to 135®, and set off all lengths parallel to Ox 
on a scale half of that used fory and z. 

The student should remember, however, that the 
angles zOxy xOy^ yOz^ are right angles, although it 
y is only angles in planes parallel to yC^z that are 
drawn with their true values. 

The planes xOy^ yOz, and zOx are called the 
three co-ordinate planes. 

By adopting this conventional mode of repre- 
Fig. 157. sentation, we are enabled rapidly to draw all figures 

to scale on squared paper. 

The axes of y and z are taken in the direction of the ruling, and all lines parallel 
t< > Ox arc drawn along or parallel to the diagonals of the squares. 

178 . Signs of the Co-ordUnates. — 
If any co-ordinate is measured, from O 
in the direction shown in Figr- 156, it 
is positive ; if measured in ttie oppo- 
site direction parallel to tlie corre- 
sponding axis produced backward, it is 
negative. 

the point (2, — i, 3) is sliown by 
measuring the distance i iongr yO pro- 
duced, and 2 and 3 on the proper scales 
along Ox and Oz ; on completing the 
y rectangular block as before, we get the 
point Pj in Fig. 158. 

The co-ordinates of in Fig. 158 
are ( — 2, i, — i). 

In this case x Is measured away 
from the spectator behind the plane of 
yOz^ and z is measured below the plane 
xOy, 

Examples XC IV. 

Draw figures showing clearly the position of each of the following points : — 

1 . (8, 2, 6). * 2 . (10, 3, 5). 3 . (I, I, o) ; (i, o, i) ; (o, i, i). 

4. (I, (>, o) ; (o, I, o) ; (o, o, i). 5 . (- 6, 5, 3). 

e. (7, 4, - 3 ). 7. (S, - 6, - 2). 

179. Polar Co-ordinates of a Point. — Consider the case of a point near 

the d<wr of a room. Its position might be defined as follows. Suppose the 
(icjor to be opened till it passes through the point. Draw a line from the 
lower fixed corner of the door to the point. Then if we know the length of 
this line, and the angle it makes with a line through the hinges, the position 
of the point is fixed In the door. 



Fk., 
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These two quantities are the polar co-ordinates, r and of the point in 
the plane of the door. If in addition we know the angle through which the 
door is opened the position of the point is fixed in space. We distinguish 
this angle by the letter 0, and the 
three quantities r, d, ^ are the polar 
co-ordinates of the point in space. 

Thus we may define the polar co- 
ordinates of the point P as follows : — 

Take three rectangular axes as 
before. Let P be the point and join 
OP. Let a plane through OP and O2 
cut the plane Oxy in ON. 

Draw PN perpendicular to the 
plane Oxy^ and PM perpendicular to 
Oz. 

The rectangular block whose edges 
are the rectangular co-ordinates x^y 
and ir of P is thus cut by a diagonal 
plane in a section which is the rect- 
angle ON PM. 

The polar co-ordinates of P are — 

(1) The distance r of P from the origin. 

(2) The angle 6 between OP and the axis of z, 

(3) The angle <t> between the plane OPN and the axis of x» 

Note, — The angle between a straight line and a plane is measured by the angle 
between the line and its projection on the given plane. 

The point P is known as the point (r, 0, Note that in the figure none 
of the three co-ordinates r, 6, ^ is drawn with its true value. 



180 . To find the Rectangular Co-ordinates of a Point when the 
Polar Co-ordinates are given. 

The angle OMP is a right angle, and therefore 

OM ^ yl J A 

__ = - = COS d, and z = r cos 6 

OP r ’ 

MP 

Also sin 6 and MP = r sin d = ON. 

r 

Also, since OAN is a right angle, = cos 

and X = ON cos <l> = r sin d cos (b, 

y 

So also = sin 

and = ON sin = r sin d sin <j>. 

Thus, to convert polar to rectangular co-ordinates, we have 

g r cos d 
X = r sin 6 cos <p 
y = r sin 6 sin ^ 

Example. — Find the rectangular co-ordinates of the point whose polar co-ordinates 
are (2, 15°, 40®), and draw a figure showing its position. 
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We liave 

0 = r cos d = 2 cos 15® = 2 X 0*9659 = 1932 
X ■=^r SID. ^ cos <^> = 2 sin 15® cos 40° 

= 2 X 0*2588 X 0*7660 
= 0*396 

v = r sin 5 sin <^ = 2 sin 15® sin 40® 

= 0*333 

,% the rectangular co-ordinates are — 

X - 0*396 
y = 0*333 
z = 1*932 

The figure may now be drawn in parallel projection from these values of jr, 
and z. 


Examples. — XCV. 

Find the rectangular co-ordinates of the points whose polar co-ordinates are given 
as follows, and draw figures to scale 


1 . ( 4 , 55 °, 44 °). 

4. ( 4 , 35° 42 ®). 

7 . (2, 40®, 56®). 
10. (I, 120®, 52®). 


2 . ( 3 , 37 °, 51 °)- 
5 . (3*2, 52°, 16®). 
8- ( 3 , 30°, 45 °)- 
11. (I, 270®, 90®). 


3 * ( 3 , 45 °, 120®). 
8' (2, 31°, 59 °)- 
8. (2, 38®, 52®). 
12. (3, 62®, 122°). 


181. To find tlie Polar Co-ordinates of a Point when the 
Kectangular Co-ordinates are given. 

Let Jf, z, and r be regarded as vectors in the directions shown by the 
arrows in Fig. 159. 

We have, by vector addition, 


Squaring 


x-b(/ 4 -z=./* 
[x + y + zY = r* 


X* -f y* + z* -f 2xy -f 2yz -f 2zx = 


where the products are scalar products. 

2^ -f 2xy cos 90° + 2yz cos 90® 4- 2zx cos 90® - 7^ 


But cos 90® = o. 


/. 0^ -k- 4- 2:2 = 


This gives r = 4-^4- 

/i z 

cos d = - = 


^ jjx^ -f y^ 4- 
^ NA y 

tan^ = ^Q = - 


These equations give r, and (^. 


Example . — Find the polar co-ordinates of the point whose rectangular co-ordinates 
are (4, 3, 2). 

Note. — In examples such as this the student should always draw the figure, and 
obtain the results directly from the geometry of the case, and not from the formulae 
alone. 

He should form a definite mental picture of the co-ordinates in space, and should 
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not form the habit of simply working from the formulae alone, if he does so these 
examples will become mere practice in arithmetic, and not in geometry. 

In the figure * /jf 

ON^ = 3 ^ 4 42 = 25 X- — ^ 

ON = 5 / X X 

r“ = ON» + NP* = 25 + 4 = 49 / * \ / 

r = vig = 5-38 I 

<=“«=^=^=°-372 ^ 


tan <^=^=0*75 X 

• * “ 37 Fie. ,6^ 

and the polar co-ordinates are (5 38, 68®, 37®)^ 

Examples.— -XC VI. 

Find the polar co-ordinates of the points whose rectangular co-ordinates are given 
as follows : — 

Give the values of 6 and to the nearest degree. Draw a figure to scale in each 
case. 

I. ^ = S, jj/ = 4, 2 = 5. 2. = 10, = 5, s = 4. 

S, X = it y = 2 y z = - 2. 4 . .AP = 8, .y = 2, z = 5. 

5 . :r = 6, = 4, z = 8. 6. .a: = I, ^ = I, z = I. 

7. * = 3 ,^-= -2, *= I. 8 . *= 6 ,jk = 4 , z= 3 . 

. 9 . = i8, ^ = 10, z = 15. 10. a: = 8, ^ = - 2, z = 3. 

II. jc = 12, / = — 3, z = - 4. 

12. Prove that + X -i- z^ = r® without using vector algebra. 



182. Direction of a Straight Line in Space. — The direction of a 
straight line in space may be specified by the three angles a, jS, and 7 , which 
it makes with the three axes of or, 

/ and 3- respectively. ^ 

If the line does not pass ^ 

through the origin we can specify / 

the direction by considering the \ 

case of a line parallel to it through / \ 

the origin, so that we need only / \ p/ 

consider the case of a straight line A y — 

through the origin. 

Take any point P on this line y 

and complete the rectangular /\y / ° 

block, having the co-ordinates of 

P as its edges. /y / 

Then, with the same notation X^ X 

as before, PMO is a right-angled 
triangle, and ^ 

OM 2 

cos 7 == = — 

OP r 

Similarly, if we join PA, PAO is a right-angled triangle, and 

^ OA 2r 
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Similarly, joining PB, we get cos )8 = - 

r 

Cos a, cos and cos 7, are called the direction cosines of the line OP. 

We write cos o = /, cos ^ cos 7 = ^, and use the direction cosines 
/, n, to specify the direction of the straight line OP. 

Note that the angle 7 is the same as the polar co-ordinate 6 of the point P. 

Example .— rectangular co-ordinates of a point P are 6 , 7 x. JFind the angles 
which OP makes with the three axes Oat, O/, and Oz, ’ 

Wc have 

r=Vx^+y^ + z^ = + 9 + 9 = 7*35 

cos a = J = ^ = 0-828 = 34° 

cos = = 0-414; $ = 65-5° 

cos 7 = i = - L = 0-414 ; A y = 65-5° 

and the required angles are 

a ~ 34°, 3 = 65-5°, 7 = 65-5® 

183 . -f = I. — Considering the case where the position of P is 

such that all its co-ordinates are positive, we see that any two of the angles 

a, 7 would be sufficient to fix the direction of the line OP. There must, 

therefore, be some relation connecting a, /8, and 7 so that the third angle 
may be determined when any two are given. 

With the same notation as before, we have 


X 

cos a = - = 

X 

r 

+ ar2 

V 

cos 

y 

r 


z 

Z 

cos 7 = - = 



r 

4 4 2^^ 


Squaring and adding, we get 

2 , ‘lac a ->t 2^ 

cos^ a + cos^ y 3 + cos-^ 7 = "o--- 0-T—9 = 1 

t.e. -f 4 - e= I 

This corresponds to the relation cos^ 6 -f sin^ ^ = i in plane geometry. 

If we have two of the angles a, 3, and 7 given, we may now find the third 
angle. 

Example. — A straight line makes angles of 60° and 70° with the axee of x and z 
r effectively. Find the angle which it makes with the axis of y. 

We have a = 60°, 7 = 70°. 

We require to find jS. 

cos* a 4- cos* P 4 cos* 7 = 1 
cos* )3 = I — cos* a — cos* 7 

= I — cos* 60° — cos* 70° 

= I - (0-5)’ - (0-342)^ 

= I — 0*25 — 0*1X70 
= I - 0*3670 = 0-6330 
COS P = 4/0*6330 = 0*796 

p = 37*25® 
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184 . Angle between a Straight Line and each of the Co- ordinate 
Planes, — The angle which a straight line makes with plane is defined as 
the angle which the straight line makes with its projection on the plane. 

In Fig. 160 the angle between OP and the plane Oxy is 

NOP = 90° - POM = 90® - 7 

Similarly, the angle between OP and the plane Oyz is 90° — a ; and the 
angle between OP and the plane Ozx is 90® — A 

The angle between a given straight line and any co-ordinate plane is the 
complement of the angle between the line and the axis, which is perpendicular 
to that plane. 

E.g, in example, § 183. 

I « = 60®, ^ = 37®, 7 = 70® 

/. OP makes angles of 30® with the plane Oyz^ 53® with the plane Ozx^ 
and 20° with the plane Oji^. 

186 . Hepresentation on a Sphere. — Consider a sphere of unit radius 
. with its centre at the origin. 

I Let the axes cut the surface of 

this sphere in the points jr, and 
; 2r, and let OP cut the surface in P. 

Then, since the radius of the 
sphere is unity, the planes POjr, 

PO/, and PO^ will cut the surface 
of the sphere in arcs whose lengths 
are numerically equal to the values 
of a, 3, and 7, 

Thus the angles which OP 
makes with the three axes may be 
represented on the surface of a 
sphere, as shown in Fig. 162. 

Thus the arc zPrt in the figure 

is equal to the arc zP = 7, and 

the arc Pn which measures the 
. angle between OP and the plane 

Oxy^ IS equal to - — 7, 

180 . Example (i). — The rectangular co-ordinates of a point P are (10, 4, 3) j 
find the angles which OP makes with the three axes of co-ordinates. 

We have 

OP = r = ifod + = Ii*i8 

cos a = p = = 0*895 = cos 26-5® ; o = 26*5® 

cos jS = 0*358 = cos 69® J /. )8 = 69® 

, cos = cos 74-4® ; 7 = 74'4'’ 

Example (2). — The polar co-ordinates of a point P are (5, 36®, 42®) ; find the 
angles between OP and the three axes of rectangular co-ordinates. 


\ 

4. 
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7 = 0 = 36° 


X r sin 6 cos A . ^ 

cos a = — = = sin 0 cos <b 

r r 

= sin 36° cos 42° = 0*588 X 0*743 = 0‘437 = cos 64® 
/, a = 64° 

^ y r.sin 0 sin ^ . 

cos 3 = - = = sm d sin (p 

r r 

= sin 36° sin 42° = 0*588 X 0*669 = ^'393 = cos 67*^ 
/. 3 = 67® 

and the three angles which OP makes with the axes arc 

a = 64°, )8 = 67°, 7 = 36® 


Examples. — XCVII. 

1 . The rectangular co-ordinates of a point P are (8, 3, 2). Draw a figure to scale 
to show its position, and calculate the direction cosines of OP, and the angles which 
it makes with the axes of co-ordinates. 

2 . The rectangular co-ordinates of P are (5, 2, 3). Find the angles which OP 
makes with the co-ordinate planes, and the projection of OP on the plane Oyz. 

S. The rectangular co-ordinates of P are {3, 4, 6). Find the direction cosines 

of OP. 

4 . A rectangular block has its edges 3, 4, and 7 in. long. Find the length of its 
diagonal and the angles which its diagonal makes with each of the three edges. 

5. The polar co-ordinates of a point P are (3, 57°, 39°). Find the direction 
cosines of OP. 

6. The polar co-ordinates of P are (3*2, 52°, 16®). Find the angles which OP 
makes with the three axes of rectangular co-ordinates. 

7 . The polar co-ordinates of P are (2, 31®, 59®). Find the angles which OP 
makes with the three co-ordinate axes. 

8. The polar co-ordinates of P are (5, 48°, 60®). Find the projection of OP on 
the plane Ozx. 

9 . A straight line OP, 3 in. long, is drawn from the origin so as to make angles 
of 52® and 65® with the axes of x and z respectively. Find the rectangular 
co-ordinates of the point P. 

10 . A straight line, 3*52 in, long, makes angles of 59® and 67® with Ox and Oy 
respectively. Find the lengths of its projections on the three axes. 

11 . A straight line makes angles of 40° and 60® with the axes of y and jr 
respectively. What angle does it make with the axis of a ? 

12 . A straight line makes angles of 59® and 73® with Oz and Ox respectively. 
What angle does it make with Oy ? 

13 . For a certain straight line a = 52®, 7 = 65®. Find fi. 

14 . If a = 59®, = 67®. Find 7. 

16 . A straight line makes angles of 55® with Ox and 71° with Oy. What angle 
does it make with the plane Oxy ? 

187. To jdnd the Iiength and Direction of the Line joining two 
given Points. 

Example. — The rectangular co-ordinates of a point A are (4, 3, 2), and of a point 
B (8, 5, 3). Find t?u lentil and direction cosines of the straight line AB. 

Construct the rectangular blocks formed by the co-ordinates of A and B. 

Then, if we produce the edges of the block formed by the co-ordinates of A until 
they meet the faces of the block formed by the co-ordinates of B, we obtain a third 
rectangular block, having AB as its diagonal. The edges of this block are 

8 — 4 = 4 parallel to Ox 
5-3 = 2 „ Oy 

3-2=1 „ Oz 
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the problem is the same as if A were the origiu, and the co-ordinates of B were 
(4t 2 . !)• 




- Ajy 



AB = V 16 4-4 + 1 = 4*5^3 

/ = cos a = -4o- = 0*874 

45^3 

^ = cos ^ = 0*437 

i>2 = cos 7 = - = 0*2185 

^ 4*583 


Examples. — XC VIII. 

Find the length and direction cosines of the line AB when the co-ordinates of A 
and B are given as follows. Draw a figure in each case. 


1 . A (I, I, I) ; B (3, 4, 3). 2 , A (2, 2, 2) ; B (6, 4, 5). 

3 . A (8, 2, 4) ; B (10, 3, 3). 4 . A (4, 2, i) ; B (7, 3, 4). 

5 . A (2, 2, 3) j B (4, 3» 5)' 

6. A straight line AB makes angles of 42® with Ox, and 53° with Oz ; what 
angle does it make with Oy ? If the line is 4 inches long, and is placed so that the 
end A is at the origin, wha?t are the co-ordinates of the other end B ? 

7 . If the end A of the line AB in example 6 is placed at the point (i, i, i), and 
its direction remains the same, what are the rectangular co-ordinates of B ? Draw 
a figure to scale. 

8. A is a point whose co-ordinates are (9, 3, 4). A straight line AB 5 units long 
is drawn through A in a direction making an angle of 59® with O7, and 44® with the 
plane Oxy, Find the rectangular co-ordinates of B. 

188 . Projections of a Line on the Three Co-ordinate Planes. — In 
Fig. 163, A^Bi, AgBg, A3B3 are the projections of AB on tlv^ planes Oyz, 
Ozx^ Oxy respectively. 

As an example we shall consider the case where the co-ordinates of A 
are (4, 3, 2), and of B (8, 5, 3), as in Fig. 163. 

To find the length of the projection A3B3 of AB on the plane Ory, 
we have co-ordinates of A3 are ;r =r 4, / = 3 ; co-ordinates of Bj are jir= 8, 

s. 
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/. A-^D = 8-4 = 4 
DB3 = 5 ^3 = 2 
and A3B3 = j^2o — 4*47 
Similarly A^Bj = jJ + i = 2*24 
and A2B2 = aJi 6 4 - i =4-12 

When the length and direction cosines /, m, n of AB are known, its 
projections on the three co-ordinate planes may also be found as follows : — 

We have angle ABC = 7 ; A3B3 = AC = AB sin 7 = 

Similarly AjBi = AB sin a = AB /i - /2 
A2B2 = AB sin j8 = AB^in^^s 


189 . To find the Length and Position of a Straight Xilne when 
its Projections on Two Perpendicular Planes are given. — On reference 
to Fig. 163, it is seen that a straight line is determined by its projections on 
any two of the co-ordinate planes, for if A2B2 and A3 B3 are given, a plane 
through A2B2 perpendicular to the plane Osxr and a plane through AgBj 
perpendicular to the plane Oxy will intersect in the required line AB. 

I'he co-ordinates of A are the same as the corresponding co-ordinates of 
A„ and A3, viz. — 

the X co-ordinate of A = the x co-ordinate of Ag and A3 
y ^ y n )j A3 

n ^ A = 2r ,, A2 

Similarly, the co-ordinates of B are the same as the corresponding 
co-ordinates of and B.,. 

'I’he co-ordinates of A and B are now known, and the length and direction 
cosines of AB may be found. 

Kxami'I.e . — TIu projectio?ts AiBj and A3B3 of AB on the planrs KDys and Oxjy 
frs/'ft h'i’r/y are pven as foUenvs : — 

The ro-ordinaUs 0/ are {o, 4, 2) of (o, 7, 4) 

„ „ A3 are (5, 4, o)ofB^ (8, 7, o) 



/)rtnr a funere ihmoi tig the position ^ AB, and cahulaie its length a^d the angles 
%i'huh ti makes with the axes of co-ordinates. 


p 


V 
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From the figure the co-ordinates of A and B are (5, 4, 2) and (8, 7, 4) respectively. 
The length and direction cosines of AB may now be found 

AB = V 9+9 + 4 = 4*69 

To find the angle which AB makes with the axis of z, we have 

AaB, = V9 + 9 = 4*24 
sin V = = 0-905 

y = 64-8<> 

Similarly, o and 3 may be found. 


Examples. — XCIX 

1 . Write down the values of the angles which AB makes with each of the three 
co-ordinate planes in Examples XCVIII., r-4. 

2 . Draw figures to show the projections of A B on the three co-ordinate planes in 
Examples XCVIII., 1-4. Calculate the length of the projection on the plane Oxy 
in each case. 

3 . Find the distance between the points (i, 2, i) and (3, 3, —2), draw a figure to 
show the position of the points and the line joining them, and find the angle which 
the joining line makes with the plane Oxy, 

A|B|, A2B2} A3B3 are the projections of a straight line AB on the planes Oyt, 
Ozx, Oxy respectively. Draw figures to show the position of AB, and calculate its 
length when the co-ordinates of the following points are given : — 

4. A, (o, 4, 2) i B, (o, 6, 5). 6. Aj (4, o, 5) ; B, (7, o, 5). 

A3 (5, 4. o) ; Bj (7, 6, o). A, (4, 8, o) ; B, (7, 4, o). 

8. A. (o, I, 3) ; B, (o, 4, 5). 

A, (S, o, 3) ; Bj (6, o, 5). 

7 . Find the angles which AB in example 4 makes with the planes Oxy 
and Oyz. 

8 . Find the angle which AB in example 4 makes with the plane Ozx, draw a 
figure to .show the projection AjBj of AB on the plane Oar, and calculate the length 
of AjBj. 

0 . A straight line PQ, 5 inches long, makes angles of 45° with Ox and 55® with 
Oz. Find the lengths of its projections on the three co-ordinate planes. 


190 . Angle between Two given Straight Lines. — Let OP and OQ be 
two given lines whose direction cosines are (/i, and (4, Wo, 

respectively. We require to find the angle POQ = 6 between OP and OQ. 

Let OP = ^1, OQ = ^2, and let the co-ordinates of P and Q be 
and (^2, ^21 ^2) respectively. 


Then /, = «, 

^1 



fa 


^2 


Consider 7, ti and «/»• as vectors. 

Then, by vector addition, 

ri = jfi +• -f z, 

^2 =* -*^2 + -1 
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By multiplication, we get the scalar product 


r 



= {x^ + + z^)[x. + 4- z^) 

= ^1^2 + yxy^ + ZiZ^ + x,y^ 4- Jf,z2 4 yi7^ 
4 - yix^ 4 “ ZiJfj 4 - Ziy^ (p. 306) 

Since the scalar product of two linear 
vectors is the product of their lengths 
into the cosine of the angle between 
them, the last 6 terms in this expression 
vanish, being the scalar products of pairs 
of perpendicular vectors, 
we have 

^1^2 cos B = cos o® 4 - cos o® 

4 - Z1Z2 cos o® 

= + J'lJ2 + ^12-2 

... = + 

rr-i 

= / 1/2 4“ WjWg 4* «i«2 


Example (i). — Find to the nearest degree the angle 6 between the straight lines OP 
and OQ, when the co-ordinates o/P and Q are (3, 2, 5), and (4, ’3, l) respectively. 

This case Is shown in Fig. 165. 

Let the direction cosines of OP and OQ be (/j, w,, «,), and (4, jWj, Wj) respectively. 


We have 


OP = V9 4 - 4 4 - 25 = 

OQ = V16 + 94-1= ^26 

/, = cos xOP - -y^y = cos ;rOQ = 

v 35 V26 

2 ^ 

771 1 = cos yOP = -7-^» ^^2 = cos vOQ — 

V3S V26 


77, = cos 2OP = — = cos 2OQ r= 


V38 

cos = 4 - ^1^2 4 - «1«2 

12 6 

: 4 -- 


V26 


r- . 4. - 


V38 V26 V38 V26 V38 V26 

' _ ^3 = 0732 = cos 43® 

/. POQ =^ = 43 ° 


Example (2), — The polar co-ordinates of two points P and Q are (2, 15®, 45®), and 
{ 3 » respectively. Find the angle 0 between OP and OQ. 

With the same notation as before, we have 

Xx 2 sin 15® cos 43® 

r= ^ ^ = 0-2588 X 0-7071 = 0*1832 

r, 2 

y, 2 sin 15® sin 45® o 

OT, = h, — = 




*, 2 COS 15® 

, ± - — — i- = 0 9659 
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_ 3 sin 56® cos 60° o 

^ 0 — ^ ^.^290 X o '5 = 0-4145 

3 sin 56° sin 6o® 

— = 0*8290 X 0*866 = 0*7175 

3 cos 56® 

= •— = ®*5592 

cos e — /1/3 + + n^nJ 

= 0*076 +0*132 + 0*540 = 0*748 = cos 41*5® 

. POQ = e = 41*5® 


Since the direction cosines of a line from O are proportional to the rectangnlai 
co-ordinates of any point on it, the figure may be drawn in parallel projection when 
the direction cosines of the two lines are known. 


Examples. — C. 

1 . The straight line AB makes angles of 59® and 40° with Ox and Oy respectively. 
AC makes angles 43® and 61® with Ox and Oy. Calculate the angle BAG. 

2 . OA makes 32° with Ox and 74® with Oy. 

OB ,, 67° )} Ox ,, 60® y) Qy. 

Find the angle AOB. 

3 . OP makes 45® with Ox and 50° with Oy. 

OQ „ 60® „ O^ „ 70® „ Oy. 

Find the angle POQ and the length of the line PQ, taking OP = i and OQ = i. 

4 . The rectangular co-ordinates of P are (3, 4, i), of Q (2, 4, 3). Find the angle 
between OP and OQ correct to the nearest degree. 

6, Co-ordinates of P are (4, 2, i) and of Q (2*5, 2, 3). Find the angle POQ, 
and draw a figure to scale in oblique parallel projection. 

6. Co-ordinates of P are (5, i, 5) and of Q (i, 6, 2). Find the angle POQ^ and 
draw a figure. 

7 . Co-ordinates of P are (1*5, 0*8, 1*2) and of Q (1*2, 2*8, 1*7). Find the angle 
POQ, the length of PQ, and the angles which it makes with the three axes. 

8. Co-ordinates of P are (3, 4, i) and of Q (--3, 4, i). Find the angle POQ, and 
draw a figure. 

9 . The polar co-ordinates of P are (3, 45®, 30®) and of Q (3, 60®, 50®). Find 
the angle POQ. 

10 . Verify that the relation 

cos + ^1^7 

holds good when the two straight lines are Oaf and Oy^ and also when the two straight 
lines are in the directions Ox and yO^ 

11 . A is a point in a mine 200 ft. below the surface, B is 150 ft. E. and 50 ft, 

S. of A and 250 ft. below’ the surface, C is 350 ft. E. and 50 ft. N. of A and 80 ft. 
below the surface. Straight passages are cut from A to B and from B to C. Find 
the angle between them at B. 


CHAPTER XXIII 


SOLID GEOMETRY-PLANES 


191. Traces of a Plane. — Any plane cuts the three co-ordinate planes in 
tlirec straiKht lines, called its traces, forming a triangle. 

Any two of the traces are sufficient to determine the plane. 



F!0. i66. 


lljir;, In Fig. ii6, AB, BC, and CA are the traces of the plane ABC. We 
• h.ill drnutf" thf! lf*n};ths OA, OB, OC which the plane cuts off from the axes 
hy f/, taken positive when measured in the positive direction along the 

a-‘. 

\\r. hall use c with this meaning to specify the position of a plane 

kv nifs-iJis of its trar(‘S. 

1 hiis, in Fig. 1 1 6, for the plane ABC 

a ^ b = I'y, ^ = 2'i, 

aia'l foi tliif* plane AB^C 

a “ = — 1*6, = 2'i 

To Imt! tlie lengths of the traces we have 

AB - ya‘ + P, BC = CA = 


If>a MoamiromcTit of Angles between Straight Lines and. Planes.— 
A iinr is said to be perpendicular to a plane when it is perpendicular 

t</ f-very straijilit line in that plane. , . . ... 

'I he anjjlt: between two planes is measured by the angle between two 
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lines drawn one in each plane perpendicular to the line of intersection of the 
two planes. 

In Fig. 167 qPQR is a rectangle ; OP and Oj are perpendicular to the 
line of intersection O^tr of the two 
planes OPQR and 0:iry ; the angle be- 
tween the two planes is jOP or POy. 

Draw OT perpendicular to the 
plane OPQR. 

Then, if we suppose the plane 
OPQR to lie originally in the plane 
Oxy, so that OT coincides with OZy 
and to rotate about Ox to its present 
position, OT evidently turns through 
the same angle as OP, and therefore 
the angle .s-OT = yOP - angle be- 
tween the planes OPQR and Oxy, 

Thus the angle between any two 
planes is equal to the angle between 
two perpendiculars to the respective 
planes. 



193 . Iiength and Direction of the Perpendicular from the Origin 
to a given Plane. — Let OP be the perpendicular from the origin to the 
plane ABC, / its length, and (/, m, n) its direction cosines. 



In the figure BPO is a right angle, and 

m = cos yOP n = cos -srOP / = cos ;rOP = ^ 

+'^- = ^ + »■ = I (p- 322) 




/l I I 
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and / 




' VI 


b 


i I 

;2 + ^2 + 3 

1 

1 ) 


/l ^ 

V ^2 + ^2+^ 


^ *= 


\/i + Is + 


Example. — ^ plam:^ ABC, ojf lengths, a = 6 , 3 = 4 , ^ = 3 ,/r^ 7 w the axes of 
Xy and z. JFind the length and dh'ection cosines of the perpendictdar from 0 to this 
plane. 

These values are taken in Fig. 168. 

We have 


I pi i ii /ill 

t = \J 36 + i'6 + 9 




T.Jt: 

a 


2*23 

“6 


„=| = 5|3^„.j6 
P 2*23 

.*5 = 0*74 

^ 3 


12 


To find the position of P in the figure, drawn in parallel projection, we note that, 
if BP and CP are produced to meet the opposite traces in H and K, it may be shown 
by plane geometry that in the right-angled triangle OCA, 


So also 


AH : HC = ^ 

AK : KB = : 3 ’ 


Accordingly, to draw the figure, we first find the points H and K ; then the inter- 
section of BH and CK gives the position of P in the plane. 


194 . Inclination of a given Plane to the Axes and to the Co- 
ordinate Planes. — In Fig. 168 PB is the projection of OB on the plane ABC, 
and the angle OBP or its supplement measures the angle between the plane 
ABC and the axis of y. But 

i 

sin OBP =4 = — - ■ 

^ ./i+i+i 

This gives the angle between the plane and the axis of y. Similarly, the 
angles between the plane and the axes of 2 and x may be found. 
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The angles between the plane ABC and the co-ordinate planes are the 
complements of the angles between ABC and the axes. 

Thus the angle between ABC and O2X is measured by the angle 
OHB = complement of OBP, which has been found. 

Example . — A plane^ ABC, cuts off lengths ^ 8, 4, 5 from Ox, Oy, and O2, 
respectively . Find the angles (i) betw^ the plane ABC and the axis of y ; (2) between 
ABC and the plane Oxy. 

We have 

^ I I 

p = ^ .. ===== = 2*907 

/III / I I I 

V V 6;+T6+rs 

sin OBP = y = — 0727 = sin 46‘6® 

0 4 

/. OBP = 46*6° 

The angle between the planes ABO and Oxy = OKC = COP, and 

cos COP = 0*5816 = cos 54*4 

c 5 

Thus the plane ABC makes angles of 46*6*^ with the axis of y, and 54*4® with the 
plane Oxy. 


Examples. — Cl. 

1 . The traces of a plane on the three co-ordinate planes join the points (10, o, o), 
(o, 7, o), (o, o, 6). Draw a figure to scale to show the positions of the plane, and of 
the foot of the perpendicular drawn from the origin to the plane. 

2. a, b, c are the lengths cut off from the three axes of co-ordinates by the 

plane ABC. * 

Draw figures to scale to show the position of the plane ABC in the following 
cases : — 

a = 20, ^ = 16, r = 12 
a = 20, ^ = — 10, r = 15 
iz = — 26, ^ = 12, r =: — 14 

3 . The traces of a plane ABC join the points (3, o, o), (o, 2, o), (o, o, 4). Find 
(i) the length of the perpendicular OP from O to the plane ABC, (2) the angles 
between the plane ABC and the axes of x and y, (3) the angles which the plane ABC 
makes with the planes Oyz and Ozx. 

4 . A plane ABC cuts off lengths, « = 8, 3 = 5, r = 3, from the axes of x, y, and z 
respectively. Draw a figure and find (i) the length of the perpendicular OP from the 
origin to the plane ABC, (2) the angles which OP makes with the three axes, (3) the 
angles which the plane ABC makes with the axis of * and the plane 0 «x. 


105. Line of Intersection of Two Planes. 

The intersection of two planes is a straight line which must pass through 
the intersections of each pair of traces, produced if necessary. ^ ^ ^ 

In the figure QPR is the intersection of the planes ABC and AiBiCjl, 
which cut offlengths (10, 5, 3) and (3, 4, 5) from the axes. 

Note that in the figure the three points of intersection Q, P, R must lie 
in a straight line. 
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To find the projection of QPR on the plane Oxy, we already have one 
point R where QPR crosses the plane Oxy. 



Another point on the required projection will be given by the projection 
of Q or P on the axis of or y. In the figure QiPjR is the projection of 
QPR on the plane Oxy. 


Examples. — CII. 

1 . Two planes cut off lengths (a, b, c) and from the axes of j:, j/, and z 

respectively. Draw figures to show their line of intersection by means of its traces 
on the three co-ordinate planes, and the projection of this line of intersection on the 
plane Oxy. 


(o) zz = I, = 2, f = I ; = 2, = 2*5, Cl = 3 

(i8) = 2, ^ = 3, c = I ; = - 3» = 2. = 2 

(7) = 3, 3 = 3, ^ = 3 ; = - 3. “ 3» ^ = 4 

Note that in 7 the line is parallel to the plane Oxy^ and the trace in that plane is 

at infinity. 

2 . If = 5, 3 = 3, f = 3, = 3, = 4> ^1 = 6, find by construction and 

measurement the co-ordinates of the points P, Q, and R, in which the line of 
intersection of the two planes cuts the three co-ordinate planes. 


190. Angle between Two given Planes. — To find the angle between 
two planes whose traces are given. 

Let ABC and AiSjCi (Fig. 170 ) be the given planes, and let OP and OPi 
be perpendiculars from the origin to these planes. Then the required angle 
B between ABC and AiBjCj is equal to the angle POPj between the per- 
pendiculars. To calculate it we first find the direction cosines (/, m, n) and 
(/i, ntii «i) of OP and OPi- 

Then cos d = //^ 4 - mm^ + nn^, and hence 6 may be found. 
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Example. — jFind the angle between the two plaftes A, B, C, and Aj, Ci, wkere^ 
with the usual notation^ 

fl = 2, ^ = I, f = I ; = 2-5, = 2, (Ti = 3 



190a. Equation to a Plane.— To find the equation to the plane ABC 
(Fig. 170), whose traces arc given. 

Let Q be any point (r, y, z) on the plane, OQ = r, angle POQ = 0. 
Then direction cosines of OQ are and of OP ... § 190. 

Since OPQ is a right angle, cos 0 — - = -P - 

^ ^ r r a r 0 r c 

X V ^ z 
- -f T + - = I 
a 0 c 

This equation is satisiied by the co-ordinates of any point Q on the plane, 
and is therefore the equation of the plane. 


Examples. — CIII. 

1. With the same notation as before, 

a = 8, ^ = 3, ^ = 4 ; = 9, = 6, Cl = 9 

Find the angle between the two planes. Draw a figure in parallel projection to scale 

2. = 10, 3 = 5, c = 6 ; = 4, = 5, Cl = 3 

Find the angle between the two planes, and draw a figure to scale. 
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VOLUMES OF SOLIDS 

197, Volume of any SolidL — Consider the case of a solid in which the 
cross-sectional area perpendicidar to a fixed axis in the solid follows some 
known law, as we pass from point to point along that axis. 

We may, for instance, know tlie way in which the area of the horizontal 
section or water-plane of a ship varies from point to point along an axis 
drawn vertically from the keel. 

Let A be the area of tlie water-plane of a ship when the keel is x feet 
below the surface, and let V be the displacement, i.e. the volume under 
water. 

Suppose the ship to sink deeper into the water by a further small 
distance ir- 

Then the displacement is increased by a thin plane layer of water of 
area A and thickness ; ue. if 5 V is the increase in the displacement 

5V = 

But we may imagine that the whole displacement V to any draught h 
is made up of a number of such thin layers of volume 5V = ASjir, and, there- 
fore, the whole displacement V is the sum of the terms A5;r from r = o to 
x^h. 

In the limit, as x is made smaller and smaller, this sum becomes J kdx. 



In the same way it can be shown in the general case that, if A is the 
cross-sectional area of any solid measured perpendicular to a fixed axis in 
the solid and at distance x from a fixed point on that axis, then the volume 

of the solid enclosed between two sections zX x — a and ;»r = ^ is I kdx. 

In order to find this integral we must know the law connecting A and x. 
This law may be given by an equation, or by an empirical series of 
corresponding values. In the latter case the integral must be found by the 
graphic method. 


ExAMri.E,— following table gives the area A of cross sections perpendicular to 
the length of a piece of timber at distances x from one end. Find the volume of the 
timber as occur cUely oj you can jrom the given data. 
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X feet . . 

0 

6 

15 

23 

30 

A square feet 

4'I7 

6*15 1 

7-96 

8-47 

8-75 


r3C 

We have shown that the volume V = I Adx. 
Plotting A and x we get the curve PQ. 



10 15 20 

Values of X ft 

Fig. 171. 


25 


30 


The required definite integral is the area between this curve and the axis of x» 
This is found to be 222*3. 

V = 222*3 cub. ft. 

If the areas of the cross-section A are measured at suitable sufficiently small 
intervals, we may calculate the volume of the solid directly from these without 
drawing the curve PQ, either by finding the mean cross-section A by the method of 
Chapter IX. or by Simpson’s rule, which is sometimes known in this application as 
the Prismoidal Formula. 


Examples. — CIV. 

1 . The following are values of the area in square yards of the cross-section of a 
railway cutting taken at intervals of 6 ft. How many cubic feet of earth must be 
removed in making the cutting between the two end sections given? 

70, 88, 94, 93, S7, 76 

2 . A is the cross-sectional area of a piece of oak at distance jrfrom one end. 
Find its weight. One cubic foot of oak weighs 48 lbs. 


X feet , . 

0 

2 

4 

6 

8 1 

10 

A square feet 

1*7 

2*2 ' 

29 

3*7 

4 ‘9 

5*5 
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3. h is the lieight in feet of the surface of the water in a reservoir above the lowest 
point at the bottom. The reservoir is filled to various heights, and the area A. 
measured as follows ; — 


h feet . 

0 j 

14 

24 j 

36 j 

76 

96 

no 

120 

A sq. ft. 

0 

2 IOCX) 

1 33000 

36700 

42000 

44500 

52500 

60500 


How many gallons of water does the reservoir hold when full to a depth of 120 ft. ? 
Also, how much water leaves the reservoir when the surface level changes from 120 ft. 
to 60 ft. ? I gallon = 0*16046 cub. ft. 


4 . A is the area of the surface of the water in a reservoir when full to a depth h. 


h feet .... 

60 

50 

40 

30 

A, square feet 

37100 

25900 

16700 

9500 


The ciciJlh Ls originally 60 ft. ; water is pumped out of the reservoir to a height of 
100 ft. above the bottom until the depth is 30 ft. 
rjo 

Kind the work done = I zc/A(ioo — ; where w = weight of i cub. ft. of 
J so 

water 62*3 lbs. 


5 . A is the area of the surface of the water in a reservoir when full to a depth A, 


k feet . . . 

0 


25 

35 

45 

A :qu:ircfcct 

j 20 CK) 

1 

1 4500 

20000 

30000 

50000 


Hnw much water docs the reservoir hold when full? Construct a tabic showing 
thr supply of water in the reservoir for different values of the depth at interrals of 
5 fl. (torn 20 ft. to 45 ft. 


6. A is thr airu of the water plane of a vessel at a distance x above the keel. 




. . 

I 



1 f«!rt . . . , 

! 

2 1 

4 

6 

8 

10 

A square feet ■ 

2fif/> 

j 363s 

4320 

4900 

5400 


I bid the total disphcerac-nt of the vessel for a draught of lo ft. , 

I Lr di rmcitt in tom in equal to the weight of the vessel ; what weight is put 

int i the wlmn the draught inaca..c.s from 7 ft. to xo ft. i ton of sea water 

rirtf’ Vi41!r . 35 

7 , Thr area nf the w.ticr-plane of a certain vessel is found to vary as where 
4 li the di.faiH c abr.vc thr krcL When A h 20 fb the area of the water-planets 4^10 
Mj. II. the total dbpkccincnt in cubic feet for a draught of 20 ft. 
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198. A surface of revolution is generated when a plane figure rotates 
about an axis in its plane, 

E.g-. a cone or cylinder is formed when a straight line rotates about an 
axis in its plane ; a sphere when a circle rotates about a diameter ; a paraboloid 
of revolution when a parabola rotates about its axis. 

The rotating curve which traces out the surface is called the generating 
curve. 

The section of a surface of revolution by any plane perpendicular to its 
axis is a circle. 


199. Volume of a Solid of Revolution. — Let the curve PQ represent j/ 
as a function of x from x = OA = to = OB = b. 

Let PQ and the ordinates AP, BQ, rotate about the axis of so as to 
generate a surface of revolution whose 
section by the plane OXY is PQSR. 

To find the volume of the solid en- 
closed by this surface, suppose the solid 
cut into thin circular discs by planes 
perpendicular to OX. 

The area of any section is and 
its volume where Sx is the thick- 

ness of the disc, and j/ the ordinate at 
some point within it. 

The whole volume of the solid is thus 
the sum of a number of terms of the 
form TTj^dXj which we write 

Now suppose the number of sections 
into which the solid is cut up to be in- 
definitely increased, and the thickness 
dx of each section to be indefinitely 
diminished. Then the limit of the sum : 


Tj/^dx 130) 

Thus, if a curve representing jK as a function of jr rotates about the axis 
of X, so to trace out a surface of revolution, the volume enclosed by this 
surface between the sections a.t x = a and ^ ^ is 

TTg^dx 
a 

If the equation connecting^ and is known, the volume may in many 
cases be found by integration ; and if the form of the curve is known, the 
volume may always be found by graphic integration by the method of 
Chapter XVII. 




is 


200. We shall first consider examples of solids of revolution where the 
equation to the generating curve is known. 
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Exampi.E (i).— T o find thevolume of aright circular cone, having given the height h 

and the radius a of the base. 

The cone is formed by the revolution of a straight line OA about an. axis OH. In 
the figure, OH = HA = a. 

Take OH as axis of x. Then, if {x, y) are 
the co-ordinates of any point P on OA, 

y a ax 

The volume of a circular disc of thickness dx 
and radius^ is Tcy^Zx. 

/. volume of cone = limit of the sum of such 
discs as hx is made smaller and smaller. 



■dx 


= J{area of base) X (height) 


Ex AM PLK (2). — The curve y = revolves about the axis of y. Find the volume oj 

the solid thus formed between the sections xvhere y = i and y =s 3. 



We here suppose the solid divided into 
circular elements of thickness and radius x 
by planes perpendicular to the axis of j/. 

We have 7 = Jjt*, x = iSy)^» 

Then the volume of an element = 'trx^By, 
and the whole volume of the figure = 






= 20-55 


1} 


Examtlk (3). — Find (he volume of a sphere of radius a. 
Take two perpendicular diameters, OA and OB, as axes. 



i'K.. 175- 
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^ Then the sphere is generated by the revolution of the circle APB about the 
axis of X. 

If {x, y) are the co-ordinates of any point P, on the circle, x‘ 

Divide the sphere into thin circular elements of thickness, Sx and radius v by 
planes perpendicular to the axis of x. 

Then the volume of an element = iryHx, ^ - 


" r+a 

Volume of sphere = / 7ry,:fx 

= j ir(a^ ~ x^)^/x 


Example {4),— Find the volume of the frustum of a sphet'e of radius 3 inches lying 
between two parallel planes on opposite sides of the centrcy and at distances i and 2 inches 
respectively from the centre. 

^ Take the centre as origin, the diameter perpendicular to the two end sections as 
axis of Xy and any diameter perpendicular to this as axis of y. 

Then the frustrum is formed by the revolution of an arc of a circle about Ox, 

The limiting values of x are - 1 and 2, and it follows, as in the previous example, 


/•f2 

Volume = j tty^dx 

=/ ^{9 - 

ss gir dx — ttJ sendee 

= 277r — 37r 

= 75*4 cubic inches 

Example (5 ). — Prove the formula for the volume of the frustum of a cone* 

^ . h{d^ + ah + P) 

Let the trapezium ABCD rotate about A B, so as to generate a frustum of a cone. 


A: 
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Produce CD and BA to meet at O. 

Take O as origin, OA as axis of x, and a straight line parallel to BC as axis of y. 
Let OB = /^i, OA = /a, BC = ^, AD = a, AB = L 
Then at any point P (at, y) on C D 


yb bx 

-=^,and^ = ^ 


also a — 

Volume of frustum 


K 

= [\yHx 

f*ViV, irJVV-A.*\ 

= ^ . /5 . (a’ + + 5*) 


h'-h^ 


'i) 


Examples.— CV, 

1 . Find by integration the volume of a cone having radius of base 3 ins., height 
4 ins. 

2. Find by integration the volume of the frustum of a cone, the radii of the two 
ends being 2 ins. and 4 ins. respectively, and the height 3 ins. 

3 . The curve y = ^x^ rotates about the axis of x. Find the volume of the portion 

of the solid of revolution generated which lies between the origin and the section at 
x=s. _ 

4 . The parabola y = 2 \/x rotates about the axis of x. Find the volume of the 
paraboloid of revolution generated between the origin and the section at jr = 4. 

6. A sphere of radius 6 ins. is cut by two parallel planes on opposite sides of the 
centre at distances 4 ins. and i in. from the centre. Find the volumes of the frustum 
between the two sections, and of the smaller segment cut off from the sphere by the 
plane at a distance of 4 ins. from the centre. 

Note. — D o not use the formula, but perform the integration in full, 

6. Find the volume of a frustum of a sphere of radius 4 ins., which is cut o6f by 
two parallel planes on opposite sides of the centre, and distant 3 ins. from the centre. 

7 . Prove the formula, given in § 44, for the volume of a zone of a sphere. 

8. The ellipse 4- — = i rotates about the axis of x. Find the volume of the 

^ 16 9 

ellipsoid of revolution which it generates. 

9 . The curve y =:x^ — zx 2 rotates about the axis of x. Find the volume of 
the solid of revolution generated between the sections at x: = o and r = 2. 

10 . The curve y = rotates about the axh of x. Find the volume enclosed by 
the surface of revolution generated and the sections a.t x = a and x; = 3 . Given y 
when X = a ; a, zv, and n are known constants. 

11 - The figure formed by the curve;/ = 4^®, the axis of and the straight line 
;/ = 4 rotates about the axis of y. Find the volume of the solid of revolution 
generated. 


201. Graphic Determination of Volumes enclosed by Surfaces of 
Revolntiou.— Instead of having the equation to the generating curve given 
as in the above examples, we may have the form of the curve given by a list 
of tabulated values. 

The volume enclosed by the surface = ^ izy^dx may then be found by 
a graphic method. 
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Example . — The followmg- are corresj>onding values of y and jc /or a err Iain curve. 
This curve 7 'otates about the axis of x so as to generate a suface of revolution. JFind the 
volume eeiclased by this surface and the two end seciionsy luherex = 2*4 and x = 10*6. 


inches j 

2*4 

4-6 

■ ■ 1 

7 

9*4 1 

10*6 

y inches 

1*55 

1 

2*13 

2*32 

r6s \ 

0 


Plotting these values ofy and jf, we get tke curve PQ. 



Fig. 177. 


Tlie volume enclosed by the surface of revolution generated by the rotation of this 

no-« 

curve and the ordinate MP about the axis of x is / -nfdx 

J 2-4 

fdx 

Taking values of from the curve PQ, squaring them, and plotting, we get tie 
curve RS representing y^ as a function of x. The area between this curwe and the 
axis of a: from x = T4 to x = I0*6 is found by Simpson^s rule to be 32*16. This is 
rio-e 

the value of 

J 2*4 

r, the required volume of the surface of revolution is 



y^dx = T K 32-16 = loi cub, ins. 
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In practice it is not necessary actually to draw the curve RS. In the formula for 
Simpson’s rule we may substitute the values of the squares of the ordinates taken from 
the curve PQ at the proper intervals. The result will give the area under the curve 
RS, which is equal to Jjy^dx. 

The student should, however, in working the first few examples, draw both curves 
as in the above examples, until he has become familiar with the method. 

Examples.-— CVI. 

The curves giv^n by the following lists of values of x and rotate about the axis 
of X. Find the volumes of the solids of revolution which they generate between the 
specified limits. 


1 . 


X inches 

2 1 

3 

4 

5 

6 

7 

8 

y inches 

515 

5-54 

5*63 

^ _ 

5-46 

4*8o 

3*86 

3 * i 6 


Between jr = 2 and x ■=.%. 

2 . 


X inches . , 

0 

I 

10 

15 

20 

25 

jy inches . . 

10 

6‘93 

7*21 

9'8o 

15*03 


Between x* = o and x = 25, 
3 . 


X inches 

0 1 

1 

J‘5 

2 

2*5 

3 

3*5 

4*0 

y inches 

0*5 

0*9 

p 

1*17 

1*24 

1*2 

ros 

0*8 


Between x ^ o and x = 4. 
4 , 


X inches. . 1 
1 

1*99 

2 '80 

3*412 

3*919 

4*359 

4*75 

y indies . . j 

1*8 

i 

1*6 

! 

1*4 

1*2 

i 

0*8 


Between x =; 2 and .r 4*5, 

5. 


jr fret , 

1 

0*5 

1*4 I 

2 

27 

3*5 

4*2 

4*6 

5*3 

6 

/ indies 

ia -37 

j 

12*78 

12*62 

11*78 

10-89 

10-56 

10-45 

! 

10*69 

12*04 

1 


Bet wrm x — 0*5 and x x 6. 
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0 . A buoy is in the form of a solid of revolution floating with its axis veriicil,, d is 
Its diameter at depth h below the surface of the water. Find the weight of water 
displaced by the buoy. One cubic foot of sea water weighs 64*1 1 lbs. 


Depth below water-line (feet) 

0 

o-a 

0*9 

i 

1-25 j rso 

1 

! 

I'SO 1 2 

Diameter (feet) .... 

6 

1 

1 5*90 

i 

i ' 

1 S-8 

1 ■ 

5‘S5 i 5-25 

1 

i ^ 

470 : 4’20 


The bottom of the buoy is flat, and at a depth of 2 ft. 





CHAPTER XXV 


CENTRES OF GRAVITY 

202. In Chapter XXI. we defined the centre of gravity of a number of weights 
supposed concentrated at isolated points, and obtained expressions for its 
position. _ 

If (;r, y) are the co-ordinates of the centre of gravity of weights Wj, 

Wg . . . situated at the points • • • then 

- _ + ^ 2^2 + ^ 8^3 + ♦ . . _ 

+ m.j ms + . , . 2(w) 

y = + ^ 2^2 + + . . . ^ 

4 * 5^2 + ^3 + • • • 


203. Centre of Gravity of Distributed Masses. — If any figure is cut 
out in a thin stiff uniform material, such as sheet metal or cardboard, there 
is a certain point in the plane of the figure through which its resultant weight 
always acts so that the figure will balance if supported only at this point. 

In this sense we speak of the centre of gravity, or centre of mass, of a 
plane area. The position of the centre of gravity will evidently depend only 
on the shape of the figure, and not on its material, so that in finding the 
centre of gravity of a figure we may take the area of any portion as equal to 
its weight. 

The centre of gravity of a figure is also known as the centre of area, or 
centroid. 

In the same way every solid body has a centre of gravity through which 
the resultant weight always acts. 

We may suppose the number of isolated masses enclosed in a given 
space to be indefinitely increased, and at the same time the magnitude of 
each mass to be diminished so that in the limit a continuous solid body is 
formed. Then the definition of the centre of gravity of a number of isolated 
weights may be extended to the case of a continuous solid body. 

Example . — Fml the abscissa of the centre of gravity of the area given in the figure. 

Divide the area into ten strips of equal width by straight lines parallel to the 
axis of^. 

Take the weight of each strip as numerically equal to its area, and assume this 
weight to act at the centre of gravity of the strip. 

If the strips are sufficiently narrow, the centre of gravity of each strip may be 
supposed to lie on the ordinate drawn at the mid point of the base of that strip ; e.g, 
in the figure the centre of gravity of the second strip is at G. 

We now have, if {x, y) are the co-ordinates of the centre of gravity, 

* “ approximately 

where m is the area of a strip, and x the abscissa of the mid point of its base. 
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Xinix) is obtained by multiplying the base of eacii strip by its mean height to get 
the area, and then multiplying the result by the abscissa of the mid point of the base 
and adding the results. * 

2{;«) is the whole area of the figure. 




the centre of gravity lies in the ordinate AB. 



U 1 I l l u I I 1 - I M 

0 0 2B 

Fig. 178. 


204. Centre of Gravity of an Area by Integration. — The accuracy of 
the method described in the last paragraph depends on the number of strips 
into which we divide the area. I^the area is divided into 20 parts instead 
of into 10 , the resulting value of x will be nearer to the exact value of the 
abscissa of the centre of gravity, and so on. 

If Sx is the width and_:v the mean height of a strip, then the area of that 
strip, which is proportional to its mass, is j/5r, and 

approximately 

The exact value of x is the limiting value of this expression, as the 
number of divisions is indefinitely increased, when Sx is indefinitely 
diminished. 
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where a and b are the limiting values of x for the area considered. 

Similarly, since the ordinate of the centre of gravity of a strip is we 

have 


and in the limit 



Thus, if the equation to the bounding curve Is known, we may be able to 
evaluate these integrals, and so find the position of the centre of gravity. 


Example (i). — Find the centre of grewity of a triangle. 



In the triangle ABC draw AN perpendicular to BC. 
Take A as origin of rectangular co-ordinates, and AN as 
axis of X. 

Let AN = /5, BN = /. 

First find the centre of granty of the triangle ANB. 

• y 

Then the equation to the straight line AB is 


J 

f* 

! xydx 
0 

J 

fV 

0 

J 

0 

J 

I xdx 

0 

h* 

II 

11 



, since p and h are constants, 


2 


Similarly, for the triangle ANC, x = It follows that x —\h for the whole 
triangle. 

Similarly, the centre of gravity is at a distance of of the height measured from 
any other side of the triangle, and its position is completely determined. 

Example ( 2 ). — Find the centre of j^cevity of the area hounded by the parabola 
y = o‘2j:* 4* ij the axis of Xy and the ordinates at x and xr = 5* 
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a 

i: 
/: 




xydx 

I 

ydx 

(0*2^ + x)dx 


(o*2x* 4- i)dx 


r. 

rx‘ xn 

_Li3+Ti 


35’2 

= 4-125 

3 




y^dx 


/: 


ydx 


JMi 


^ 4 - i^dx 


S -53 


= iy-^LiTs + = iro6 = 


/. the centre of gravity is at the point (4*125, 2*24). 

The student should draw the figure to illustrate this example. 


Examples.— evil. 

1 . Find by integration the centre of gravity of an isosceles triangle, having its 
base 6 inches, and height 4 inches. 

Find the centres of gravity of the areas bounded by the following curves, the axis 
of X , and the ordinates at the points specified : — 

2 . y = x^ between x = 0 and x = i, 3, y = 2x^ between x = 1 and x = 

4 . y = x^ between x = o and x = i. 6. y = x^ between x = i and x= 2. 

6. y = between ;r = o and x = 27. 

7 . A trapezium is bounded by the ordinates at = a, and /i, at x — by the axis 
of Xy and the straight line joining the heads of the ordinates and h ^. Find the 
co-ordinates of its centre of gravity by integration. 

Find the abscissae of the centres of gravity of the areas bounded by the following 
curves, the axis of Xj and the ordinates at the points specified : — 

8. = a: 4- s! X between x ■=■ o and x ■=. i. 

9 . y = x^ ^ 2x + 2 between x s=o and a: = 3. Plot the curve. 

10 . Find the position of the centre of gravity of a semi-circle of radius a. 

11 . Find the position of Jhe centre of gravity of the parabolic spandril bounded 
by the parabola 5 — ^ = 2/^Xy and the axes of x and y. 


205 . Centre of Gravity of an Area— Graphic Method.— The graphic 
method may now be put into a more concise and accurate form than in § 203. 



Centres of Umvity 

With tlic nuiatitja a * |j<!ha<‘, we have shown that 


f lyJr / vVi* 

J Vfir J ydt 


If wc i!o not kiniw the ei|nation of the bounding t urve or cannot evaluate 
the alwve iiitrgrals, wc may find their valueii by the grajdiit: niethod. 


KXAMi'Cr..- 7'W /t'/iVa’i?;!/ ii»/ , vdiitff «/ X and y for a artain cutve . ; 

find iht ahKt'xa «/ / 4 y i.fn(t€ i'f yuan ty of (hr arra emloxd hy thi% aanff^ the ordinaia 
at X - I and X 5. ar. i f':,- a > ;i ,d u 


I'S 

^ ] 2-S 

: 3 ; 

i '3 

4 , -I'S i s 

’ ‘ i 

S'i 

1 

3 ‘4 5 

yiii 367 

2 '«JO 

1-56 

^ ■4<» I'40 S’(c^ ! 

; i ‘ 1 

2’(K> 


Ph>fting Ihr gn'rii v tier's %d %■ a,isri y wr gr? the curve PQ, 


wawes 0/ X 

flu, t%> 

I .!/■ -iicl y nt Xh^ i.«ivc> KS and TQ* 


I 


I r 
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The work may be set out as follows— 


CO 

No. of 
ordinate. 

(a) 

X 

(3) 1 

y 

(4) 

SM 

1 

( 5 ) 

y X SM 

( 6 ) 

xy X SM 

( 7 ) 

y ^ X S]\I 

1 

ro 

3*52 

1 

3*52 

3*52 

12*39 

2 

1*5 

3*45 

4 

13*80 

20*70 

47 *61 

3 

2*0 

3 *i 6 

2 

6*32 

12*64 

19*97 

4 

2*5 

2-67 

4 

10*68 

26*70 

28*52 

5 

3*0 

2*00 

2 

4*00 

12*00 

8*00 

6 

3*5 

i*S 6 

4 

6*24 

21*84 

9*73 

7 1 

4*0 

1*40 

2 

2*80 

11*20 

3*92 

8 

4*5 

1*40 

4 

5*60 

25*20 

7*84 

9 1 

5*0 

1*65 1 

I 

1*65 

^•25 ! 

2*72 


54-61 

■ 142-05 

140*7 


Column (5) is obtained as the product of the numbers in (3) and (4) 

„ ( 6 ) „ „ ,, (2) ,, (5) 

,, (7) M (3) »» (5) 

h 

Adding the numbers in column (5) and multiplying by - = we obtain the area 
under the curve PQ from x lio x — 


■/; 


yeix = J X 54-61 


Adding the numbers in column (6) and muUiplying by we obtain the area 
under the curve RS from a* = i to = 5. 


■/: 


xyi/x = I X 142*05 


J. 


xydx 

54-61 


/; 


Adding the numbers in column (7) and muUiplying by we obtain the area 
under TQ from a: = I to ir = 5. 


•/; 


y^dx = i X 1407 


:.y = i 




. ^407 

■ 2 X 54*61 


= 1*29 


the centre of gravity is at the point G, whose co-ordinates are (2*60, 1*29). 

Note that it is not necessary actually to carry out the multiplication by the 
h 

factor since this occurs in both numerator and denominator of the expressions 
for X and J, 

In practice the curves RS and TQ need not be drawn ; the values of xy and 
netcssai7 for the calculation of the integrals may be found from the curve PQ. 
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Note that this method of finding y has onlyjbecn shown to apply when the base of 
the area considered is the axis of x. find y in other cases wc may divide the area 
into elements parallel to the axis of x ; y is then given by the relation 


y =c 



where c and d are the limiting values of and x denotes the width of the figure 
measured parallel to the axis of x. 


Examples. — CVIII. 

1 . A curve passes through the following points. Find the absci.ssa of the centre 
of gravity of the area enclosed by this curve, the ordinates at jp x= o'5 and jr = 6'5, 
and the axis of x. 


X 

o'S 

1*2 

2*3 

3*2 

y 

5*0 

3-6 

27 

2 ' 4 S 


4‘5 
2 '34 


S '4 

2 '43 


6'i 

2'6 


6-5 

*75 


2 . The height of a certain figure is measured at different points along the axis of 
X, as given in the following table. Find the abscissa of its centre of gravity. 


X 

0*3 

1 

*5 

2*0 

2*6 

3*2 

3*5 

y 

0 

0*42 

0-585 

076 

I *055 

1*53 

2*4 


4*0 

2'19 


4*4 

1*92 


5*0 

riS 


5 3 


3 . Plot a curve from the following values of x and y. Find the abscissa of the 
centre of gravity of the area enclosed by this curve, the line y = 10, and the ordinates 
at = 20 and x = 40. 


X 

20 

26 

30 

325 

3<5 

38 

40 

\ 

y 

30*3 

46*1 

S8 

659 

77-6 

84*6 

91-9 


4 . Find the co-ordinates of the centre of gravity of the area enclo.sed by the curve 
given by the following values, the ordinates at = 3*1 and x = 5*2, and the axis 
o£x : — 
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5 . Find the co-ordinates of the centre of gravity of the area within the closed 
curve, which passes through the following points in the order given • 



2*6 j 

3-8 

4-4 

5-2! 

1 

i5'35 

! 

5-1 

4*3 

3*J 

2'0 

1*2 

07 

0*6 


1 i 

V 1 t*o 1 0*3 
' * i 

i 

o*o8 

0*40 

j 07 

1^ 

17 

2‘6 

3*75 

5*17 

5-83 

5*5 

4-6 

3*25 

1 

21 

I'O 


6. Find by the graphic method the position of the centre of gravity of the 

ijuadraiit of a circle of radius 4 ins. Also find the centre of gravity by experiment, 
and compare the results. 

7. The ccpiaiion Uj half of an ellipse is y ~ ~ 0‘25:c*. Plot this curve, and 

trud by the graphic method the centre of gravity of the area enclosed between this 
curve and (he axis of x. 

B. ABCD is the sc.ction of a bar. AB, BC, CD are three adjacent sides of a 
regular hexagon. AD measures 1 ft. Find by the graphic method the position of 
the centre of gravity of the section. 

206. Centre oP Gravity of a Curve. 

I'.XAMn.K. The cun*e shown in the fiy,urc represents a thin uniform wire. Find 
the poxilton if its centre of ^avity. 



n fhr tmvr in’o small <drmrnts of some convenient length. Then each 

rkn.-'ot r. j.t.aca.ao ly a short straight rod, and its centre of gravity is situated at 

* ' * xr wr diividr ihr curve into elements J in. long. Talce the mass of each 

I o r>;j rnf a - (hr uiiit ma s. 7 he length of the la^t clement at B is 0 11 $ m-i 

.j.d m-r.% n (h-rrhur 0*46. 

1 Mr 4i.y * Mj»vrjoriil j tiim 1 hen, since 

Sfmi) ■ l{my] 

■* ■“ ^ ■ S{w) 

■A r h.:? I... ,, lion of ll.c centre of gravity by the following 


Centres of Gravity 


355 


Multiply the mass of each element by the value of x at its mid point, and add the 
products obtained. Divide the sum by the total mass of the curve. The result is the 
abscissa of the centre of gravity. In the same way the ordinate of the centre of gravity 
may be found. 

Substituting the values from the curve, we find 


X = 


'Z{m) 15-46 ^ 

' 2 .{my) 48-26 _ 

2(w) 15-46 


Thus the centre of gravity is at the point G (3-32, 3*12) in the figure. 


208a. Centre of Gravity of a Uniform Circular Arc. 

Take the. centre O of the arc as origin, and the middle radius OC as initial line 
of polar co-ordinates (Fig. i8ia). 

D B 



Let 2a be the angle which the arc subtends at the centre, and (r, 0) and (r, 9 -f ZB) 
the polar co-ordinates of two adjacent points P, Q on the arc. 

Let w = weight of unit length of the arc. 

By symmetry the centre of gravity lies on OC. Let G be its position. Draw 
OD perpendicular to OC. 

Then, weight of portion PQ = wr^B, 

Moment of portion PQ about OD = ON . TJurZB =■ wr^ cos 050 , 50 being a small 


quantity. 


.-.OG. ^ 




wr* cos 0t/0 


2 sin a sin a 




wrdB 


Examples.— CIX. 

1 . Plot a curve from the following values of x and y. Find the co-ordinates of 
the centre of gravity of a uniform wire bent into this shape, the ends of the wire being 
at the points (0*7, 3*54) and (5, 6). 


3':4 


I’rmtUnl 


ft, I ll.'l iL*- Ml-' J ?!.«• J.f 

' ii L I Vm;. f|,, 1 


[. I .ti .}.f i.} I’iV'-lj 


* r i i ' ■■■ 


^ * 4 ■ 1 I a • - r j 


►'7 Ci6 ri 


’4*'^ 7 ^ i ■' i- '■ ^7 '■ i If; • '* • ' 

^ 4 ' *4 -j i I - 1*0 


a. I ; 1 V r }..- J: « 

i|Vi..- * f ^ it Ir * ' t \r -I •.,, f.. 

k . u.] 4}‘‘ ’ .’m a r ■. :i 

7. 1 i-r rij. 4 ,■ ti *' I-; 


7- Ur •' «f thf 

i.'oi-') l y 


h,. ; i-r i,i . - ',M,. -.' ' .t .'' 4 ,!-*’., ,''^.'J I'i’’ *»’■ 

• .Jiif .U1 . A.,-. . ! * I '•■»TOI lJii» 

H ABC;E> lh»- .f Jfc 'j,., /^Il llf^ fMj ,v 

K,; .)..i J.'.s,;. ). AD n.' - . r- , ■! 1 ; M., - »:.Ir4 r,f , 


r 5 *'|j‘|r Ilf a 1 ^ 4r . i, 

€.;nii!ri* Ml Ch'livlly Mf ^ I'urvi^.. 




|wnilji»j| of 


I * %m' y / -tf .ibf*:.' 7»% i%; 


I'iy * };.' . ,** 





I ■‘-•i ; ■ M . •,;■ It j; 

^ ‘ f - -« ■ i , 

n% fh 4 ]. , .5 

III * f,, ; < ft-, r .Jft <• 

I ■:3;- r.,*--:, <• ; 5 a; ll^r ViV 

-J-'l .,'s 




■f fMh 

■, '--fVie ,,r 1 : ^\U4W.tl *l 

I -f.- ^ l -’Mir «l,r 

'-f ' ^,! f| y ||| |||_^ 
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Multiply the ni.i nf r.ich rlriuent hy the v.thu? tif x ;it hn riuM pnint, and add the 
pr«»diict.% fditaitird. Ihvitlc the ’>uiii by the total ina-,s of the curve* 'I'lie njsuU is the 
.ib'id a of the centre of ipavity. In the rafnc way the uniiu.itc of the centre of ^'ravily 
may !h.* found, 

Subalitouiig the value:, fnms the cuiv<% we hiul 


-fw) 15*40 


3M2 


l^wr) 4^*20 

.SM'* 

Thuu the ccntfc of ipau?;* i . at the | oiiil G (3‘.>2, 3*12) in the figure. 

200a. Contro of Gravity of a Uniform Ciroular Arc. 

1'ake the trnfir O of fgr .ir« a . oii pii, and the middle iailiu:> OC a^ initial Jinc 

of polar co«ordin,4tA'-, fl’,;;. tbiA}, 

f) a 



Let 2a be aiigjr wbn'h the af*. %uldrtid-: :d the centre, and (r, ff) ami (r, 0 »b M) 
the J«daf c»eoid»na*rr* cd' t wo a--!],n.,rr 4 ! pomta P, Q on llm au„ 

Lei M :... wrjghi of urn? of ih'”' arc. 

I»y ‘*ymineUy the r:»o}^fcol gta’»}ty lic» on OO* Lcl G be it» position. J)raw 
OD |jrrp-cnrli> uUf lo OC. 

I'licn, W'f'igh? of ■|e4i;on PQ 

Moilirnt oi' |e-4iion PQ nUmtOD - ON . wr^0 a? wr^ an W, S0 ireing ajimaU 

r|n;mii’y. 


/. 00 


te/* co-i 0 /i 

I 


3 Mil « 
2a 


EXAMfl.KI.- CIX, 

I. rioi a r^if'*e the bellowing va'-a-r-, of jr and y. Lind the cn-ordinat.es of 
thr 1 of |ji,iVily nf X iijjfwfgii wire bent inlo ihi^ #bapc, thecruisuf the wire being 

ill ilis |o'7> i'54) C5»b>. 


Practical Mathematics 


358 


.T 

I 1 

1*4 

2 

3 

4 

5 

6 

7 

Ax 

0 

3‘5 

8*5 1 

15 

20 

24 

26 

27 


Plotting these values we get the curve PS. 

Then the value of IKxdx is the area between PS and the axis of x. 
This is found to be 107*7. 


A X 


26*2 


= 4*11 


the centre of gravity is situated in that section of the solid for which x = 4' 11. 


208. Centre of Gravity of a Solid of RevolutiorL.— This Is a special 
case of the last method. 

The sections of the solid by planes perpendicular to the axis of revolution 
are circles- Let the solid be cut by such planes into thin circular discs of 
thickness and radiii.s then A = Try^, and we have 


X 


j: 

7. 


kxdx 

kdx 



F-X AMPLE (i). — Find the centre CfJ gravity of a solid hemisphere. 



Let a be the radius of tlie hemisphere. Take 
the centre as origin and the radius perpendicular to 
the plane .surface as axis of x. 

Then the hemisphere is a solid of revolution 
formed when the quadrant of a circle of radius a 
revolves al)Out the axis of x, 

I fxdx 

• • * — ta 

where {Xy y) are the co-ordinates of any point on the 
gene‘rating curve. 

Hut we have ;r* - 1 -^ ~ and substituting 
y -r — jt* in the above, 


(« V — x^)Jx 


j: 
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The centre of gravity of a solid hemisphere is on the axis at a distance of J of the 
radius from the centre. 


Example (2). — The curve ^ = 34. ^revolves about the axis of x so as to generate a 

solid of revolution. Find the centre of gravity of the portion of this solid which lies 
between the sections at x ■==. 2. and x = 4*8. 


We have 



■ id 

9.— + 24jr+ 16 loge^r 
^9^4 24log^- — 


i^5:2 = s .,9 

31 '97 


Since the body is symmetrical with respect to the axis of jr, we also know that the 
centre of gravity lies on the axis o£ x, and its position has been completely determined. 


Examples.— CX. 

1 . Find the centre of gravity of the cone formed by the straight line y = 
rotating about the axis of x, the base of the cone being a plane perpendicular to Ox 
at the point jp = 6. 

2 . Find the centre of gravity of the frustum of the cone in example i, which lies 
between the sections at j: = 3 and x = 6. 

3 . Prove that the centre of gravity of a right circular cone of height h lies at a 
distance \h from the vertex. 

4 . The radii of the ends of a frustum of a cone are 3 and 7 ins. respectively, and 
its height is 9 ins. Find the distance of its centre of gravity from the smaller end. 

5 . Find the position of the centre of gravity of the frustum of a sphere of radius 
5 ins. The radii of the plane faces are 4 and 3 ins., and they are both on the same 
side of the centre. 

6. The curve y m — 2x 2 rotates about the axis of x. Find the centre of 
gravity of the solid of revolutmn generated between the sections at a; = o and x= 3, 

7 . The parabola y = i6a/x rotates about the axis of x. Find the position of the 
centre of grWity of the paraboloid of revolution which is generated between x = 0 

and = 16. . , , , 

8. Find the centre of gravity of the portion of the same paraboloid lying between 

sections at ^ = 4 and x = g. 


209. Centre of Gravity of a Solid of Revolution— Graphic Method. 

Example. — The curve given by the following values of x and y revolves about the 
axis of X. Find the centre of gravity of the solid of revolution which it generates 
between the end sections at x = 3 and x = g. 
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5 1 

I 

5'5 ' 

6-3 1 

1 ^ i 

1 i 

B 

8-6 

9 

r3o 

J ' V 6 

1 '60 

1 

: 1-85 

1 1 

2'43 

2-925 

3*35 

I ’69 

I '95 

2*56 

342 

! 4 ’ 4 I 

1 

5*90 

8-ss 

11*22 

8.4 

J07 

tfi'l 

1 23'9 

i 33*0 

i 

47'2 

736 

1 ^01 

! 


fi 

xy^dx 

a 


v\ x'l in th*t third line aHove» and plotting^wc get 
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Plotting these, we get the curve RS. 

The area between this curve and the axis of x is found to be 142*5. 
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f. 


xy-dx — 142*5 


~ 142‘S 


Examples. — CXI. 

1 . The curve given by the following values of y and x rotates about the axis of x. 
Find the position of the centre of gravity of the solid of revolution which it generates. 



2 

2-8 

1 

1 

3‘S 

4-5 

5*5 

6*4 

7*3 

8*0 

y 

I 

2*o6 

2*71 

3'25 

3*39 

3*30 

2*80 

I *80 


2 . Find the position of the centre of gravity of the solid of revolution specified in 
Examples CVI., i. 

3 . Find the position of the centre of gravity of a solid hemisphere of 5 inches 
radius by the graphic method, and compare with the result obtained by direct 
integration. 

4 . A is the area of the vertical cross-section of a solid at distance x from one end. 
Find the distance of the centre of gravity from that end. 


a: ft. 

0 

25 

50 

100 

150 

206 

230 

240 

i 

250 

A sq. ft. 

I 

145 

214 

260 

277 

250 

188 

140 

I 


6. Find the centre of gravity of the water displaced by the buoy whose dimensions 
are given in Example CVI., 6, 


210 . Theorem of Pappus for the Volume of a King. — A closed figure 
rotates about an axis in its plane so as to generate a ring. To find the 
volume of the ring. 

Divide the total area A of the rotating figure into small elements of area 
5 A, and let x be the distance of any element from the axis of rotation PQ. 

Then the element 5 A traces out a thin circular ring of radius x. 

The volume of this ring is 27 rxSA, and the volume of the ring generated 
by the whole area A is the sum of the terms 2n-x^A for all the elements SA. 

But if we divide an area A into small elements and multiply each element 
by its distance x from an axis, the sum of the products is in the limit equal 
to X, A (yzde p. 297) where is the distance of the centre of gravity of the area 
from PQ. _ 

the volume of the ring = 2ttx ,A ; i.e. it is equal to the area of the 
rotating figure multiplied by the circumference of the circle traced out by its 
centre of gravity. 
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In the same way it follows that if the area A does not rotate through a 
whole circle, the volume traced out is equal to the area A multiplied by the 
length of the path of its centre of gravity. 



If A rotates through an angle B radians, then the volume of the solid 
traced out is 6 .x. A. 


211. Theorem of Pappus for the Area of the Surface of a Ring.— 
Let a closed curve of perimeter S rotate about an axis in its plane so as to 
generate a ring. To find the area of the surface of the ring. 

Divide the perimeter S into small elements SS (Fig. t86). 

Let X be the distance of 5S from the axis of rotation PQ. Then 5S traces 
out a ring whose area is 2'n';r5S. 

I'he whole area is therefore 

27rXr5S = 27rxB 


where now refers to the centre of gravity of the perimeter S and not to the 
centre of gravity of the area A of the figure. 

Thus the area of the surface of a ring is equal to the length of the 
generating curve multiplied by the length of the path traced out by its 

centre of gravity. . . , r 1 . 

If S is not a closed curve this method gives the area of one side ol the 

surface of revolution which it traces out. 

NoxE.— I'heKe theorems arc sometimes attributed to Guldin, who published them 
in the sixteenth century. They had, however, been previously discovered by Pappus in 
the third century, a.D, 


Example (i ). — Find an expression for the volume and area of the surface of an 
anchor rmg. 

An anchor ring is generated when a circle rotates about an axis in its plane. Let 
r be the radius of the rotating circle, and R the radius of the circle traced out by its 
centre (Fig. 186). 

Then the area of the rotating circle = 

Length of path of its centre of gravity = 27 rR 

A volume of anchor ring = 2 iT^Rro 
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To find the area of the surface we have 

Perimeter of rotating curve = 2 vr 
Length of path of its centre of gravity = 2irR 

/. area of surface of anchor ring = 47r^R * r 


Example (2). — Thecurvt whose centre of gravity was found in \ 206, revolves about 
the axis of x so as to generate a surface of revolution. Find the area of this surface. 

We found that the length of the curve was 3*865 inches, and the ordinate of its 
centre of gravity was 3*12 half- inch unites = 1*56 inches. 

/. the centre of gravity traces out a circular path of radius 1*56 inches. 

The area of the surface is 

3*865 X X 1*56 = 38*5 square inches 

This is, of course, the area of one side only of the surface. 


Example (3 ). — Find the area of the surface of a sphere. 

The sphere may be regarded as being generated by the revolution of a semicircle 
about a diameter. 

1( 3c be the distance of the centre of gravity of the curve from the axis, the length 
of the path of the centre of gravity is 27 r 5 , 

By § 206a we have 



Also length of curve = vr. 


Area of surface of sphere = irr . 27r — 

= 4Trr* 


Examples. — CXII. . 

1 , The mean radius of the rim of a cast-iron fiy wheel is 3 ft., width 9 ins., thick- 
ness, measured in direction of radius, 6 ins. Find its weight, i cub. in. of cast 

* 1 . The cross-section of an anchor ring is an ellipse, of which the principal 
diameters are 3 ins. and 1*5 ins. The mean diameter of the ring is 18 ms. Find its 

Verify by the theorem of Pappus that the volume of a cone is onc-third of the 
volume of a cylinder of the same height on the same base. 

4 . The mean diameter of a pneumatic tyre is 28 ms. The inside diameter of the 
air tube when the tyre is inflated in position is 1*3 ins. What volume of air will it 
hold ? How many square inches of indiarubber are needed to make the inner tube ? 

6. Find the weight of a wrought-iron ring whose cross-section is an ellipse. 

Radius of ring measured to centre of ellipse = 13 ins. Principal diameters of ellipse 
q ins. and 2 ins. i cub. in. of wrought iron, weighs 0*28 lb. , ^ r ’it 

6 A bend in a wrought-iron pipe is in the form of the quadrant of a circle of 
mean radius 6J ins. The bore is 2 ins., and the thickness of the metal 0-170 m. 

Find the weight of the bend, ,, i ^ 

7 . A cylinder circumscribes a sphere. Two parallel planes are drawn pe - 
pendicular to the axis of the cylinder. Show that they include equal areas on the 
surfaces of the sphere and cylinder. 



CHAPTER XXVI 


MOMENTS OF INERTIA 

212 . If a mass m moves along a straight line with uniform velocity v and 
without rotating, we know that its kinetic energy is equal to \ 7 nv^. This 
quantity measures the amount of work which the body will do against a 
resistance before coming to rest. 

We may, however, wish to know the kinetic energy of a rotating body, 
such as a flywheel. In this case the different parts of the body are moving 
with different velocities, and there is no single value of tj for the whole body 
as in the former instance. 

We require to find some method of calculating the kinetic energy of a 
rotating body. 

First consider a simple case, such as the following : — 

Masses of 5, 4, 6, and 9 units are fixed on a 
light rigid framework, whose mass may be 
neglected, at distances of 3, 2, 3*5, and 2*5 ft. 
from an axis about which the whole framework 
rotates at the uniform rate of « radians per 
second. 

Find the total kinetic energy of the four 
masses. 

The mass of 5 units is tracing out an arc of 
3w per second, />. at any instant the linear ve- 
locity of the mass of 5 units is 3w ft. per second. 
6 Therefore its kinetic energy is ^ . 5 . 3^ . 

Similarly the kinetic energy of the mass of 
Fig. T87. 4 units is . 4 . 2^ . and so on. 

The whole kinetic energy is 

i(5 X 3^ + 4 X 4- 6 X 3-52 + 9 X 2-52)0,2 = ^ ^ 19075 X aP 

The whole mass is 24, and 

19075 = 24 X 8*25 = 24 X (2*82)2 

/. the total kinetic energy is ^ . 24 (2*82)2 . 

This is the same as if the whole mass of 24 units were concentrated in a 
ring at a distance of 2*82 ft. from the axis. 

The radius 2*82 ft. is called the radius of gyration. It is the root mean 
square of the distances of all the separate units of mass from the axis. 

If we have any number of masses m at various distances r from the axis, 
and if M is the total mass and k the radius of gyration, then, as in the above 
example, 



- ~ 2(^7^ 
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where denotes the result of multiplying each mass by the square of 

its distance from the axis and adding the results. 

The quantity 2{mr^) = is called the moment of inertia of the whole 
mass about the axis. 

213. Moment of Inertia of a Continuous Bigid Body.— In actual 
cases, however, which occur in experience, we have to deal with the rotation 
of bodies whose mass is not collected at a few isolated points, as in the 
above example, but is spread throughout the whole of the body. In such 
cases we can find the moment of inertia by integration. 

Example (i). — Find the moment of inertia of a solid wheels of uniform doisity and 
thickness^ about an axis^ through its centre and perpendicular 
to its plane. 

Let a be the radius of the wheel, m the mass of a 
portion i sq. ft. in area, and of thickness equal to the thick- 
ness of the wheel, and M the mass of the whole wheel. 

Divide the wheel into thin concentric rings of radius r 
and^adial thickness 5r. 

Then the mass of any one ring is m . 2 vrZr. 

The moment of inertia of one ring is m . 2Tcrhr . r® = 

. mtr. 

The moment of inertia of the whole wheel is the limit 
of the sum of the terms ivr^mZr for all the rings from 
r =: 0 to r = when 5r is taken smaller and smaller, 

the moment of inertia = 


/; 


, ira'm 

2vr^m^r = 

2 



The mass of the whole wheel is na^m 

moment of inertia = “Kahn. - ~ M— , and = — 

2 2 2 

i.e. the energy of the rotating wheel is the same as if its whole mass were concentrated 
a 

in a ring of radius = 0 * 707 ^. 


Example (2). — Find the moment of inertia of a wiiform rectangle^ of length a and 
breadth 3, about an axis through its centre 
parallel to the side b. 

In speaking of the moment of inertia of 
an area, we shall take the mass of unit area 
as the unit of mass, so that the mass of any 
portion of the figure may be taken as 
numerically equal to its area. 

Take the mid point of the side DC = a 
as origin and axes along and perpendicular 
to DC. 

Divide the rectangle into thin strips of 
breadth and length b by lines parallel to 
Oy. Then mass of one strip = bhx. 

,% moment of inertia of one strip about Oy~hlx,oc^ — bx^lx. 

Moment of inertia of whole rectangle = limit of sum of terms bx^SXy when Sx is 
indefinitely diminished 
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=/: 


bx^dx 


""2 

rx^' 

1 +A 


b \ - 



L 3 . 

J 



2 


ba^ _ 

ab~ 

= M — 

12 

12 

12 

a^ 



12 




Example (3). — Find tht moment of inertia and radius of gyration of a trtangk 
ABC about an axis through A and parallel to SO, 



Draw AN perpendicular to BC, and take AN as axis of x j let AN = h. Divide 
the triangle into thin strips parallel to BC. 

Let X be the distance of any strip from A, and its width. 

Then its length = | , and its mass = ^ xbx 

a 

*, moment of inertia of the strip = 

Moment of inertia of whole triangle = 

2 

Note that the moment of inertia of the whole triangle is the same as that of three 
M 

particles each of mass-y situated at the mid points of the sides. 

Examples. — CXIII. 

1 . Weights of 5, 7, 12, and 14 lbs. are fixed to a light rigid framework at distances 
4> 7 i and 2 ins. respectively from a fixed axis. If the whole framework revolves 

about the axis at 300 revolutions per minute, what is the total kinetic energy of the 
weights? At what distance from the axis should they all be placed together so as to 
have the same total kinetic energy ? 

Note. — T o get the kinetic energy in foot-pounds, take 32*2 lbs. as the unit of 
mass, and i ft. as the unit of length. 

2 . Find the moment of inertia about its axis of a hollow cylinder of mass M, inner 
radius outer radius a. 

3 . Find the moment of inertia of a thin bar, 3 ft. long, and weighing 3*5 lbs., 
about an axis through one end and perpendicular to its length. What is its^ kinetic 
energy when it is rotating about this axis at the rate of 100 revolutions per minute ? 

4 . Find the moment of inertia of a uniform rectangular sheet of metal, 3 ft. by 
4 ft., weighing 6 lbs. about an axis through one of the shorter sides. 


!. 


'a . , a ah 

-xrdx = T • — = 'T' 
,/4 A 4 2 


hi . 
2 


2 
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214. Moment of toertia about Two PeipendiciLiar Axes,— If we 
know the moment^ of inertia of an area about two perpendicular aics in its 
plane, we can find, its moment of inertia 
about a third axis perpendicular toils 
plane. < Y 

Let(x, y) be the co-ordinates of a ^ 

point P in the area. Then the moment \ 

of inertia of a small mass aM at P / j " 

about the axis of x is j^aM, and its 1 

moment of inertia about the axis ofy \ X 

is r®a]\L But the moment of inertia \ ^ 

about an axis through O and perpen- \ 

dicular to the plane of the area is \. 

r^SM = £ moment 

of inertia of each clement of mass 5M 

alxmt an axis through C and perpen- Fig. s^i. 

dicular to OX and OY is equal to the 

sum of its moments of inertia about OX and OY. It follows hy addition tiu: 
this is also the case for the moment of inertia of the whole area, or, if f. arrd 
1 2 are the moments of inertia of the area about OX and OV, and I is the 
moment of inertia about OZ, which is perpendicular to OX and OY, then 

I = 2, 4- I 2 

Example, — 17b Jind ike mametii of sneriia of & circular disc (Uoni a dtd.yie£er. 

We have seen that the moment of inertia, about an axis throuijh the cenlie, and 
perpendicular to the plane of the circle, is This is the sua cf the iLcait'iils of 

inertia about tvro diameters at right angles bf the above theorem. 

By symmetry these moments of inertia are equal, and thcicfuie each of then: is 

equal to M— • 


215. Principle of Parallal Axes. — Given the moment of inertia of a 
body about an axis through its centre of gravity, to find its rcuinerit rf 
inertia about a parallel axis at a distance h from 

the former. jy F 

Let P be any point in the body, and let a ^1 

plane through P perpendicular to the two axes | , 

cut the axis through the centre of gravity in G ' 

and the other axis in O. Then OG = A. 

Produce OG to N, and draw PN perpen- G / 

dicular to ON. Let PCi = r, GN =jr, and let /' 

there be a small element of mass at P. / 

Then the moment of inertia of SM about the axis ' f. / 
through O is / 

OP-’ . 5M = {Jf + -f 2 /u')5M . (§ 27 ) !/“ 

0 

The moment of inertia of the w^hole body 
about the axis through O is therefore 

= 2(^2 4 - r* + 

= A225M -h 4- 

But 25M = M, the whole mass of the body 

2(^5M) = moment of inertia of the body about the axis through Q = I 

2 (.arSM) = = . 201} 
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where r is the value of x at the centre of gravity, and is zero, since the axis 
at G passes through the centre of gravity. 


/. Ii = I + M.A2 


Or, in words, the moment of inertia about any axis is equal to the moment 
of inertia about a parallel axis through the centre of gravity, together with 
the moment of inertia about the former axis of the whole mass supposed 
concentrated at the centre of gravity. 

It follows that the moment of inertia about an axis through the centre of 
gravity is less than about any other parallel axis. 


Example. — To jfind the moment of inertia of a rectangle about one edge. 

Let a and h be the length and breadth of the rectangle. 

We have shown that the moment of inertia about an axis through the centre of 
gravity, and parallel to the edge is 

We require the moment of inertia about an axis parallel to this, and at a distance 
from it. 

2 

2 

/. I, = M- 

12 4 3 


Examples.— CXIV, 


1 . Find the radius of gyration about one side, of an equilateral triangle whose 
sides are 6 ins. long. 

2 . Find the radius of gyration of a circle of radius a about a tangent. 

3 . The section of a f -iron is in the form shown in the figure. BC = 4", 

AB = 0'5", DE = 3 * 5 ^^ EF = 0'5'^ Find the radius 

B C gyration of the area of the section^about an axis 

I I through its centre of gravity parallel to BC. 

' 4. In the section of a T -iron, BC = 4 ", AB = 

EF = 0*5", ED = 2*5". Find the moment of inertia 
of the area of the section about an axis through the 
centre of gravity parallel to BC. 

6. A ^rder is formed of four equal rectangular 
plates 5"wdde and o’ 5" thick. In section they enclose 
a rectangle 5" by 3*5", the top and bottom plates over- 
lapping the side plates by 0*25" on each side. Find 

the moment of inertia of the area of the section about 

E F an axis through the centre of gravity, and parallel to the 

top and bottom plates. 

Fig. 193. 6. A solid wheel of i ft. radius and uniform thick- 

ness ^d density weighs 50 lbs. Find its kinetic 
energy in foot-pounds, ist when it rotates about an axis through its centre and 
perpendicular to its plane, 2nd when it rotates about a parallel axis 0*5 in. from the 
former. It makes 20 revolutions per second in both cases. 

7 . What is the moment of inertia about a diameter of the cross-section of a 

hollow cylindrical tube, i in. in outside diameter and in. thick ? 

8. Show that the moment of inertia of a sphere of radius a about a diameter is 

M.y. 

9 . Show that the moment of inertia of a cube about an axis through its centre of 
gravity parallel to an edge of length « U M -g-. 
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216. Moment of Inertia of an Area ationt an Axis in its Plane, 

In general, to find the moment of inertia of the area, bounded br the 
curve and. the axis of about the axis of j, we divide the area into 
thin strips of thiclcness and parallel to Oy. 

Then the mass of each strip is^'Sjr, and r is its distance from Or. 

its moment of inertia about Oj is and the moment of inertia 



of the whole area about Oy is the limit of 2 (j?^jBx) as Bx is indefinitely 
diminished. 


moment of inertia about Qy = J J^ydx 

where a and ^ are the limiting values of x for the area considered 

Similarly, moment of inertia about Ox of the area between a cune and 

the axis of j' = where c and d are the limiting values of/. 

If we know the relation between / and x, and can evaluate the above 
integrals, the moments of inertia can be calculated directly. If notj wt can 
find the values of the integrals for any particular case by the giaphic method. 


Example.— of the quarter section of a hallow piUar is given hy the 
following table. The axes of x and y are the shortest and bngesi diameters. Tie otker 
three quarter sections are equal and symmetrically ylacoi te the one shown. Find the 
mornesit of inertia of the section about the axes of x and y. 


X ins. . 

0 

I 

1 

1*5 

2*0 

] 

2*2 

1 

2*3 i 

! 

-i 

3*0 

: 3"2 . 

3“3 

1 

Outside/, ins. | 

6 

Kjr\ 

\ 

5‘44 

; 4*99 

; 4*75 1 

! 

; 4*64 ' 

3*0 

i 2*0 

0 

. 

1 

Inside j, ins. . 

5 

4’+7 

3-86 

2'8o 

1*90 

0 

““ 

1 


Plotting these valnes we get the form of the qmrtci section ABCD. 

The momeat of inertia about Or is J’x’ai, where > is the height of a strip of 


‘^'AcTordS? le°m^^e' a ntlmd? of v^nes of ^ at ^iunle ^tcrval>, mnltiplT 
each by the ^iresponding value of w*. md plot tie enrre so obtamed. 


o 1 
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^ O 0'5 I 1-5 2*0 


Fig. 1^5, 


2-1 2-2 2-3 2-5 2-3 


3'i 3-2 3' 


• I'l 1-29 1 1-59 2-17 2-42 3-85 464 4-33 365 


’^5 3 ‘o 2*60 2*0 


00.75 1-29 3-89 8-6s|.a62 , 863 24-3 1 27-07 28-6 27 24-95 20-48 o 

vakes of 

Then moment of inertia of quarter section about Oy 


=Jo ~ OFD 
= 35*45 


and ther.omcnt of inertia of the whole section about O, is 4 X 35-45 = 14X.8. 


^ o 


Moments of Inertia 




To find the moment of inertia about the axis of we require to find the value of 

j xy^dy^ where x denotes the width of the area A BCD measured parallel to Ox, 

Calculating the values of xy* and plotting, we get the curve A HO. 

Then moment of inertia of quarter section about 

= [ xy^dy = area AHO = 93*7 


and the moment of inertia of the whole section about Ox is 4 x 937 = 374 * 3 , 


Examples. — CXV. 

1 . The section of a solid pillar is a regular hexagon, whose sides measure 6 ins. 
Find the moment of inertia of this section about a diameter by the graphic method, 
and verify your result by integration. 

2 . The quarter section of a solid beam is given by the following ordinates and 
abscissae. The axes of j^^and y are the shortest and longest diameters of the section 
which is symmetrical with respect to these axes.' Find the moment of inertia of the 
whole section about Oy, 


X 

0 

I 

1*6 

2 

2*2 

2*6 

3 

3*4 

4 

y 

7 

yo 

Co • 

6*4 

6 

5-8 

5-27 

4*6 

3-6 

0 


3 . Find the radius of gyration of a flat ring of inner radius 2 ft. and outer radius 
3 ft. about an axis through its centre perpendicular to its plane. Find the percentage 
error which is caused in the calculated value of the energy of rotation by taking the 
mean radius instead of the true value of the radius of gyration. 

4 . Find the radius of gyration about an axis through its centre and perpendicular 
to its plane of a circular disc of radius a, whose thickness varies as the distance from 
the centre. 

6. Find the radius of gyration about a diagonal of a square of side 

6. Find the radius of gyration about its axis of a cone of height A, radius of base r. 


CHAPTER XXVII 


PARTIAL DIFFERENTIATION 

217. function of Two or more Variables. — We have already met with 
many instances in which there were two variable quantities connected in 
such a way that if the value of one was fixed the value of the other was 
determined. In such a case the second variable was called a function of the 
first. 

It is also possible for a variable to be a function of two or more other 
variables. 

Suppose, for instance, that a point P can move about on a fixed surface 
such as that of a sphere (Fig. 196). Let its position be denoted by its 
rectangular co-ordinates (at, z) with respect to fixed rectangular axes 
through the centre of the sphere. 

Then the co-ordinate .sr is a function of the two co-ordinates x and y. 

For, if/ alone is known, the point P may lie anywhere on a line such as 
AB, and the value of^ is not determined. 

Similarly, if x alone is known, the point may be anywhere on a line such 
as CD, and the value of z is not determined. 

If both x and / are known, P can only lie where two definite lines such 
as AB and CB intersect, and the value of z is determined. 

We express this by saying that js* is a function of both x and /, or 

An equation of the form z =y(;r,/) can evidently be represented by a 
surface in the same way as equations of the form / = f{x) are represented by 
curves in plane geometry. As another example, consider the case of a 
definite quantity of a gas enclosed in a vessel. We can alter its state by 
changing its pressure, its volume, or its temperature. It is found that if any 
two of these are fixed, the third is determined, e.g-, if the pressure and 
temperature of a certain definite quantity of a gas are known, its volume is 
determined, or z' is a function of p and /. 

The intrinsic energy E of a definite quantity of a substance is determined 
when its pressure and volume, or its volume and temperature, or its 
temperature and pressure are known, i.e, E is a function of p and % or of 
V and /, or of t and p. 

Similarly, the potential V at any point P in a field of force is only 
determined when we know the three co-ordinates (jr, /, z) of P, or 

V=y(;r,/,^) 


218. Partial Differential CoefBcients. — Let x—A^^y) \ then, if we 
suppose / to remain constant while x changes, z will in general change in a 
definite way. 

The rate of increase of z with respect to x while / remains constant 
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Is called the partial differential coefficient of z with respect to jt, and is 

. . d-s' 

wnttengjor(^^j^ 

Similarly, ^ or denotes the rate of increase of z with respect to 

^ while or is constant. 

The suffix denoting the variable, which is supposed to remain constant, 
is usually omitted unless there is some special reason for inserting it to 
prevent misconception ; the brackets are also often omitted when it is 
obvious that the differentiation is partial. 

In the same way, if « is a function of three variables jr, j/, and Zj or 
denotes the rate of increase of u with respect to while and z are 

\dxjvz 

supposed to remain constant- 

To find 1“ when z is given as a function of x and y by means of an 
equation, we differentiate z with respect to x alone, treating j as a constant. 


Example (i ). — Ld z = x* — zxy 

/dz\ 


' \dxjy 


'■=(s).=- 


2x -p 


Example ( 2 ). — Ldy = stn (r/ — x) wJurec is a constant. 


cos (./-*) 


Example ( 3).— 2 = jr* - A;x^y + xf 4- sin {x - 2 /) H- 3 cos [ytx —y)'¥ 
= 4 ^* - ^^y +y* + cos {x — 2 jp) - 6 sin {2x —y) + 2 y^v 
— 4 Jtr* + 3xy^ •— 2 cos {x — 2 /) + 3 sin {2x — 4- 


219. Geometrical Illustration.— Let the three co-ordinates (x^y, z) of 
a point P be connected by the equation z = fix, y). , , , 

Then, if we take a number of pairs of values of x and j', and calculate the 
corresponding values of .s' by means of the above equation, we shall find in 

( general that the points whose three co-ordinates are thus found lie on a 
surface, z - fipc^y') is known as the equation to this surface. 

If we suppose the point P to move along the surface so as to keep the 
value of y constant, it will move along a section AB of the surface by a plane 

parallel to zx. is then equal to the slope of the curve AB to the plane 

O^ry, or the tangent of the angle which the tangent PM to the curve AB 
makes with a line parallel to the axis of jt. 


374 


Practical Mathematics 


In the figure 

^ = tangent of angle between QM and PM 
= — tan PMQ 



Similarly, if we suppose x to remain constant, P is restricted to a curve 
such as CD, and is equal to the slope of the curve CD to the plane Oxy, 
In the figure 

^ - tan PNR 

dy 


Examples . — C XVI. 

Find the values of the following i— 

1 * where <1 is a constant. 

2 . a, b, and c are constants, 

3 . ^^{asin {^x + cy)}y^{a sin {bx + cy)}, ^{acos{bx + cy)}, ^{a cos {bx+ cy)], 

4 . Let z = 3^:® — 2 xy, 

Find and by differentiation. 

ax dy 

Then take x = 10, y = 12 ; increase x by the amount ^x = 0*1, remaining con- 
stant and equal to 12, and calculate the resulting increase 5 z in *. Thence find ) 

arithmetically, and compare mth the value of ^ already found. 

Similarly, find by the arithmetical method, and compare. 
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6. If (r, $] are tie polar and (j:, y) tie rectangiilar of ‘hf u r-* rr-r^t 

on a plane prov'e that ’ ” ' ' 






8. If_y = A sin ~y~ 


A, /, f, a are constants. 


‘('7^+ *)- 


7 . If the pressure/, volume v, and absolute temperature T f a it • a- 
by tie equation /z» = RT, vrhere R is constant, iind\he ol.:?-. 


(& (A)- ("I 


Note the physical meaning of tie sign of each of these quuniitl^. 
, dr dr dr 


a lir-Jx^ 2% find 


Qy &' 


220. Small Tariations. — Let sr be a function of ar..i !e: i; ?: 

and s be represented by the co-ordinates of a point P. 

Suppose P to move into a new position Q close to its forrr.er pcs't. .'-r, on 
the surface representing the function 2 . 

Then we may suppose P to reach Q by first moving to P, on thf ?,::ru:c 
so thatx alone increases by a small amount while >■ remains cori^:an^, 
and then moving from Pj to Q so that x remains constant y increases 
by a small amount Sy. 

In the figure PM = PjN = 5/. 



During the first movement from P to Pj, s increases by the amount MP, 
in the figure, while x increases by the amount PiVl = irt Thus 

P^fA = dr X tan MPP, 

' = Jr X (mean value of on the surface between P and P,) 
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Similarly, during the second part of the movement the change in z 
is NQ. And 

NQ = 5/ X tan NP^Q 

= Sy X (mean value of ^ on the surface between Pj and Q) 

The whole change in z during the movement from P to Q is made up 
of the two parts MP^ and NQ. MP, is the change in z^ which would take 
place if X alone changed by the same amount as it actually does while y 
remained constant, and NQ is the change in z which would take place if y 
alone changed and x remained constant. 

As Sx, By, Bz are made smaller and smaller the points P, Q move 

nearer together, and the mean values of ~ and ^ become more and more 

nearly equal to the exact values at P. 

Thus, if Bx, By, Bz are sufficiently small 


Bz = MPi + NQ 

, dz 


Example (i ). — The side a of a triangle is calculated from the following observed 
values : — 

A = 27®, B = 54®, b = 23s ft. 

If the correct values are A = 26*5®, B = 54 ' 9 ®> “U^bat is the error in the calculated value 
of a due to the errors in the observed values of A and B t 

We have 

, sin A 
a = b - — o 
sin B 


If there are small errors BA, SB, in the values of A and B, the consequent error 
in a is 

»‘»=(S)b*a + (5b)/b 

We have 

5 A = 0*5® = 0*00873 radian 
5 B = — 0*9® = — 001571 radian 


Also 


\ b cos A 235 cos 27' 






sin B sin 54' 
b sin A cos B 


^ =259 

235 sin 27® cos 54® 
sin* 54® 


9S'8 


sin* B 

Tile error in the value of a = Ba = 259 X 0*00873 + 95*8 X 0*01571 


= 3’8 ft. 


Example (2). — A certain quantity of air at pressure 2000 lbs, per square foot and 
temperature 10° C. occupies 12 cubic feet. What change in volume will be produced if 
the pressure is increastd by 2 lbs. per square foot and the temperature by C.t It is 
given that pv = RT, where p is the pressure, v the volume, and T the absolute temperature 
of the air and R is a constant. 
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By substituting the given mines, -we End K = S 4 ' 5 . 
We have 

KT 

P 

d 2 ! RT , 


with the given values of z?, and T, 

^ R 

d'T 

5j5 = 2 , ar = I 




,% Substituting, the increase in volume = Bv = —0*012 + 0*04.2 

= 0 03 cub. ft. 


Eicam ples. — CXVII. 

1 . A certain quantity of air occupies 10 cub. ft. at pressure 2116 lbs. per square 
foot, and absolute temperature 250° C. Find the change in pressuxe w ber. ±t volume 
is diminished by 0‘I cub. ft., and the temperature increased by 2®. 

2 . With the same data as in example i, 6nd the change in temjeratnrr when 
the volume is diminished by o*2 cub. ft., and the pressure increased by 5 lbs. jei 
square foot. 

3 . With tbe same data, find the change in volume when the temperature increases 
by 2®, and the pressure by 2 lbs. per square foot. 

4. (r, d, (p) are the polar, and (x, y, x) the rectangular co-ordinates of the same 
point P. What change is produced in x by given changes sa in 0 and in } 


221. Successive I*artial Differentiatioii. — Let s be a function of x 
and y. Then we have seen that denotes the result of differentiating i 

with respect to xqy being treated as a constant. The result of this oper.itior 
is, in general, itself a function of x and>'. 

If it is differentiated again with respect to x, y being still treated as a 


constant, the result is 


B ^2 

which is written ^ or 


(£> 


If ^ is differentiated with respect to/, x being treated as a constant, the 
dx „ , „ , 


result 


8^2 


\d^dx/ 


which is written or I 
dydx: 

Similarly, denotes the result of first differentiating a with respect 

^ dray 1 " 1. 

toj^, treatings as a constant, and then differentiating the result with res|«ct 

to Xy treating y as a constant. 

^ denotes the result of differentiating sr twice in succession m’lth 

•<> -f • 

higher order. 
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Example (i).- 


Note that 


z - pcy -f 
^ = 4.r* - 6;rj/ -h 

g-^=t2^-6y. 

^x = -^^+^y- 

^ = - 3ar’ + 6x)' + 4 y>, 
Ip =6^ +12/. 

= i!L 
dyd^ 


r>r, the order in which we differentiate with respect to x and does not affect the 
result. We shall hud that this is the case for all the functions with which we deal in 
this book. 


Example (2). — If V is ihs pofsniial at any point (x, y, z) in a Jield of force^ then it 
can he shown from the definition of potential that the component X parallel to the axis of 
X of the force at any point in the field is eg-ual to the rate of decrease of the potential per 
unit increase of x at that point. 




where V and Z are the components of the force parallel to Oy and Oz. 

Shozv that if the potential at any point varies inversely as its distance from O, then 
ike resultant force at any point varies inversely as the square of its distance from O, 

Let F be the resultant force at a point P (ar, s), and X, Y, Z its components 
parallel to Oar, Or, Oz respectively. 

Then F* = X* 4- Y’ -f 
Also we have 


We have 


whcare c is constant. 


V = ^ = 


ffsd 


Then X 


(^\ ^ Cx 

” \'^/ (Jt® + I/* + s*)* 

= = — Sl__ 

W*/ C^+/ + r)i 


I 
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/, squaring and adding, 



or the force varies inversely as the square of the distance from O. 


Examples. — CXVIII. 

1. If a = .jri — 2^^^“ ~ 3^y +>^*1 the values of 

dz dz B^z ^z 

Tx W W my dydx 

and verify that the last two are equal. 

2. If z = 3 sin {2jr + 2y) find 

Bz dz B^z B“Z B^z B^z 

Bx By dx^' By^* BxBy ByBx 

B‘^z B‘^z 

3. Verify that in the following cases ;•— 

£ = axy^, z = z = 

8 = a sin {bx + rjv), z =■ a cos {bx + cy) 
z = sin {cx + dy) 

4. If the potential V at a point P {x^ z) varies inversely as the distance of P 
from the origin O, show that V satisfies the equation 

a2v 

dx^ a/ -a*’ “ ° 


6 . y is the displacement at time / of a point on a vibrating stretched string at 
distance x from one end. It is known that Show that this 


df^j 


equation is satisfied if 


Kdx^Jc 


y = A sin ^ sin {pi + a) 


where A, a are constants. 


CHAPTER XXVIII 

MJSCIZILAJVEOC/S METHODS OF IXTECEATIOH 

We shall here give examples of some methods ol a 

more difficult than those treated in Chapter \\ I. 


Exam:ple 
We have 


Jsin^xZx = - cos ; 


= i sir. 2jf 

2 


Example (2).—/ tan^ x ~ i) ^ - tan ; 


Example (3)-—/ 

We have 


a ^ 


log^iu 


EXAMPI-IE (4h- 

We liave 


f dx 


Jt U -j- 

~ 2dt i-t - r 


= l{l0g* (X - I-*" 

I X — a 


Similarly 


Example (5) 


r Ex I x-t a - 


__{ ± 


dx 

3^-5 


lOmewbai 


382 


Practical Mathematics 


We have jr-)-3j:-5=a:*-f.34:4.|_5_| 

= (^ + i)’-(.^)' 




~^~~iTr. '°e*' 


^29 


— — by example (4) 


^ + 1 + 


\/29 


V29 * 2jr 4 - 3 4 - v^29 


Example (6). 


_ ( dx 


Let x = a tan y. 

Difi'erentiating with respect to^, ttc have 
dx 


^ sec > = tf(i 4- taa » = a ^ I 4- ^ ^ 
dy 


AT 


dy 




I [dy y 

= ~ I ^ by the definition of an indefinite integral 


Similarly 


I 4? 

= - tan-i — 
a a 


/, 


ifx- I . _i ^ ^ 


Example (7), 
W c have 






^ + 3^ + 5 

x>+3x+5=(a^ + 3x + |)4-S-| 


= (x + | 


/ 


f/x 


(=?)■ 


by example (6) 


^ + 3^ + 5' 


Vil ^ 

2 

2 , 2x 4- 3 

: tan-i ir- 

Vii 


Examples.— C XIX. 


Evaluate the following integrals : — 



1. j* cos® xdx. 

^■J 

1 

8. 

f dx 

j o:® - 4 X 4 - 7 * 

^ ^ f . 

'■J 

r . 

e. 

r (/or 

J2x* 4 - 6 x — 10 

' X* ~ 2x 4 - 5 * 

Jjc^ -2X~ S’ 

7 . / 

N 

f 24 3^r 

a 


Jjd — 2 X-i‘ I 

3-20: 


Miscellaneous Methods of Initffmtmu 3S1 

223, Integration, by Substitution.— Consider a function SUCH 

y = (log^ r)\ 

Let log'tf X = 7/, tlien ’we may also write j' = u\ 

Thus we may regard j as a f’mciion either of jt'ur of a. 

Let u increase by the amount Su while jx increases bv Jr. 


Then hi = ^ . 5r 
lx 


and 


^ ydu = limit of sum of terms ycu 


y\- 

5r 


I 

= I 




where u changes from c to while r changes from a to 3. 

If w’e regard the upper limit as variable it fallows that the inderin;is 
integral 

fydu = j/£tix * . 4l!35' 


In the case considered above, this result gives 

JV-J. 

= ^ = Klog' »■>' 

We have here shown that in an indefinite integral <i« may be substituted 
for when it occurs the mtxgraly just as if du and dx were separate 
du 

quantities and ^ were a fraction. It must be remembered,, ho m’ever, that 

no meaning has been given to and <2hr standing alone, and when we us.e 
them as if they were separate terms it is understood that they occur m the 
expression of an integral. 


Exajwple (i). — Jrtiegrate jstn x cos^ x dx. 

Let n=-co%x. 

Then du may be written for ^ 


J sin X cos’ j: dr = — ju^du = 



co3^ ,r 
_ 


Example {i).- T o find 
Let n = yc 4. 

Then du = ^dx = (za.- + 3)dx, 


•••/: 


x^ -t- 3^ + 4 


'/t- 


log- u = log. {d' 4 " JJ* -b 4 ). 
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Example (3)., — an extension of the method of Example (2) we may integrate any 
expression of the form ^ ^ 


E.g, to find f — dx. 

Let w = 4. 3JC 4. 7. 


Arrange the numerator in the form ^ where r" is a constant, dividing out by 

whatever coefficient is necessary. 

In this case we write the integral. 




2 { 2 X + 3) - 

+ 3^ 4* 7 
2 ^ 4 3 


g f 2^ 4 3 f 

J x^ + 3x-i- 7 j +3^ 


3 X + 7 

The first of these integrals falls into the class treated in Example (2) above, and the 
second is of the type treated in Example (7), p. 382, and we find that the required 
integral 

2 , 2jf 4 3 

= 2log.(^+3* + 7)-7j^t=‘“ VI 9 

Example {e,),-^Find the position of the centre of gravity of the area of a semicircle 
of radius a. 

Take axes of co-ordinates as shown in the figure, and 
divide the area into thin strips parallel to the axis of y» 

Then the mass of an element = zy'^x. 

We have a;’ 4 ^^^ = a*. 


/ xydx f Xtja^ — xPdx 




-a* 

4 


To find this integral let cP x^ — u. 

2 x dx. 



Then du dx = 
dx 




si udu. 




3 ^ 


: 0 ' 424 «. 

the limits being chosen as shown, because u — cP when j: = o, and u — o when x •=. a, 
f dx 

Example (5).— AVW 

j sjdl - xP 

Let X -= a sin 0 . 

Then dx — dd =z a cos d dd 
sla- - cos 6 

. r dx fa cos 6 dd . , , a? 



miscellaneous Methods of lategratioa 

Example {(>).— Mnd f ^ . 

J V it 


LetVj»±a’=«- jr. 

Then i a’ = — 2 .ujc. 

Differentiating with respect to n- 


Q = 2U-^ 2X — : 


tr.r « — X 


f a/ x® ihfl® 


J « — X V 


Any integral of the type I -7==%==r mavbe reduced to ih^ “ - - 
J N«zr=-r ^x-rc ' 

5 or 6, according as is negative or positive hj the methed jise • n ^ 
5, § 222. - 
Otherwise, wc have (Ex. LXATII. lo), 

^siah-f ) = =csh--f I . i X,... 

••• /vfe = I ± cosa-1 




J + a- 


I _ iJX 


it CGSh~^ - 




Example (7), 


We have sin x = 2 sin Jx cos |x. 


• * J sin X ““ / sia |x CO; 

^ h sec» U./. 

y tan ix 


dividing numerator and denominator by cos* |x. 
Let tan = i/. 

Then </« = ~/x = ^ sec* |xi/x. 
ax 


. r f — = log « = log tan |r„ 
••/sinx j u ** ^ 


No general rule can be given to find the proper substitution's arul cbirgfs of 
variable to use in applying the method of this paragraph ; it is largely a of 

practice. 

A few e^camples for practice are given below, bat the student who w*ih£S to 
pursue the subject further should consult works on the integral cakulos* 


Examples. — CXX. 


Find the following integrals : — 

1 . j’tan X dx (take u = cos x); 2. jeot x dx, 

■Jx^ + x + s' ' jj^-i-x + 5 


fiSJC - 4'jj 


t 
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7. jSIL^ajc. 8. fcQsssm? xdx. 8. 

] cos' a: ^ , J cos* J 

J ^/a- - x-Jjc (take a: = sin «, as in Example (4) atove.) 

H. Verify by integration that the area of a circle of radius a is equal to to*. 
js^OTE. — This is not really a proof since the resalt is implicitly assumed in the 
value of TT, which is taken as a limit of integration- 


“■J 

o4 + S-*^ 

13. 

14. 1 

f 

15. 

J 

V 5 — 2x^ 


“■J 


17. 

18. 

f \os* X dx. 

19. 


f — - ? u 

^ 4- - 7 

f* 2x dx 

\/5 — 2JC^ 

f ^ 

^ 1+2 siu'-^ X 


19. / tanh x dx. 


20. Find by integration the area of the portion of a circle of radius 5 ii^ ch.es 
which lies between two parallel chords, distant 3 inches and 4 inches from the centre, 
and on opposite sides of the centre. 

21. Prove that the centre of gravity of the zone of the surface of a sphere is at 
the middle point of its axis. 


Ev-alnate 

22. f ^ 


V — zx — 8 


dx 

~ zx — 


224. Integration by Partial Fractions. — In Chapter VI. we showed 

" 1 b JIT C 

how to resolve into partial fractions a fraction of the form ^ 

where the denominator is of higher degree than the numerator. 

The partial fractions can be integrated separately by one or other of the 
methods already given. 


Example (i). — 2# find I 5 — ix, 

J + 3 ^ — 2 

Resolving into partial fractions we get 

2^-5 _ 9 _ S . 

5(^+2) 5(2jr- i)^ 

• f sf dx 


(Example (i), p. 76.) 


= I log (^ + 2) - I log {2X - I) 


Example (2). — 

/(x-l)(x+%(x-5) = - a / +5V /^ + A /j~ 5 (Ex. ( 2), p. 76) 


^ log fjc - 1) 4- ^ log {.r 4- 2) -h ^ log (x — 5) 
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•ESAMPI-E (3).' 


dx ^ r Jx ^ Jx ' r „:V 

;jc - I F(-f + 2)(J? — S) ~ j ■* - I ~ ‘ - j th lTZr2~^^: i 




I cxAZ-.i *e j j'*, p. pa.} 

2 -■ » ““ 5 - 


EX AMPLE (4).- 


(3-^4 5)^ 2 3 f r [ 

I + 


(EiiT.; .a 1,4 \ p„ *7^^’ 


= ae log (:r - 6 ) - Sg 


X T X -r- I 




1- T X <r I 


= a log - 6) - 13:0s :a= r 4 T- , ) - . _il_ - ‘ 
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Examp LKs.~CX X I. 


Find the following integrals :- 


1 . 

2 . 

4. 

6 . 

8 . 


f* 

I — Verify by the graphic method, 

j gX' - 4 

I 


2dix 


x^-+&c + IS 
5-^-t- 7 




l)(x i-2)(x 4- 3 ) 


ifx. 


3''^* + 4^ — 2 

(:r 4 iFU - 2) 


i/x. 


I— If 

/ (2r- 


7^^ 4- 1 3 ^ -i- 9 


' (zxr - l)(jr“ 4 3ar 4 4)'”^* 


3. 

5. 

7. 



225. Integration by Parts.— It has been sli.nvn that, if ^ and : nre r#c 
functions of or, 




dz’ 

^dx"' 


"'dx 


The same theorem may be otherwise stated in the form 


uv = \u£dr+\z:-^ 

= fudv 4 / 2 ^*;^^ 
or fudv = affZ' — fidu 


■dx 


Any function of ;r which can be directly integrated may be taken as 




w being its integral, and thus we get a method which sometimes enables us 
to integrate the product of two functions, one of which can be immeciiatelj 
integrated. We integrate this function as though the other m-e re constant, 
Sind subtract the integral of the product of the integral already found and 
the differential coef&cient of the other function. 
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Example {i),—Fznd the value of fx sin x dx. 

Take u = x and z/ = — cos x» 

dv 

Then dv —dx = sin xdx^ and du = dx 
Substituting in (i), we get 

fx sinx dx^ — x cos x — /(— cos x)dx 
= — jc cos + sin 
dzf 

It is often useful to take ^ consequently v = x, as in the following 

example : — 


ExAxMPLE (2). — Findflog^ xdx. 

/log, x dx — /(log* x)y. \ .dx 
Take u — log x^ v =:■ x 
Then dv ^ dx. du = -dx 

X 

/, Substituting in (i), 

/(log x)i . dx =■ X log X — fx . ^dx = X log X — X 

Example (3). — Find the values of fd^^ sin {cx 4- d)dxy and cos {cx + d)dx. 

1 

In /tf^® sin {cx + d)dXf let u = sin {cx + d) and v = 


Then dv = d^dx, and du =. c cos {cx + d)dx, 

.% Substituting in (i), 

fd^ sin [cx 4- d)dx = sin {cx 4- d) jjd* cos [cx 4- d)dx 
Similarly, we get 

/<j^® cos {cx + d) = jd* cos (cx -h d) + jj d^ sin {cx + d)dx 

We have here two simultaneous equations to find the values of the integrals, 
fd^ sin [cx 4 - d)dx, and /f®® cos [cx 4- d)dx 


Solving we get 


fd^ sin {cx 4- d)dx = 
fd^ cos {cx 4- d)dx = 


h sin {cx+ d) — c cos {cx + d)^^ 
4- 

c sin (cx+ d) -j- d cos [cx + d) 


226. It is sometimes possible to reduce an integral to a form which we 
can integrate by applying the process of integration by parts several times 
in succession. 

Example. — To find fx^ddx. 

Let u = x^fV = e*. Then dv = ddx, du — ^dx. 

•*- f^*d^dx = x^e^ — \fe^x^dx 



Miscellaneous Methods of Integration 

The integral may now be reduced in the same way. 

4jx^£^£ix — — I eyjrVjjr 

= 4a V - I2.rV 4 24fxj^jx 
= 4rV — I2a'V 4 24 .rj!^ — 2iff :x 
:.f x*^dx — x^£^— 4 x^£^ 4 iijxrr^ - Z.\xJ r 24* 

Examples.— C XXII. 

Find the values of the following integrals : — 

±, Jxcosxdx, 2 . frr-^dx. S 

4. Find the mean value of logj, x from or = i to x = 10 , 

5. fx^ log^xdx. 6. Jx-^dx. 

7. Find the mean value of sin qi from / = 0 to r — *-5. 

8. Find the abscissa of the centre of gravity of the area xiz.g he 
' = sinjr and the axis of x from x = o to j: = ~. 


a/.- COS '^dx. 


xsin 4 xdx, 


11. By means of a curve representing » as a functica of v prove graphical 
= J udv 4 f'v du. 



CHAPTER XXIX 

SOME DIFFERENTIAL EQUATIONS OF APPLIED PIPYSTCS 

, • -i dy d^y 

227. In Chapter XVII. we met with problems in which given 

SIS a function of x, either by means of a curve to be drawn from a number of 
tabulated results or by an algebraical equation. 

We showed how to find the corresponding relation between j and and 
to represent it by a curve. Tbese were examples of the solution of differential 
equations. ^ . 

Equations involving a dependent and one or more independent vanaDles 
and their differential coefficients are called Differential Equations. 

The solution or integration of a differential equation consists In finding 
the relation between y and x which it implies. ^ . 

We shall treat certain forms of differential equations which occur in 
applied physics. 

228. I. Compound Interest Law.— There is a large class of cases in 
nature in which the rate of increase of a variable is proportional to the variable 
itself. Examples of some of these have been given in Chapter VII., § 66. 

This law may be expressed by an equation in the form ^ = by^ where 

^ is a constant. 

Now we have seen that when y = ae^, ^ = by, and therefore 

y = is a relation between y and x, which always satisfies the equation 


Otherwise, we have 

iy^=b 

V dx 

In integrating we may separate the variables (§ 223). 

/f 

•*. log,> = + C 

where C is the arbitrary constant of integration. 

y = where C = log, a 

The variables ^ and x are said to follow the Compound Interest Law for 
a reason which will he evident from the following considerations : — 
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Wlien a sum of money is im^ested at ccm^cunJ interest ir, 

the interest for each year is added to the pnnc^pal at the f- 'i ; r j 
and proceeds to bear interest for the fc:^..v.v;ng >c3r/arii soVr/ 

‘Ihus the rate at whtcii the interest accrues 13 prctv.rtlrra! t ."' 
amount at the end of the preceding vear. 

By making the interest payable' more frecueptivwe c-hi a--- 
more closely to the cases of the Comoc.pnd 'interest • 

nature. 

Suppose the time to increase by a succession of sir ill inc'-en-^rts 
that the interest is added to the' principal P at the end c: eruh/'. i 
intervals. Then, if r is the rate per cent, per annum the -nrere^! m 
, f ■ * 

time di is where ^iis expressed as a fraction of a year jud I 


as a traction et a Tear a:' 


total amount at the beg- in ning of the intena! S/. This 
principal, and may he denoted by SP. 


5P = 

ICO 


If now the time 5/ is continually diminished so that in the 
consider the interest as continuously added to the phn--pah 

t/P 

approaches a limiting value, which is the value of for the ^ 


interest is added on continuously. 


dt 100 

Comparing this with the equation given above to express the Ccirpcund 
Interest Law, we see that we may write P fcr^r, / for ,r, for h and the 
relation between P and / is therefore 

P = 

where is a constant. 

To find a put t = a, then P = a; f.<?. a is the principal originally invested 
when / = o. Writing for this, we get 


^ tv 

i 


P = Pcri^ 


229. The exponential is defined algebraically as the hmitri.? valiie cf 

4- when ft is infinite. 

The student sometimes finds difficulty in understanding the ccunect^on 
between this definition of ^ and its use to express the Cempeund Interest 
Law, which is more important in physical applications. 

It is easy to show that, if compound interest is pamble m times pe.r 
annum, the amount in / years at r per cent, per annum :s 
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Now write n = 


loom ^ 


then m = 


nr 

loo 


and 


P = 



rt 

100 


If we continually increase the value of m until the interest Is payable 
continuously, and therefore n also, approaches the value infinity. 

rt 

We have shown above that in this case P = Po^^®^ and therefore is the 

( rt 

I + i j when n is infinite. 
ri 

If we write — = ;r we get the algebraical definition that ^ is the 


limiting value of 




when n is infinite. 


Thus the algebraical definition of implies also its capability of 
expressing the Compound Interest Law. 


230 . The following are examples of natural phenomena which obey the 
Compound Interest Law : — 

(1) The case of a belt or rope passing round a pulley. It can be shown 
that at any point on the belt in contact with the pulley the rate of increase 
of the tension in passing* through that point along the belt from the slack to 
the taut side is proportional to the tension at that point. Thus the tension 
follows the Compound Interest Law. The results of an experimental proof 
of this are given on p. 154. 

(2) The Compound Interest Law is also extended to include the case 
where the rate of decrease of a variable is proportional to that variable 
itself. 

Newton’s Law of Cooling is an instance in point. The rate of cooling of a 
body is under certain conditions proportional to the excess of its temperature 
above the temperature of its surroundings ; i.e. the rate of decrease of the 
temperature B per unit time t is proportional to the temperature, or 



and therefore B = where Bq is the temperature when / = o and a is a 
constant. For experimental results, see p. 108. 

{3) If the two sides of a charged electric condenser are connected 
through a large resistance, the discharge takes place rapidly at first and then 
more slowly, the rate of decrease of the voltage at any instant being pro- 
portional to the voltage to which the condenser remains charged at that 
instant Thus the Compound Interest Law connects the voltage and the 
time. 

JLt 

V = 

where V is the voltage at time /, Vq the voltage at time / = o, K the capacity 
of the condenser, and R the resistance in the circuit. 

The student may be familiar with the method of testing the insulation 
resistance of a cable, which depends on this law. 

(4) As we pass upwards from the earth’s surface into the atmosphere, the 
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density and pressure of the atmosphere at anv Iteijh: d rr. r ' ^ f 

decrease of the pressure per unit rise in hc _!:t r-r -r-r; ..t; .. 
and, therefore, if the temperature is constant, to t',-- ^ ^ ^ ^ 

Thus the pressure, regarded as a fcncti-on e* t':e f - 

Compound Interest Law. * '' ^ '* 


Exampi.es.-~CXXIII. 


1. Find an expression for ^in tenns of jc, if it is given = p., ;« ' ^ - , 

when ar = I. 

a What is the equation to a curve whn,?e step? i', ^ 

to one-half of its ordinate, and whose or.Iinate is i when - c ' ’ ' '' 

3. A point starts at A and moves along a ,stn:;ht hne AB'. th.i‘ rs ir?'.v - v - 
feet per second is always numerically equa. to its diVar.co in ‘n -- b' ] 

lOO ft., how long will the point take to get halfway firm A to B 

4 . Find the amount of £ioo in 3 years at 4 per cent, '•■ct ar,r;i.r. c,'„>.r : . i- ■ 

iaterest ' ^ ^ 

(l) wheii the interest is payalfe yearlv 
(^) ») „ ,5 half-yearly 

(3) »♦ n ,, quarteily’ 

(4) 9* s, 1, ccntinuously 


5 . If 0 is the temperature of a certain body at time t, it is known dtir, t:e la"? J 
cooling is equal to o*oo60, and that w’hcn / = o the temperature u C, :: " a- 
expression for 6 in terms of /. 

6. A rope passes round a drum. T is the tension of the repe a: a ■d.-ta.’- .i\ 
measured along the rope from one end of the p>ortioa of the repe whiA ii ir c. -za/: 

wdth the drum. It can be shown that ^ = where r is the radi23 of the 

as r 

and )a the coefficient of friction. Find an expression for T in terms cf s fz j the c*.sr 
when jjL = 0*5, r = 9", and T = 25 lbs. where r = o. 

7 . ^ is the quantity of the charge at time / in a coRdenser of caroiaty K, :i.,v 

charging through a resistance R. It can he proved that ^ ^ = cx. Find an ci • 

j/ K R 

pression for ^ in terms of /. Taking the initial charge when / = c is c r'''t 
a curve to show the value of y for any value cf i from 0 to O' 03 secs. /giver. 

R = 5000 X 10*, K = 3 X IQ-”. In what time is the chaige reciuceni to ? t f r'is 


original value ? 

8. If i is the current at dine / in a circuit of resistance R, and cotffi , :.er! ci 
self-induction L, and the impressed electro-motive force has l^en remeved, ±.ce 

-f Rf = o. Find i in terms of /, takii^ R and L as craistaats. 
ai 

If R = 0*5 ohm, L = 0*05 henry, and i = 15 amp when / = o, plot a furvf tc 
show the value of the current at any time from / = o to / = 0*2 secs,, 


231, The following- is an extension of the Compound Interest Law * 


where a and d are constants. 

To find the law connecting j and xr, we have 
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h 


separating the variables and integrating 

^6 -ay •' 

i log. (»- tty) = -r + C 

where C is any constant. 

log. (.i - ay) = - air- aC 
b-ay = e-‘=‘-’° 

y — Ker^ -t- - 

a 


where the constant A is equal to — 

Example. — If ^ 4- = 5 ; expression for y in terms of x. 

Following the above process we get 

y = Ar“»* + 5 

To verify, we find 

g = - 3 A^ 

:,^ + 3 y = - + 3Ar-»* 4-5 = 5 

and thus the given differential equation is satisfied by this solution. 


Exampi-bs.— C XXIV . 

1 , Take A = I in the above example, and plot the curve y = e~^ + J from ^ = o 
to X = Measure as accurately as possible the values andy for this curve at 

the point where x = o*i, and verify by substitution that they satisfy the equation 

Find the value of y in terms of x so as to satisfy the following differential equations 


a. g=j- + 3 . 

4. £+4y-h3 = o. 


o 

3 - 

6 . |_6^+7 = o. 


6. If a constant dectro-motive force E be impressed on a circuit of resistance R, 
and co-efficient of self-induction L, the current i at time t satisfies the equation 


Lg + R.= E 

Find an expression for i in terms of /, choosing the constant of integration so that 
1 = 0 wheii / = o. 

If R = 0*5 ohm, L = 0*05 hcniy, and E = 7 volts, plot a curve to show the 
value of the current at any time from / = o to / = 03 secs. 

From the shape of the curve deduce the probable value of the current at the end 

5 seconds. Measure the slope of your curve at / = o’l, and verify that i and at 

at 

thk instant satisfy the given differential equation. 
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7. In an electric circuit of resistance R, ani ’ 

IS a simple harmonic impressed e:ectT.'wi^.'*ive . 

Then it is Mown that tho current / zt time eq-^atjoc 


ds 

L ^ “h Rj = E sia 

where L, R, and E are constants. 

Show that this eqnatioa is satisfied if 

(f/- + 0-1* 

where C is a constant and tan a = 

If* = 0 when / = o, find the value of C, and plot a cnire to -I 

any time from / = o to / = o’os. ^ ... ... . t 

Given R = 25, L = o*i, E = icx5, ^ = 600. 


2S2. The following- differential equation may also he 


e ren^’df re- 


r ^ dv r 

Let = n- 
ax r 


Find the law connecting- / and x We have, separating the 
integrating ' 


log./ = n log« r + C 


/, / = ax^ where <j = /* 

and may therefore have any arbitrary constant value. 

ExA-MPLE. — If a gas c:xpands Tiithmi gain arhssof htsi it :s% If tlx 


Find th£ lavs connoting f and v. 
As above, vre have 


integating 


— . dj> = — f-dx 

p V 

log^p = - 7 log, r + f 

/ = M>~y where is a constant 
OTpvf = Jk 


23S. More Q^nerml Case, where is given as a IhanetiQii of ^ 
Consider sucli an example as the following : — 
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So, in g-eneral, if 

f-A.) 

dx _ _i 

W fiy) 

and X can be found in terms of y if the function can be integrated with 
respect toy. 

If cannot be integrated directly, or if the connection between ^ 

and / is given by means of a number of experimental results, we may obtain 
a solution by the graphic method. 


Example . — Igi 

^ = V(I-^)(I -o-2S)^) 

Construct a curve showing the relation between x and y from y ■=. o to y = hazeing 
given that x = o vihen jy = o. 

X 
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We lia'^e 


djt _ I 

v^(i — X)(i — 0-25,1^*'? 

and x = I dx= -.-jj sines 9 =. q -wr.?!". x 

J & J D-J 


0 


To find this integral we plot a curve in -whi^h vaia^s c' .“S' aie C' ■.".i r- ar. : '%■*.,.>,« 
of ^ ahscissyeby choosing a nninbei of values cf / and thguvsa-, n? ecf * 

sponding 'values 

This is the curve PB in the fig'ire. 

pdx 

The value of I f^r any value of ^ is the area lying bet wren .un? an:,* 

the axis of jy from = a to the value of j' 'which is being ccL -'in^rsi. 


E.g’. the area OABP gives the value of 


'^Jx 


ij’, and tfaeref .1® c' 


.r 0 ^ 


This is found to be 0*307, which is therefore the value cf x when >' = OA 
Setting off AC equal to 0*307, we get a point C on the re ed luf .;:. .t_; 

X and>'. 

Proceeding in this way for a series cf valu^ of v 'wc ccnslruct ihe . .r^ e DC ■^'' 
the figure, -which shows the relation between x and sc that the given d..f : .a 
equation may be satisfied. 


234 . We may also have the relation between and 7 gives by iLcans 
of the results of experiments as in the following example 

Example. — T/u acceleraiuig ic>rg:,£ ,-f a ini.cLm urv -’ay . ::v v 

sfecd is known, ThefoUewiug are vxUies oj the :erque 4 JCJi.b-bay- r an. .. a. ^ a. 
speeds » oj a car on the City and Scut 1 London EL\dri: Emcx 2} . 


V ft, per sec. 

0 

16 { 

16-95 ! 

1 

iS' 5 S ^ 

222 

ta inch-lbs. , 

7520 

^ i 

j 7520 1 

1 

5400 

3000 1200 

0 


"The torque is constant from ® = 0 — id? and then decrex^ss^ ^ ^ ^ ^ _ 

The acceieration is proporiionaJ to the iorq-ue^ ana tits knomn tiat 2„u.t^ 
is 0*463 Per sex, for sec, when te,is 75 ^^ inen^ihs, , ^ 

Construct a curve U skew the relation heirx'een speed and hwujrsm s.arang. 

(Carus-Wllson, Elec :rc-Dy nanus, y it 

Let be the acceleration. Then, since the acceleration is picpcit. 
torque, and a = 0*463 when 4 = 


cnal ID tac 


^ = 6*i6 X io“% 

7520 

Mid the values of <*, vvhich is equal to may be calcalaled, Hex^ce itt -je 
values of ^ as follows s — 


10 


12 


2r 4 6 8 

Values of 

Fig. 300. 

We have ^ = siiid therefore the value of / corresponding to any value of 

V is equal to the area between the corresponding part of the curve ACD and the axis 
of V ; the value of ^ is constant, and equal to 2*159 from v = 0 to v = 16 ft. per 

second, so that the time which passes until the car attains a velocity of i6 ft. per 
second is equal to the area of the rectangle OACE = 34*5 secs. So also the tune 
taken to attain any velocity less than 16 ft. per second is equal to the area of a 
rectangle of base OA and height v, and is therefore proportional to v. 

Thus from v = 0 to v= 16 the velocity time curve is the straight line OB. 
The remainder BF of the velocity time curve is obtained by adding to the abscissae 
lengths equal to the corresponding areas between the curve CD and the axis of v. 
We thus get the curve DBF, showing the speed at any time from starting. 

For another method of obtaining this curve, see Carus- Wilson, MUctro- Dynamics s 
p. 163. 
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Exa-Mples.—CXXV. 

1 . The speed z' of a car at a distance x from its starting-point is given by the 
following table : — 


K feet . . 

0 

40 

80 

! 

130 

200 

300 

V ft. per sec. 

0 

7‘2 

I2‘2 

i8‘8 

25 

29-5 


In what time does the car get from x = 100 to jr = 300 ? 

r dt 

•j^dx =1 - • which can be found by the 


graphic method from the above data. 

2 . The following table gives the acceleration a of an electric locomotive when the 
speed is v feet per second. 


V ft. per sec. 

0 to 26*28 

27 

29 

32 

34 

a f. s. s. . . 

Constant and = 0*73 

0-495 

0*285 

0*090 

0 


Construct a curve to show the velocity at any time after starting. 

3 . The following data refer to a similar case : — 


V ft. per sec. 

0 to 37*4 

38 ! 

1 

39 

40 

42 

a f. s. s. . . 

0-417 

0*300 

0*190 

0*105 

0 


Construct curves to show the relation between velocity and time from starting, 
and also between distance traversed and time. 


4 . P is the pull in pounds exerted at the tread of an electric locomotive at speed 
V feet per second after tractive resistance has been allowed for. The mass to be 
drawn is 3360 engineering units. Construct a curve to show the relation between 
velocity and time from starting. 


V ft. per sec. 

0 to 28*6 

29 

30 

32 

35*4 

Plbs. . . 

i960 

I 1713 

1273 

605 1 

0 


6. The following table gives the speed of a car at various distances j from 
starting. Construct a curve showing the relation between the distance and the time 
from starting. 
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Velocity ft. per sec. 

0 

s 

7*5 

9*9 

12*5 

i6*9 

s ft 

0 

35 

70 

120 

180 

3C0 


(P. Y. MacMahon, Electrician^ June, 1S99, p. 227.) 


235. Linear Equations of the Second Order.— -We shall first consider 
and compare the three differential equations. 


^4 2^. 
dx^ dx 


= o 


=0 


<0 

(2) 

( 3 ) 


We note that the equation 


dx 


— = o 


has been shown to be satisfied by putting 


The equations which we are now considering are similar to equations of 

this typcj but contain an additional term of higher order. 

(i) We shall try whether a value of^ of the formy = where A and 
A are constants, can be made to satisfy the equations (i), ( 2 ), ( 3 ). 

We have, if / = A^^, 

^ (4) 

Substituting in equation (i), we get 
^ (a2 4 2A — 3)A^^ = 0 

This is evidently satisfied if 

4 2 A - 3 = o, and A = i or —3 
Therefore equation (i) is satisfied if we put 
y = Aj^r* or / = 

where Aj and Ag are any constants. 

Ai^4 A^^-s* (5) 

also satisfies equation (r), since the sum of two functions can be differentiated 
one term at a time. 

It can he shown that all possible solutions of equation (0 can be put 
mto this form by giving different values to the constants A^ and Ag, 
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(2) If we attempt to solve equation (2) by the same process, we get on 
substituting from (4) 

(\2 + 2X 4. 3)A^^» = o 

The equation + 2A. 4 3 = o has no real roots, so that in this case we 
cannot find two real values of A to give a solution of the form (5). 

If, however, we introduce the imaginary = j: as in p. 66, we find 
solving the quadratic in A, ’ 


A 


- 2 ± 8 
2 , 


- I ± 2V2 


the general solution Is 


jy = 4 

= 4 A2<f“V^) 

= cos a/2x+ A^i sin jj 2 x A^ cos tfiLX 

— A2f sin v' 2;ir) (see p. 224) 

= (C sin a/2x + D cos Aj2x')e^ 

where D = Aj 4 Ag, C = A^i - A22. 

Note that as Aj, A2 may have any values, real or imaginary, C may be 
real, and C and D are constants. 

We have shown (p. 42) that 

C sin sj2x 4 D cos jj2x 

may be expressed in the form A sin C>\/2;r 4 B). 

Therefore the general solution of the equation (2) is 

y = Ae'^ sin (V2^ + B) (6) 

where A and B are constants. 

(3) In equation (3) we get, on substituting y — A^^®, 


(A* 4 2 A 4 i)A^^ = o 


This is satisfied if a® 4 2A 4 i =0 

ue, (A 4 i)2 = o ; X = — I 

Thus y = A<?~* will satisfy the equation, but this solution only contains 
one arbitrary constant A instead of two, as in cases (i) and (2). 

It can be shown that the complete solution of a differential equation 

containing must contain two arbitrary constants. 

We find that the equation is satisfied by putting 

>' = (A + (f> 

For ^ = - A^-» + 
ax 

^ = (A - 2By-' + Bxe-” 

. + 2^^ + V = (A- 2B - 2A + 2B + A)<r* + (B - 2B + B)xe-^ = o 

* dx^ ax 


2 D 
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238 . The equations (i), (2), (3) are all of the form 

^+a£ + iy = o. . , 


where a and b are constants. 

We thus find that there are three forms of the solution. 
If the quadratic 

^ b = 0 

has two unequal roots Xg, the solution is in the form 


y = + A2^^2* as in (5) 


If the quadratic has imaginary roots the solution takes the form. 
y — sin (gx + B) as in (6) 
where the roots of the quadratic are 




~ ^ j: 

2 


( 8 ) 


and therefore the solution is 

y = A^~ 5 ^ sin |(^/\/ b ~ + b| ( 9 ) 

If the quadratic has equal roots the solution is ^ = (A + 

The student is advised not to use the general formulae, but to work out 
each case separately as has been done for equations (i), (2), (3) above. 


237 . Simple Harmonic 
when = o in equation (8). 
We get 


Motion. — An important special 


d^y , 
^+4>'=o 


case arises 


The solution (9) becomes 

j' = A sin {tjbx + B) 

The case of simple harmonic motion is represented by a differential 
equation of this form. 

Let a point move along a straight line so that its acceleration towards a 
fixed point O is proportional to its distance from that point. 

Let X be the distance of the moving point from O at any time /. 

Then the above condition gives 

d’^x 

— = — where ^ is a constant 
d^x 2 


The solution of this differential equation is 
r = A sin {gt + g) 

where ^ is a constant. 

This gives the distance x described in time t in simple harmonic motion. 
This is the same as the equation obtained to represent simple harmonic 
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motion in the graphic treatment in Chapter VI L, where simple harmonic 
motion was defined as the projection of uniform circular motion. 

We thus see that the definition of simple harmonic motion by means of 
the property that the acceleration varies as the distance from the centre 
leads to the same result as its definition as the projection on a straight line 
of uniform circular motion. 


238 . Example. — A condenser of capacity K is discharging through a circuit of 
resistance R and coefficient of self-induction L ; its potential v at any time t satisfies the 
differential equation 






dt K' 


( 1 ) 


Find an expression for the potential at any time. 

We have seen that the solution of this equation depends upon that of the 
quadratic 

U* + Rx + g = o (2) 

If R 2 > ^ ; />. if 4L < R^K, this quadratic has real roots, and the 

dififerential equation is of the same type as equation (i), p. 400. 

Let Xi, Xa be the roots of the quadratic equation (2). 

Then the solution of the dilFerential equation (i) is 

V = Ai/‘‘ + Aj/** 

If R’ ^ if 4L > R^K, the quadratic has imaginary roots, and the 

equation is of the same type as equation (2), p. 400. 

Its solution is 


If 4L = R^K we have equal roots as in equation (3), p. 400, and 

V = (A + 

239 . The constants in any actual case are found from the known initial 
conditions. 

Consider the case where R = 200 ohms and K = 0*5 microfarad = 
0 ‘S X io“® farad. 

First take L = 0*002 henry. 

Then the differential equation becomes 

(Pv , dv m 

0*0023-7 + 200— + 2 X loPv = O 

dp dt 

Substitute v = 

We get, as the condition that the differential equation may be satisfied 

o*oo2X* 4 - 200X + 2 X 10® = o 

— 200 ± ys/4*io* — 1*6. 10* 

— * 

4 X 10 * 

SK - I0*(5 ± 3*875) =a — 8*875 . 10* or —1*125* 10* 


404 


Practical Mathematics 


the potential to which the condenser is charged at any time / is 
given by 




To find the values of the constants and Ag the initial conditions must 
be given. Suppose the condenser is charged to looo volts when / = o. 
Substituting, we have 

looo = Ai + Aa 


We also know that the current and therefore = o when / = o. 
We have 


dv 

~di 


- 8*875 • 10^. - 1*125 . 10^ 


substituting / = o and 


dv 

dt 


= o, and simplifying, we get 


o = - 71A1 - 9A2 
A Ai = - = - 14s, Aj = 1145 

A the solution is 

V = II45<?“1‘^26.10^< _ I45^-~8*876.10** 


The curve representing this equation has been plotted as an example in 
Example 7, p. 1 10. 

Next suppose R and K have the same values as before, but L = 0*01. 
The quadratic in A becomes 

o*oia 2 4- 200A + 2 X 10® = o 
_ - 200 ± >v/4*io^ ~ 8 ’ 10 * 

■” 0*02 
= — io*(i ± i) 

A the potential at any time is given by 

V = sin (loV + B) 

To find the constants, we have 

V = 1000 when / = o 
/. 1000 = A sin B 


Also, as before, ^ = o when / = o. 

^ sin {loH 4- B) + lo^Ai?"^®^* cos (loV 4* B) 

Substituting ^ ^ and / = o, we get 


o = lo^A cos B ~ lo^A sin B 
,% sin B = cos B and tan B = i 

.% B = j = 0*7854 
4 

ir A 

and 1000 = A sin - = —7^ 

4 Va 


A = 1414 
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the value of at any time is given by 
z = sin (icV + 


The cur\’e representing this solution wa? 
Example 4, p. 120. 

As an example the student should work cut : 
plot the curve for the case when L = 0-005 := 
being the same as in the above examples. 




Examples. —CXXVL 

Find the relations between v and jc, so that the * 

satisfied : — 

1 . 4 - + 4j» = 0. Taking each cf the c.':^,c.An".3 ?' la. 

d:^ ^ajc ** ' 

curve to show the relation between^ and js frem x ~ d lu z 2 

2. +4>=o. . 

trx® ^dx ux* .a 

j. tzV , dv , , ^ g, Pv ..V 

6 . ^ + i6y = o. 


7 . A mass m is supported by a Tertical spring which itre!:h 1 
supporting i lb. Then, if we neglect the stifihesi cf the Jpr.ug JLr-.,i 
the air, the motion is given by 

d^x , X 

4 - T = o 
aP k 

where m is obtained by dividing the weight in pounds by 32 2. x ■' 
distance of the weight from its position of e4u*Li.nu:r» at l:-’. ? r 
an expression for x in terms of having given that x = 0 m- : -z 
the weight equal to J lb., k = 0*5 ft., and the greatest %alae cf x 9 p :c 
to show the displacement at any time from / = o to : = l sec. 1 1 . -w : ' ■ ^ ■ 
the weight to make a complete osciliation in the numerical ..x-c ^ j .. 

unit of mass. 

8. If the stiffness of the spring and the resistance cf the ai;r in * 

effect of retarding the motion with a force proper lional to the ¥e'.c«.c-y, ’.Cc' 
given by 

d~x , jdx , X 

"'^+‘^55 + 1 = “ 

k is the retarding force when the velocity is unity. Find an rx' rws.ee r 1 
of i for the case where the weight = J lb., h — o"S f-, and ^ - o ou . c, 
curve to show roughly the character of the moticn. 

9 . I is the moment of inertia of a ballistic galvanometer nerd-'e reus*! 
rotation, A is the twisting moment per unit angular displaceinen: ..ae 

of the fibre and the controlling magnetic field, k is the moment of rtiar 
unit angular velocity of the oil bath used to damp the mc-Uoa. The m ... L :r- ■ 

where 9 is the angle through which the nccvile is displaced from -is fq 
position at time /. 
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Find an expression for 9 in terms of i 

1st, when k- <4T>^ J 2nd, when /[Ih 

Shetch figures to illustrate the dbaracter of the motion in each case. 

Note that in the second case the motion is “dead-beat,” i.e. the needle does not 
swing back past its eq.uilibrium position, while in the first case the motion is oscillatory. 


240. Next consider a differential equation of the type 

+ = . . . 

where V is a function of r. 

Compare this with the equation 




(O 


( 2 ) 


which has already been considered. 

liy - u\s any solution of equation (i), then;/ - u -{-vis also a solution, 
where v is any solution of equation (2). 

For if = U’h‘ ‘v 

, dy du dv d^y d^u (Pv 
dx ~ dx dx ' d^ dx"^ dx^ 


and, on substitution, 
dx 


du 

^ T"' 
dx 


^ + hu-k- + 


dx"^ 


c^u 
d^' 

= V+ o 

since;' = u satisfies equation (i) 
and y = v satisfies equation (2) 


dv 

"^dx' 


Thus the solution of equation (i) consists of two parts : 

{a) A “particular integral”;/ = which maybe any solution of equa- 
tion (i ), the simpler the better ; and 

{d) The “complementary function” v^ which is the general solution of 
equation (2). 


Example — 

We have shown, p. 400, 


that the solution of 
d^y , dy 

^ + 2£-3^ = o 

is y = Ai<r* -f 


A particular integral is evidently y = — 3. 

Therefore the solution of the given equation is 

y = Aj^® -h Agif"®* — 3 

This may be verified by finding^ and and substituting. 


241. Symbolic Method. — When there is only one independent vari- 
aol^ we may denote the operation of differentiation by the symbol D. 

Thus 

dy — d^v 

'Sx d^- =0 
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For example 

I) -r f r 

D cos Px = — / sin /jr, D“ sin pr -- - />“ 

Note that the effect of th" orer.t.T N u; ■;:; c 
multiplication hy «, anc! tlie on\:ct\.f Ij^ uy .a - c r 
as that of multiplication by 

In the same way the complete operation oi fen 

be denoted by (D® + ^ID + t)y* 

Thus 

(D- + tfD + + 5") sir 

(D^ + aD 4- sin ^ -f 4* sm px ™ 

In order to be consistent with Algebra, the inver. 
an operation which is reversed by D, that .'■.s 

i-y = for = fC = J 

Thus ^sin/r= - bos/r. 


So also denotes the operation w luch iS Te\ 


so that (D^ -r dB 4- < 


^ r ijb ' 


D* 4- ijD 4* i ■ 
(D’ + aD + ^ 

^ t- -r a 

We have seen that . D*/ = 


D {^ 4- ^ 




DC^) = ^ 

Thus the symbols B, etc., when operating npen a :t ‘n c’ 
laws similar in form to the fundamental laws ef Algebra, a! ■: e T'lay r 
the operations of Algebra with them as if they were p.irts ei an ..L j 
expression, the other parts cf the expression being censt.^nts. Ai an c 
the student should verify the following examples by cairyir.g c ai ta eye 
of differentiation and integration involved :— 

CD - 2YD 4- 3)^ = (D + 5XI> - 

= (3'+3~6^^=6r- 

(D - i)(I) + 4 ) sin 2 jr= (D - iX^cos 2a'4"4sm tx) 

= — 4 sin 2 x - 2 cos 2 x 4* S ccs 2x — 4 zr 
= — 8 sin 2 x 4-6 cos 2 x 

(D - iXD + 4 ) sin 2 jr- (D« 4- 3^^ ~ 4) sin z.r = ( - 4 •+ jD -- 
= “ 8 sin 2 x 4 - 6 cos 2 r 


Wa if 


cos JfX" = 
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(D^ + ^ r+ ~ ^D) performing 

the operation + <5 — at) on both numerator 
and denominator 

D^-^-d-aD . , „ + ^ 

~ (D2 + dy - - (_ J )2 4 . 

_ {b — p^) . ^ ap ^ 

- {b -jpf _ ~ {b - /2)2 - d^f’ 

This symbolic method may be used to find a particular integral of a 
differential equation in certain cases. 


Thus if 




or (D^ 4 - aJy + b^y = z 

then is a value ofj' which satisfies the differential equation. 

F or, operating on both sides with 4 - aD 4 * we get 

(D 2 + aD + b)y = (D® -i- dD + b) + b ‘^~ ^ 

. a- is a particular integral of the equation (D^ 4 - -f- b)y = x 


Example i- 


We have 


S- 4+ 

(D= - 5 D 4- 4lr = 


A particular integral is 




- . 2^5* = - 


. tfS* _ 


■D*~ 5 D 4 - 4 ‘^^ 32-5x34-4 

and the complete solution is>^ = 4 - 

Example 2 — 

d^x , ydx . X . 

This represents the vibration of the spring considered in Example CXXVT. 8 , 
when it is subjected to a simple periodic force of frequency /. Taking a = lo, 
/"= 20, and the same values of h 2s before, find a numerical solution. 

We have / , t\ a . 

A particular integral is 

3 ^ 

k ^ , I — 7— , ""V sin zitfi 

, .... 


D*+— D + - ^ 
fn- mh 




1 

mh) 


= A| cos 21^/ 4 ' Bj sin zxfi 


+ £. 4 ^/^ 
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where 


A, = 


, — - 

L «. ^TrY^mJ 4- Q - 47ry^/^J + 47ry2/^‘ 


— Zvfka 


The particular integral may also be put into the form 
JT = Q sin {T.Trft 4* Bi) 


where 


C = V -f Bj* and tan Di = ^ 


The numerical values are a — 10, /= 20, ' w = , 

4 X 32*2’ 

Ai = -0-017, = -0-083 

and the complete solution is 


h = 0-5, k = 0*02 


X = —0-017 cos 407r/ — 0*083 sin 407r/f 4 sin 15*75/ 

where the complementary function has the form found in Example 8, p. 405, and the 
same values of the constants are taken. Putting the solution into the form 

X = —0*084 sin (407r/ 4 0*22) 4 sin 15*75/ 

we see that the motion of the spring consists of two parts : 

(^) The “natural” or “free” oscillation of the spring, represented by 
gg-i-m sin 15*75/, which is of gradually diminishing amplitude ; 
ih) The forced oscillation, represented by —0*084 sin (40^/40*22), which is a 
simple periodic motion of the same period as the impressed force. 
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Find complete solutions of the following diflferential equations, 

1.5t + 4+V..6 


Verify by differentiation and substitution. 

4 . If a constant electromotive force of 1000 volts is applied 10 a circuit containing 
a self-induction L, a resistance R, and a condenser of capacity Iv, then the quantity q 
of the charge in the condenser at time / satisfies the equation 


^ dt K 


1000 


Giving R and K the same numerical values as in § 239, find expressions for q in 
terms of the time for the two cases when L = o‘O02 henry and L = 0*01 henry, 

having given that ^ = o when / =s. o, and ^ = o when / = o. 

Note. — With the data as given the result will give the value of q in coulombs. 


CHAPTER XXX 
COMPLEX NUMBERS 


242 . TAK-Etwo rectangular axes OX and OY, and let the unit i be repre- 
sented by a vector of unit length in direction OX. Then any other ordinary 
integral or fractional number, such as 2, 3*5. ^ is represented by a multiple 
of the unit vector^ that is, a vector of length 2, 3 ’ 5 > ^ ^ direction OX. 




Let i denote a vector of unit length in direction OY. Then any numLer 
of the form 2z‘ 3‘5f, yi is represented by a vector of length 2, 3 * 5 j y iii 
direction OY. . 

Any other vector OP may be expressed as the sum of two vectors in 
directions OX and OY. 

Thus, in Tig. 201, OP = r = r + />, the 4 - sign here denoting vector 
addition. 

E3CAMPLE.— In Fig. 202, OP = 34-4/ 

0 Q=- 4 -|- 3 * 

OR = 3 ~ 5f 

If the vector r makes an angle 0 with OX, then 

xr=.r cos 0, y = r sin 0 

and ^ 4“ fy = z'(co3 0 4* ^ sin &) 

Thus in Fig. 1 15, p. 285, 

the vector AB = = 3(cos 57® -f * sin 57®) = 3(0*545 4 - 0*8390 = 1*64 4 - a* 52 f 

CD = 4i20o = 4(cos 120° -f i sin 120®) — —2 + 3*464?' 

EF = 2*5ai50 = 2*5 cos 315° -i-f. 2*5 sin 315° = 177 - 1*77? 



Complex Sumbem 

The length r, regarded as a sc-dir qc.in’-T ar. I r--! a v- ^ ^ 
and the angle 0 the ar^immt of the vector a 

The miadnl'iis of x -t- ?V is denoted by the agr* *• t- --t 
Thus in the examples considerr.i abLve " 

,3 -f 4 /; =r 5 ; ;i* 64 f ” 3 “ atg:rL 4 r i 


4! I 


m- 


fc-XAMr LES.— C X X V 1 1 1 

Determine the modtilns and argument of ea.h of th 
draw diagrams to represent them as \ect..r 3 asi S 

1 . ~ 3 . _ 2 , - 9 . 3 . 2 ^'. 

5* 3 *f h 6. I — I. 7. ^ -t- 

9 . 0*707 - 0707^. 10 . -o‘'c: -O' 

11 . — 0*707 — 07071 12. rS27 — CM 

14 . — o*S68 -f 4'9-5^« 15 . 1*17:-*- 270 

Express the following vectors as complex n uni hers t 

16. 2 ,^. 17. 3„,. 18 

20 . 2 .,,^. 21 . 4 ,,^. 

22. Show that x -f fy and >’ — ijc represent t *\ per 


; n; ' :T - .T’Cfrs, 

‘ "■'"1 

4. t,. 

8 S':'. ' - ; — 

13 




10 


243. Addition and Subtraction of Complex NiimHera^- it 

to be consistent with the vector representation of coiT:’:;'’ei r u.orce :.••,• '4. r: ii ? 
have adopted, the addition and subtraction of cornpie^ nurr::: r-s m .: ?t ' , a 
the same laws as vector addition. 

We have seen (§ 160 ) that the sum of the projections of a :-e: vf 
vectors on any axis is equal to the projection of ihea sum. 

Thus, if Xi = JTi + = x*5 + (v, i =r Xj -r , 

the projection of ri + rj 4 rs ’on 0..r = r. -r r. 

y> 5j Oy = t Ji “t* 

and ?*i + 4 Tg = (..rj 4 .r_ 4 ry -t* 4 j/i 

For example, in Fig. 141, p. 303. with our present nctation 

OA = 3 cos 62^ 4 /. 3 sin 62^ = l ueS j -i- 

AB = 4. cos 165^ 4 /. 4 sin 16;" - ~ 3 ^:6361- I'oi.iis 

BC = 2 cos 280® 4 / . 2 sin 280' = 0*3.4" 2 - 1 'u; j 


OC = OA 4 AB 4 BC = -I'ac-.) r I7U5^‘ 

the sum of these complex numbers being obtained by adding i.i..ara:.''y 
their .r and components. 

If two complex numbers are equal their separate ccTnpcn£nt.s rri.:..sr .be 
respectively equal. 

Thus, if o-j 4 rjq = X 2 4 iy'j 

then Xj = Ug and j. = 

For the sign = between two vectors implies that thty c.in be repre-":er:te ^ 
by equal and parallel straight lines, and if two strauht lines ..ire ty-i. an 
parallel their projections on the axis of x are equal, as are tae,,r 
projections on the axis of y. 

It follows that if x + zy = o 

then or = o and j' = o. 

244. Multiplicatioii of Complex Numbers.—! f we wish to perform 
the operations of ordinary' scalar algebra with complex numbers we iiiiyt 
choose our definition of multiplication so that if the urut i i.s inui up aed ty 
any number a* 4 ^ the result is the same number x 4 

Thus w’e must have i k 


7 -n 
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Now any vector is obtained from the unit vector i along Ox by 
multiplying its length by r and turning it through an angle d. 

The direction of our original axis Ox and the length of the unit vector 
were arbitrary, so that we may take any other vector as the unit, and 
the product ptp X Tq will be obtained from exactly as i x was obtained 
from I. 

Accordingly, to multiply any vector by we must multiply its length 
by r and turn it through an angle d. 

That is p^xre= pr^ + q 

In other words, to multiply any vector by rQ we must alter the scale of 
the diagram in which it is represented in the ratio r : i, and rotate the 
diagram through an angle B. 

Applying this to the complex numbers which the vectors represent we 
get the rule . 

To midti;ply two complex numbers multiply their moduli and add their 
arguments. 



P' 

/ 



Fig. *04. 


Example (i).— x 240® = 6^00. 

In Fig. 203 OP represents 3300. To multiply by 2400 draw the vector 2400, taking 
Saoo as the unit vector ; that is, set off OP' = 2 . OP and angle N'OP' = 40®. 

Example (2). = igo® ^ ^90® ~ ~ 

^^Fig. 204 i = OP'. To obtain P multiply by i and rotate through 90°. This gives 


Since the square of i = 



Fig. 205. 


— i,i may be written — i. Although this expression 
has no meaning in ordinary algebra or arithmetic we 
now see that it has a perfectly definite meaning in 
vector algebra. When interpreted in this sense it need 
no longer be considered as imaginary. 

Example (3). — 

(l + ^ 1(4 “k 3I) — 1*41445® ^ Ssa'O® — 1*414 X SisoXse-D®* 
= 7 ' 078 i-oo = I + 7 *- 
Example (4).— 

(I 4- ^)(i - 0 = 1*41445® X 1*414-45® = 2450-450 = 2. 

Example (5). — 

{x 4 - ty){X'-iy) = x 

Complex numbers of the form x + iy, x ^ iy are 
said to be conjugate to each other. 

They are represented by vectors OP, OP' of equal 
length and making equal angles with OX on opposite 
sides of it 


unk^^^ product is a vector in the direction OX, and is consequently free from the 




turn it througli an angle 6 without altcrnr,; 
its shape, so that it takes up the pcs.ticit 
OA'B'. 

It follows that the product (represent!:. I 
by OB') obtained on the left-hand side oi 
the equation is the sum of the pr-^ducts, 
represented by OA' and A'B', obtained on 
the right. 

(3) Complex numbers obey the associa- 
tive law 

ax 3 c = X c = as x 3 


This is evident from the dennitlon of — ^ 

multiplication. ^ 

All the results and methods of ordinary *""" 

scalar algebra follow from these laws, and 
hence we are justified in using the same a’g.:hr.L': racdi.s:^ in le 
complex numbers as w^e are accustomed to use iri w..d; ar.i 

numbers. 

Thus the product of two or more complex n^nni'crs Jana's: Ic 
algebraically -without reference to the vectors wlnjd r^pre.'iSat tajrc. 

Example.— (I -}- j ){4 -f 30 = s x 4 -r i x 5 .’ 4 - > x 4 -f f x 3 # 

= 4’h3f-r 4^'”*3 


Compare with Example (3), p. 412. 


246 . Division.— This must be a process which is rev! 
cation. Hence, to divide by a complex r.oniber jt - r ^ 
divide the modulus by r, and subtract $ from the aiguinen: 


X; 4- /y 
^2 “b 2>j 


5^,~Vr;b-^ 


For example, in Fig. 203, to divide OT' 6:3= by we 
length by 2, and move it back in a counter-clockwiss drieci'cn t* 
thus bringing it into the position OP = 
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Examples.— . « . . . ^ o . 

0-54- 0*866/ _ cos 60° 4- ^ sin 60 _ 

(y866 4- ■“ cos 30® 4- ^ sin 30° I300 

= ifloo-3oo = I30C = cos 30^ + i sin 30® 

= 0*866 4- 0-5/ 

1 ± 2 . =; = (—1 = 0*2830 = 0-28 4 - 0 - 04 / 

44-32 5^70 \ 5 JiS0-Z7° 

I I»o 


(3) 7 = T = loO'ftOO — 1 - 90 ° 

* l»oo 

( 4 ) 


44-32 S370 \SJ 00-370 

= 0*2 COS (- 37 °) -H 20*2 sin (~37 ) 

= 0-2 cos 37® - /0‘2 sin 37® = 0'i6 — i *2/ 


As we hare shown that algebraic laws apply to complex numbers, we may also 

carry out division as follows : — ^ j • • j j ^ 

Multiply divisor and dividend by the conjugate number of the dividend so as to 


transform the dividend into an ordinary arithmetical number. 
Examples. — 

14 -/ (I 4 - ^ 1 ( 4 - 32) ^ 4 - 324- 42 4-3 
( S ) A 4 - ni (a A- rii\(A. — 1 6 4 “ 9 


( 6 ) 


44-32 (44- 32) (4 ““ 32) 

= Z-ii = 0*28 4 - 0*04/ as in Ejc. (2), above. 

25 

^ j - 4 ^ 32 — = □‘id — i * 2i as in Ex . ( 4 ), above . 

4 4 - 32 (4 4 “ 32) (4 ““ 32) 25 


Examples.— CXXIX. 

Multiply together the following pairs of vectors, expressing the product as a vector 
and illustiaiing the process of multiplication by a dieigram : 

1. I«flO X I 450 . 2. 2450 X I 450 . 3. 2450 X Ijoo. 

4. X I-. 45 a, 5, I 450 X Isijo. 3300 X 2600- 

8. (I^,oo)^ 9. (i«o)^ 10. (2430)^ 

Multiply together the following pairs of complex numbers by expressing each as 
a vector and proceeding as in Examples i — 10. Draw diagrams to illustrate the 
process : — 

Also multiply algebraically, as in § 245, and compare the result. 

H. (I + 1){2 + Si). 12 . (3 + 4«)(5 + I«)- If (2 + 30(2 - 30 . 

14. (I + j)=. 15, (I - tf. 16. (I - 0(2 - 3»). 

17 . (o707 + o707»3{-o707-o7o7j'). 18 . (i-S27 +o-8i3<’)(- o'868 -f4-925i'). 

Evaluate and illustrate by diagrams. 


19. 


4 «oo 


2490 

28 . 


20 . 

2joo 

24 . 

1 440 


21 

Stoo 

26 , 


22 . 

i 

I400 


20 . 


27. 


5-450 


Evaluate the following by expressing each complex number as a vector and pro- 
ceding as in Examples (i) — (4), above. 

Also evaluate algebraically as in Examples {5), (6), above, and compare the results. 


28. 


i 4 -/ 


29 . 


I 4- 2 

1 4 - 4ii 


82 . 

85 . 


38. 


0'8664-o*5/ 


54-122 

86. 5 -^'. 

3 + 4 » 



1 

1 - 4 -/* 


87 . 


0*61 + 0 * 54 /* 

2 4 -g 

3 -42’* 


31. 
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^7. Powers of Complex irumber3.-For sirap:,citv,ccE==dtra-rn'-:ei 
number cosfl+* sm 9= ig, of which the modulus is -inhv, rerrs-ented' by 
OPi, m Fjg. 207. • • ' ' 

Then (cose + isinSr = ig x = cos -f ;? = p,p, 

(cose + * sin 9)= = X Ja = ! = cos 3 ? - J sin = 0 P j 

and in general 

(cos & -i- t sin 6 -^ = - CCS nd 4. s slz n 9 

where n is any positive integer. 

Thus the power of the vector OPj is cbtalneJ bv t-e ^^nit 

vector OA through the angle k 8 in a counter-clockwise direcLcn !ro:n O.r. 

Example.— (I + ty = (^2^3=)* = {2 v^r).35c = -2 -4 21* 

The expression (cos@ -f 2sine)~» must denote the result cf an c-eratin 
which is reversed by finding its power, t.e. it denotes the re-uh cf turnin 
the unit vector OA through an angle n 0 in a clockwise direct:cn!* 

A (cos a 4 - /sina)-» = cos (— nB) + ;sia nB - cos rj - ; :sin 
Next consider the case of a fractional index, such as— 

(cos0 4-2* sin B'J 




To he consistent with scalar algebra this must have a meaning mhizh 
obeys the laws of indices. 

We must have 

(cos B + i sin 0)* X (cos 0 4 f sin 0)^ = cos I 4 f sin 0 = i 

A (cos B -h i sin 6 }^ denotes a vector which reaches the positicn OF^ 
when squared. 

9 

OQi is a vector which satisfies this condition when AO Qi = ■;» 

6 G X 

Thus cos g 4 2 sin ~ is a value of (cos 0 4 / sin 0/ 

Note that the same position OP^ would also be reached by turning OA 
0 

through the angle 180® 4 - twice in succession^ and accordingly another 
value of (cos 0 4 2 sin 0)i is 


cos ^180 + 0 + sin ^180® 4 0 = “COS - - / sin ; = OQj 

Thus a complex number, like an ordinary arithmetical number, has t%o 
square roots of opposite signs. 

We need not here consider the case of higher roots in detail, but it will 
always be found that 

if 4} ^ 

cos -0 4 i sin is a value of (cos 0 4 * sin 


b 
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Example.— Evaluate 

We Ixave Js 4 - P = (7'6i6s;o)^ = iz sj7’^T-^2i-so 

= d= 27633 .so = dh(2*30 -f 1*520 

Tlie square root of a complex number may also be found as follows 
Example i.— Evalua te 

Let ,^(2 + 7z = + /> 

Squaring 3 -f- 72 =: x- + 27x7/ •+ (i>)^ = a** — + 2xry# 

by § 243 “ y® = 3 

2JC}f = 7 

Solving these e quations we find = 2*301, y = 1*52, orx= —2*301, y 
Thus -f 77 = i (2*30 -f 1*527). 

Example (2).— Evaluate Ji 

i = igoo — ^450 or I2250 

= 0*707 -1-0*7077 or — 0*707 — 0*7077 


When an accuracy of two significant figures is sufficient, as in much electrical 
work, the square root of a complex number may be found most rapidly by drawing 
the vector on squared paper, finding the square root of its modulus with the slide rule, 
and bisecting its argument. The components of the square root may then be read oj 0 f. 


Evaluate 


Examples.— C XXX. 






Find the square roots of 

4 . 43^ 5 . 6. I 44 i 8 oO' ■* 7 t 44 * 

8. 9jao. 9 . 97. 10. —9. 11. 4 ^** 

12 . - i . 13 . -47. 14 . I -i-7. 15 . 1-7. 

16 . 20-1-152. 17 . 15- 207 . 18 . 5 — 127 . 19 . 5*20 4- 

20 . Evaluate ^ rkpi where r = 88, = 0*05 x 10 -®, p = 20007r. 

21 , Evaluate where r=20, ^ = 5000, /=0*0O3, ^=o*oo 5 X 10 “®, 

= 10 


22 . Draw vector diagrams to represent the roots of the equations solved in 
Examples XXVI., 6, 7, 8, 9, 12, and Examples XXVIII., 3, 4. 


248 . "Exponential Porms of Complex ITurabers. — We have seen 
(I 12 1) from the form of the series for cos 9 and sin 0 that the complex 
number 

or 4- z)/ = 2^cos ^ 4- f sin 9 ) = 

6 being expressed in radians. 

we have also shown that the arguments of complex numbers obey the 
index law when the complex numbers are multiplied together. 

Thus, if 

+ (yi = ri(cos 4 z sin 
.^^2 -1- tJi = raCcos + t sin 62) = 

Then 

(^1 ri- (yiX^2 + (yg) = 

This proves that the index t$ of the expression which was defined as 
a series, obeys the index law of multiplication, a fact which follows in another 

way from § 2 28. 

We ^n now determine more fully the relation between circular and 
hyperbolic functions. 
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Thus sm /X ~ ^ i - * . ^ 

^i"x .,-x _ ,,r 

COS /.V = ‘ ^ - ‘ '■ „ .. .:; J X 

smli :x --= — — : ,r 

cosh /r = = cos jr 

Our original geometrical definition of tiie ':n::r.:.ii - , • , , f .m 

angle hns no meaning when arplied to conipiei iicriiJer^. Wj ’■ 

extended our defnition b>’ means of the exponential \alu- 5 it :..._• ." : 

cosine, which we may now call the circular fairct^cas, sc a^t :j tv-tr 
case of complex numbers. 

The addition formuim for cir...u:ar fun^tiens cf cor •pica ::t...7....:5 ..o* 

from their exponential form. 

We have 

= cos ar “f I sin .r ; e^y ~ cosi- -r ; r.r: ,.t 

^-ta; = QQ^ r — i sin .r ; c~ b ~ cosp- — ; j=:n v 

By multiplication 

= cos a- cos>^ — sin x sitij -f /^sln .i' ccs.v 4 ci i .r , 
^-iCx+ir) = cos X cos / — sin x sin / — //in x cos.v — c. i a - ; 

Adding Aa+y) 4 - e-K^-¥y) = z^cos x cesj - sm rs T, /; 

and cos (x + /) = cos a* cos/ ~ sin x sin / 

Subtracting £-~i(x 4 -^) = 2 i(sinji: cos/ 4 cos arsiap) 

and sin (x 4 /) = sin a* cos / 4 cos x sin v 

Example*— cos (0*3 4 0 ’ 4 d = cos o/ cos 0*4 — sin o’j sin o/; 

= cos 0*3 cesh 0-4 — i sin 03 dai: 04 
= 0*955 X roSi - 0*235 x 0*41075. 

= I -032 — Q’I 22 / 

Exam r lzs.—C X X X I . 

Evaluate the following and draw vector diagrams to represent thexr. — 

1. sin 2/. 2. cos 3/. 3 . shih r5*x 4 . 2pp» 

5. tanh 3/. 6. tan 2/, 7 . siah [O' 2 — 0 ' 2 j\ 

8. cosh (3+ 4/). 9 . sin (0*2 - 0’2A 10. ij— 4*')» 

11. sink (2430). 12, cosh(3ap). 13 . tanh 

14 , The current which reaches the receiving instfum^nt in a ime a 

determined by 


Zq sinh ^ 4 -r '-osh # 

Evaluate I when = 60.45-, Sr = 5^, ^ = 4 ’ 5 «=^ ^ 

15 , Show that sinh 4 i» is a vector of modulus — codj ir.d 

argumeiit tan.-^ (coth x tan /), and verify for Exaraple 7. 

10 . Show that cosh [x 4 b") h a vector of modalus x — p- ina 

argument tan"^ (tank x tan /), and verify for Example S. 

249 . Effect of a Complex Operator on a ^ 8iinpl© Periodie 
Function. — The complex number cos pt + sia // li repreienteJ 

by a vector OA of unit length, making an angle p with OX. ^ 

If / is the time, this vector rotates from the position Olv with cepstant 
angular velocity / as / increases from zero, and the projections IM ani^X at 
A on the axes execute simple periodic motions cos /’/and sm //. If ^ia:5 
vector be multiplied by a complex number r 4 ^> = the result is 
re^ipi-p&X 

2 I 
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This is represented by a vector OA' of length r rotating as f increases 
with the same angular velocity / as before, but in advance of the original 
vector by a constant angle 0 . 

At the same time the projections M' and N' of A' execute simple periodic 
motions r cos (pt + e) and r sin {pf -f 0 ), whose amplitude is r times that 

of the motions of M and N. and whose 

Y 0 .. 

phase is — of a revolution in advance of 
^ 2‘ir 

that of M and N. 

Fixing our attention on the simple 
periodic functions rather than on the 
vectors which generate them, we may say 

that the complex number 4- 
operates on the simple periodic functions 
cos pt and sin pt so as to, multiply the 
amplitude by r and give a “lead^^ of d, 
thus producing the simple periodic func- 
tions r cos 4- and r sin {pt + &'), 

The operation may be expressed as 
follows : — 

(x 4 ty) . cos// = r cos (pt 4 0) 

(x 4 iy) • sin // = r sin (pt 4 
We shall insert the point . between the complex number and the function 
on which it operates to distinguish the operation from multiplication by a 
complex number. In the same way a complex operator which has a negative 
argument —0 produces a “lag” of 6 in the resulting periodic function. 

Thus {x — iy) . cos pt — r cos (pt — 0 ) 

(x -- iy). sin pt= r sin (jpt — 0) 

In works on alternating current theory, where this method is found 
especially useful, the symbol/ is frequently used instead of i in a complex 
operator to avoid confusion with the frequent use of the symbol i to denote 
electric current. 

Example (i ), — i . sin = /s . sin pt = sin (^t + ^ ^ pt 



= cos(^;>/4l)= -sin// 


i. cos// — e^i.c.QSpi 

Example (2). — The simple periodic motion represented in Fig. 60, p. 1 16, is 

given by the equation j = sin (0*6981/). 

If the operator 2300 acts on this, 
we get 

2300 .sin (0*6981/) 

_ 2 ^- 5236 i ^ {o‘ 6 g^it) 

— 2 sin (0*6981/ 4 0*5236) 
Example (3). — To show by a 
vector diagram the velocity and ac- 
celeration at any time in a simple 
periodic motion. 

Consider the motion of the point M 
generated by the revolution of the 
crank OP of length a with constant 
angular velocity / starting from the position OX at time / = o. Then at time / 
the angle XOP = //and the displacement of M = OM = a cos//. 

The velocity v oi M = ^ =■ ^ ap sin // = ap cos 4- 
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Thus tlie velocity is obtaised by the operation of :he conr lei n::in: tr 

•r 

the periodic function a cos//. In Fig. 210 the etlect cf the •- -er:!!.?! ;/ = //“ 
is to inuliipiy / and to turn it thiongh a uii^le i ti.e iJl\ 

The velocity at anytime is then given by CM’ as ..d 2 r.p:: ondc 01 

front of OF. 

The acceleration of M = ^ = ~ j/" c..-s // = ^ - 

,T ■ar 

= /-F^ . a cos // = f /- . // a c.:s // 

= i/ . j/ . «2 COS /^ = 0 ^/ ,a cos // 


Thus the acceleration is obtained by operating upon .1 : 
number twice in succession. In the 'figure the edect of 
multiply OP' by / and to turn it through a right angle 
into the position OPd The acceleration at any time is 
then given by ONf 

Example (4), — Find the effect of the vectcr cperatoi 
3-1-4/011 the simple periodic function 2 sin 4/. 

Let OA be a vector of length 2 rotating at 4 ralians 
per second, starting from OX at time / = o, thou its pr o- 
jection OA' upon (JY = 2 sin 4/ and always represents the 
simple periodic function in question as OA rotates. 

34-4; = 5^308^ = 5^.93 radiaa 
If we multiply the generating vector 2^| by this, we 
get I04i + «-»3 = figure, and the projection OB' 

of this on OY is 10 sin {4/ + 0*93). 

Hence 

(3 +4^1-2 sin 4/ = 10 sin (4/ -P o’93) 

Similarly 

(3 — 4;) . 2 sin 4/ = 10 sin (4/ — o’93)= OC 




; 


sr 


c 


260. Differential Operators. — The symbolic method of making use 
of the operator D, explained in § 241 , may now be interpreted in teiins of 
vector algebra. 

We have 

D sin pi =p cos — p sin 4- = ip > sin pt 

D cos pt=- —psmpi = p cos -f ; ) = . cos // 


The effect of the operator D is the same in both cases as the effect of 
the complex operator ip. 

It follows by repeating the operation that 

sin^/ = [ipy . sin pt ■=■ sin pt 
cos/5/ = (Jp'f . cos pt = cos pi 

So also 

(©2 4 . £fD4^) sin pi = {(ip)^ + aip 4 i>} . sin// 

= -p“ sin pi 4 lip cos pt 4 h sin pi 

and in general 

replaced by Yiip ) . 


420 


Practical Mathematics 


The operator g- must denote an operation which is reversed by D, le, 

by Accordingly the generating vector must be divided by ip. This 
will have the effect of retarding it by a right angle and dividing its length 
by/. 

Thus 

I . I . ip ... ip.smpt I 

gsin// = sm// = sin// = = —p <=0=/^ 

which agrees with 


So also 


^ sin pt = J sin ptdt — cospt 

r X. I ip-cospt I XX 

^cos// = cos// = cos// = =p sm// 


which agrees with 

g cos pt = / cos ptdt =^sin pt 

So also, as in § 241, 

I I COS 25 / 

D2 + “ (jp-f + ^2 • - p- ^2 


D» + flD + i ~ {iff + aip + b' ~ b-p^ ^ aft 

_ ^ “ /^) ~ ®/* /^) sin pt - tap cos pt 

~(J>- pf + a^p-^ ■ (^b-py+a?p 


J{b p’^y^ -h a^p"^ sin {pt — g) 
(p — p'^y + a^p’^ 

sin {pt — g) • 


- p^f -h d^p^^ 


where tan a — 


{v. Example (2), p. 42.) 
ap 


b -p^ 


Example (i). — E ind the particular integral of the equation 
(Pv dy 

^+ 2 *- 3 :>' = 3 cos 4 i; 

(D* + 2D — 3ly = 3 cos 4/ 
y = + 2D — 3 • 3 cos 4/ = (4^)2 + 82—3 * 3 4 ^ 

= _i6+^8.’~3 * ^ ''''' " 87^ • 3 cos 4^ 

I 

= .3 cos 4/ 

20 Oi 57 .xo ^ 

I 

“ 206?^ • 3 4 ^ = o* 0485(;-** . 3 cos 42? 

= 0*1455 cos (4/ — 2*743) 


Example (2).-“An alternating E.M.F. 1000 sin (loV) is impressed upon the 
condaiser in the circuit considered in Example § 239, Case 2. 

^nd the electrical oscillations which are induced in the circuit. 

. ^pressed E.M.F. be considered positive when charging np the condenser we 
mnst subsUtute v - looo sin (ic^i) for v in the equation § 238. 
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We then have 


cPv dv 

LK^ -f RK^-h z' = 1000 sin loV 


■LK.10V+ RKioV+i 

I 


. 1000 sin 10^/ 


1000 sin 10®/ 
1000 sin loH 


“ (I ~ io«LK) + io*RKr 
(I - io«LK) - lo’RK/ 

■“(I -io‘'LK)^+ 

We have in the given circuit L = o*oi, R = 200, K = 0*5 x iO“®. 

. 1000 sin 10’/ 


substituting 


•— Q ‘995 

^ “ (o‘995)'' + o'°i ‘ 


= 1000 sin (loV — 0*1) 

The amplitude is practically the same as that of the impressed E.M.F., but there 
is a lag of tan“* 0^^ = o*i radian. 


Examples. — CXXXII. 

1 . Draw a vector diagram to show the velocity and acceleration at any time in 
the simple periodic motions considered in Example 8, p. 118. 

2 . Plot curves to show the simple periodic motions produced by the operation of 
/and —2/ on the simple periodic motion shown in Example, p. 117. Write down 
their equations. 

3 . Plot a curve to show the effect of the operator 2 4 - 3/ on the same simple 
periodic motion, and write down its equation. 

Evaluate and illustrate by a vector diagram. 

4 . I450. 200 sin 3000/. 5 . 2_«oo. 3 cos 5/, 

6. (I + /) . 3 sin 2A 7 . (1-827 - 0-8132') . 3 sin {4/ + 5). 

8. Work Example 3, p. 409, by the method of this paragraph. 

9 . Find the forced oscillation considered in Example (2), p. 408, by the method of 
Example (2), above. 

10 . Find the particular integral of the equation 

d'^y , dy . 

11 . What is the result of operating on the periodic function A sin qt with 

operator where « = 0*15 + 0-15/, x = 100. 

12 . The oscillations of a cylinder in a viscous liquid are determined by the 
equation 

9^ + = E cos {pt), where L = L' + Ih" 

Find the expression for a in terms of giving the forced oscillation. 

(Coster, Phil. Mag.^ June, 19 19.) 

13 . An alternating voltage V sin pt is impressed upon a circuit of resistance R 
and coefficient of Self Induction L. Find an expression for the current at any time t 
after the free oscillations have died out- 
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Advanced Stage. 


1901. 

1 . Compute 30*56 -r 4*105, 0*03056 X 0*4105, 4*io5^'^, 0*04105*“®**. 

The answers must be right to three significant figures. 

Why do we multiply log by ^ to obtain the logarithm of d!^ ? (20) 

2 . If = 5, ^ = 200, c = 600, g— — 0*1745 radian, find the value of sin {ci + /) 

(i) when/ = 0*001 

(ii) when / = 0*01 

(iii) when/ = 0*1. 

Of course the angle is in radians. (20) 

8. The keeper of a restaurant finds, when he has G guests in a day, his total daily 
expenditure is E pounds (for rent, taxes, wages, wear and tear, food and drink), 
and his total daily receipt is R pounds. The following numbers are averages 
obtained hy examination of his books on many days : — 


G 

E 

R 

210 

i6*7 

15*8 

270 

19*4 

21*2 

320 

21*6 

26*4 

360 

23-4 

29*8 


Using squared paper, find E and R and the day’s profits if he has 340 
guests. 

What number of guests per day just gives him no profit ? 

What simple algebraic laws seem to connect E, R, P the profit, and G ? 

Two of the marks will be given for a correct answer to the following : — 

If he finds that he has almost too many guests from, say, i to 2 o’clock, and 
from, say, 6 to 7 o’clock, and almost none at other times of the day, what 
expedient might he adopt to increase his profits ? (25) 

4 . The following quantities are thought to follow a law like — constant. Try 
if liiey do so ; find the most probable value of n : — 


V 

X 

2 1 

1 

. . 1 

3 

4 

5 

P 

20s 

II4 

80 

63 

52 
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6 . There is a curve whose shape may be drawn from the following values of x and_y 


I 

1 


i 


t 


X in feet . . 

3 

3*5 

4*2 

4-8 

y in inches . 

lo-i 

12*2 

13*1 

11*9 


Imagine this curve to rotate about the axis of x describing a surface of revolu- 
tion. What is the volume enclosed by this surface and the two end sections 
where x — ^ and x = 4*8 ? (25) 

6. Ifx=:a sin pt-^h cos pt for any value of i where and p are mere numbers ; 

show that this is the same as ;i: = A sin (//•+ e) if A and £ arc properly 
evaluated, (25) 

7 . Let a closed curve rotate round a straight line in its own plane and generate 

a ring ; state and prove the two rules for finding the volume and surface of the 
ring. (25) 

8 . Two sides of a triangle are measured and found to be 32*5 and 24*2 ins. ; the 

included angle being 57®, find the area of the triangle. Prove the rule used 
by you.. If the true lengths of the sides are really 32*6 and 24*1, what is the 
percentage error in the answer ? (20) 

0 . The polar co-ordinates of a point are r = 5 ft., d = 52® ; = 70°, find the Xy 

yy and t co-ordinates ; also find the angles made by r with the axes of co- 
ordinates. (25) 

10 . Define carefully what is meant by the Scalar Product of two vectors and by the 

Vector Product of two vectors, giving one useful example of each. (30) 

11 . There is a piece of a mechanism whose weight is 200 lbs. The following values 

of s in feet show the distance of its centre of gravity (as measured on a skeleton 
drawing) from some point in its straight path at the time / seconds from some 
era of reckoning. Find its acceleration at the time t = 2*05, and the force in 
pounds which is giving this acceleration to it. 


s 

[ 

/ 

0*3090 

2*00 

0-4931 

2*02 

0-6799 

2*04 

08701 

2*06 

1-0643 

2*08 

1*2631 

2*10 


(25) 

dy 

12 . What is meant by the symbol Explain how it may be represented by the 

slope of a curve. State its value in the cases 

y =r axi^y y = ^ = a sin {hx -f r), 

y = acos {bx + 4, y = logc {x + b). (30) 

13 . Find 



(1) when s = 0*8, 

(2) when j = I. 


Jp .dv, if pv* = Cy 3 L constant 


(25) 
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14 . In the curve y = cxi, find cif y = m when x = k Let this curve rotate about 

the axis of x ; find the volume enclosed by the surface of revolution between 
the two sections at jc = a and jr = 3 . Of course b, and a are given distances. 

(25) 

15 . The rate (per unit increase of volume) of reception of heat by a gas is hy p is its 

pressure, and v its volume ; 7 is a known constant. 

If pv* c, s and c being constants, find k if 



Full marks will be given only when the answer is stated in its simplest form. 
If is always o, find what s must be. (25) 


16 . At the following draughts in sea water a particular vessel has the following 
displacements : — 


Draught feet . . . 

15 

12 

9 

6-3 

Displacement T tons . 

2098 

1512 

loiS 

586 


Plot log T and log k on squared paper, and try to get a simple rule con- 
necting T and k. If one ton of sea water measures 35 cub. ft., find the rule 
connecting V and > 4 , if V is the displacement in cubic feet. (25) 

17 . Preferably to be answered by a Candidate who has already answered Question 

16. Find how A the horizontal sectional area of the vessel at the water line 
depends upon M. At any draught > 5 , what change of displacement V or T is 
produced by one inch difference in h? (20) 

18 . In any class of turbine if P is power of the waterfall and H the height of the fall, 

n the rate of revolution, and R is the average radius at the place where^ water 
enters the wheel, then it is known that for any particular class of turbines of 
all sizes, 

« OC P-0'8 

R OQ PO'S, B.- 0 - 7 S 

In the list of a particular maker I take a turbine at random for a fall of 
6 feet, 100 horse-power, 50 revolutions per minute, 2*51 ft. radius. By means 
of this I find I can calculate n and R for all the other turbines of the list. 
Find n and R for a fall of 20 ft. and 75 horse-power. ^ (20) 


Advanced Stage, 

1902. 

I . Compute by contracted methods, without using logarithms, 

23-07 X 0*1354, 2307 1*354 

Compute 2*3070’® and 23‘o7“i’2s using logarithms. The answers to consist of 
four significant figures. 

Why do we add logarithms to obtain the logarithm of a product? 

Suppose vve have a scale on a slide rule on which, as usual, the distance to 
any mark^ n is log n ; and there is another scale on which the distance to any 
mark m is leg (leg m) ; show that we can at once read off tn* and also the 
logarithm of any number to any base. (20) 


Examlaatloa Papers 

a. Write in » tiWe the value;? of the sice, crytine, ir.ii of the f 

angles:— 

23®, 123®. 23 3®, 312®, 3S3® ;2' 

3 . What is mcafit by the svrabol ™ ? 

ilJC 

Explain bow it may be represented It the s>-^ cf a cal'®* 

JV ‘ 

If j = 2-4 - rzx + Q'2jr find and plat two aarTes frar.: r C' ^ : j “ 4 
showing bo w j? and depend upon x 


4 * Work the following three exercises as if in each ca.ie .:r.e w--'-*.? a ; 

taking in each cai;e the simplest supped tion which y-c ir 1 .c" — 

(a) The total yearly expense in keeping a scruv.;-: cf lo«. : ,5. £2p::i} ,, 

what is the expense when the ncni : er cf br.vs :s i ■'f - 
( 3 ) The expense is ;^2ioofor loo boys, T3050 f:-r* 200 L'."^ys wc il ci h i 
i75l>oys? 

(4 The expenses for three cases arc known as folh w«-- : — 

£2100 for 100 boys 
£26$o for 150 boys 
£30^0 for 200 boys 


What is the probable expense for 175 boys? 

If you use a squared paper method, show ad three salutio-ns tr^ethsi, .-ijt' 

5 . For the years 1896-1900, the following average numbers are taien from the 
accounts of the 34 most important electric companies of the Uni’.e.; Khi^hcrr,. 

U means niillioiis of units of electric energy sold to ciistDiners. C rcfuns the 
total cost in millions of pence, and includes interest 4.7 p>cr cent*) cs car ,.ta]„ 
maintenance, rent, taxes, salaries, wages, coal, etc» 


u 

0*67 

roo 

1-366 

1 

V46 

2-49 

c 

i 

4-84 

6*25 

1 

i 8’6o 

9-'ii 

14-25 


Is there any simple approximately correct law connecting C and C ? If so, 
what is it? Assume that from the beginning there was the idra cf, it 
time, reaching a maximum output of 13 ’9, so that U <+■ I3'9 is ca:.iei:i % *. 
certain kind of factor^ Let C •+- U be called r the total cost per umr - 
there any law connecting c and /? You need not plot r and / ; it 11 icier ic 
use the law already found. \5c: 

6. In some experiments in towing a canal boat the following dsermtiens were 
made ; P being the puU in pounds and w the speed of the l>oat is jcx 

hour. 


i 

V i 

i 

i'6S j 

2'43 I 

3’iS 

^ 3“6 o 

4'03 

p 

! 

7 ^ 

i 

160 

24,0 

I 3*0 i 

1 ' 

3 ^ 


Plot log T and log P upon squared paper, and give an approximate 
connecting P and r. 
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7 . What is the idea on which compound interest is calculated ? Explain, as if to a 
beginner, how it is that 

A =!’(' + 4)” 

where P is the money lent and A is what it amounts to in n years at r per cent, 
per annum. If A is 130 and P is 100 and n is 7*5, find r. 

What does the above equation become when we imagine interest to be 
added on to principal every instant? State two natural phenomena which 
follow the compound interest law. (30) 


8. Only one of the following, (a) or (^), is to be attempted : — 

(at) The inside diameter of a hollow sphere of cast-iron is the fraction o *57 
its ontside diameter. Find these diameters if the weight is 60 Ihs. Take 

1 cnh. in. of cast iron as weighing 0‘26 lb. 

If the outside diameter is made i per cent, smaller, the inside not 
being altered, what is the percentage diminution in weight ? 

( 6 ) The cross-section of a ring is an ellipse whose principal diameters are 

2 ins. and ins. ; the middle of this section is at 3 ins. from the axis 
of the ring. What is the volume of the ring ? 

Prove the rule you use for finding the volume of any ring. (20) 

9 . If is constant, and if p = 1 when w = i, find fox what value of v, p is o‘2. 

Do this for the following values of h\ 0*8, 0*9, 1*0, ri. Tabulate your 
answers. (25) 

10 . Define carefully what is meant by the Scalar Product and by the Vector Product 
of two vectors, giving one useful example of each. (25) 


11 . There is a point P whose and z co-ordinates are 2, 1*5, and 3. Find its r, 
6 , <f> co-ordinates. If O is the origin, find the angles made by OP with the 
axes of co-ordinates. (20) 


12 . When is — • x Y a maximum, y being i *4 ? Plot the values near the maximum 

value. For this purpose you need only calculate the maximum value and 
two others. (25) 

13 , If the current C amperes in a circuit follows the law C = 10 sin 600/ ; if ^ is in 

seconds ; and if 

rdC 


V= RC +] 




where R is 0*3 and L is 4 X io“^, what is V ? 

Show by a sketch how C and V depend upon time, and particularly how one 
lags behind the other, and also state their highest and lowest values. (30) 


14 . There is a function 


r = 5 logu ^ + 6 sin ^x + o-o84(;»: - 3-5)* 

Find a much simpler function of x which does not difter from it in value more 
than 2 per cent, between x = $ and x=z 6 . Remember that the angle is 
in radians. (oc) 


Advanced Stage. 

1903. 

1 . Compute hy contracted methods to four significant figures only, and without 
using logarithms or slide rule 

8*102 X 35*14, 254*3 + 0*09027 


Bxmmimatiom 


4^7 


State tlie logaritlim!? of 37240, 37*24, 0*03724. 

Compute, using logaritlims, 

^'3714 VyY ^ 

372 * 4 *”“ o“?724-»« 

Explain why it h that logarithms arc multiplied In ccmrutiTit: rcw-fK cf 

numbers. 

In using your four- figure logarithm table have jtz ob-erv-.': that there is 
more chance of crroi at some places than at others? II. w i? 'his? Cun j'z 
suggest an improTement in such tables ? fto "* 

2 . The three parts (a)^ and (c) must be all answered to get full marks. 

(is) If e = 0"Sir, ju = 0*3, and N = 

if (N - M) V = 33000 P ; 
if P is 30 and V is 520 ; 

find N. 

( 3 ) Find the value of sin ( 27 rf/ -f- 0*6), where/is 225 a:;i / i? o ocj. 

Observe tiat the angle is stated in raaians. 


A=p(i-f ^..y, 

\ ioo,i • 

A = 3F when r = 3^ 


S. y r= at 4 - is tbe equation to a curve which passes through these three points, 

jr = o,^ = 1*24 ; X = 2*2, y = 3*07 ; x = 3*5,7 = 12*64 
find n, bj and «. 

dy 

"When we say that ^ is shown by the slope of the curve, what exactly do 1 
mean ? Find when ar = 2. I30; 


4 . The following are the areas of cross-section of a body at right angle? tc it.? 
straight axis : — 


A in sq. ins. ... 

250 i 

I 

292 

310 ■ 

i 


21S 

iSo 

ns 

120 

X inches from one end 

i 0 

j 

22 1 

1 

4-1 

1 

1 70 : 

^ S 4 

102 

130 

145 


'^Tiat is the w’holc volume from x = otox = 145? 

At ar = 50, if a cross-sectional slice of small thickness has the volrnns -Sr, 

find 1^, i tn 1 

^x 

6. Find accurately to three significant figures a value of x to atisfy the equitiot! 
o*5x*** •“ 12 Iog,,x 4- 2 sin 2x = 0*921 
Notice in sin 2x that the angle is in radians, 142^ 
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9 . The population of a country was 4*35 X 10® in 1820, 7*5 X 10* in i860, r i'26 x 10® 
in 1 890. Test if the population follows the compound interest law of increase. 
What is the probable population in 1910? (30) 

7 . The following table records the growth in stature of a girl A (born January, 1890), 
and a hoy B (born May, 1894). Plot these records. Heights were measured 
at intervals of four months. 

Table of Heights in Inches. 


Year . 

1900 

1901 

1902 

1903 

Month 

Sept. 

Jan. 

May 

i 

Sept. 

Jan. 

May 

Sept. 

Jan. 

A . . 

5475 

55*55 

56*6 

57-95 

S9-* 

60*2 

6o'9 

61 *3 

B . , 

48-25 

i 

49*0 

49'7S 

50*6 

51*5 

52-3 

53*1 

53*9 


Find in inches per annum, the average rates of growth of A. and B. during 
the whole period of tabulation. What will be the probable heights of A. and 
B. at the end of another four months ? Plot the rate of growth of A. at all 
times throughout the period. At about what age was A. growing most rapidly 
and what was her quickest rate of growth ? {30) 

8 . The New Zealand Pension law for a person who has already lived from the age 
of 40 to 65 in the colony is : — 

If the private income I is not more than a year, the pension Pis;fi8a 
year. If the private income is anything from 34 to 52, the pension is such that 
the total income is just made up to 52. If the private income is 52 or more 
there is no pension. 

Show on sq^uared paper, for any income I the value of P, and also the value 
of the total income. If a person’s private income is say;if‘5o, how much of it 
has he an inducement to give away before he applies for a pension ? Show on 
the same paper the total income, if the pension were regulated according to 
the role 

P = *8 - (30) 


9 . The following table gives corresponding values of two quantities x and y : — 


y 

10-16 

12*26 

14-70 

20*80 

24-54 

28-83 

X 

37-36 

31*34 

26-43 

19*08 

16-33 

14-04 


Try whether x and y are connected by a law of the form and if so, 

determine as nearly as you can the values of it and 
What is the value of x when^ = 17*53 ? (30) 


10 . Both parts (a) and (i) must be answered to get full marks. 

ia) Frore the rules used, in finding the volume and area of a ring. The mean 
radius of a ring is 2 feet. The cross-section of the ring is an ellipse 
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whose aiajor aiii minor diameters arc O’S an i 05 ft.: mhat 
^-olame? 

(i) The length of a plane dosed carve is 24 e '-^— i 

I in. long. _ The middles of saceessive are at le ? t. ’ i'. "z 

from a line in therdane, as foi:..^iri un danes ; — ic. io'4, iz ",!, i’ ^'4 
11*49, 11-67, 12*57, ir6r, 11*49, ^i“24, wgt, ictfifn -• ;s* 

11*24, 11*49, 11-07, 12*57, 11*67, 2I“49, n’24, ioa;f; ico;. 

If the curve rotates about the line a.-; an oxb des^ril'tr.g 1 r.: .% 
approximately the area of the ring. * '"'^2 

11 , Three planes of reference, mutually perpendic*dar, rntet at O,. The a'-a:'.,. r : 
a point P from the three planes arc j: = i ‘2, = 2 7, 2 = 0 9,. ITe d^iar ■* . 

of a point Q are .r =; o*S, j = rS, 2 = 1*5. 

Find 1st, the dis^tances OP and OQ ; 

2nd, the distance PQ ; 

3rd, the angle between OP and OQ. 


12. Find the moment of inertia of a hollow right circular cjlinder, inicTtal ia„L.i II ,, 
external R,, length /, about the axis of figure. 

Prove the rule by which, when we know the moiuen: of f a 

about an axis through its centre of mass we hnd its moasen: ci ateft 

any parallel axis. 

What is the moment of inertia of cur hollow cylinder aloe: on uaus Tsi.:.:: iz 
its interior surface ? ''.4.4', 


13. If the current C amperes in a circuit follows the law 

C = 10 sin 6oof 


where / is in seconds. 


If 


V = RC + L 




where R = 0*3, L = 4 X 10“^, find Y. 

Show by a sketch how C and V vary with the time and part: cu lai;y be 
one lags behind the other, and also state their highest and lowest value. -42: 

14u The entropy <f> ranks of a quantity of stuff at the absolute temperatuie / degrees 
is known to vary in the following way : — 



443 1 

i 

1 

403 j 

373 

1 343 


1-584 

1*668 ^ 

»-749 i 

1 • 

I ”850 


Plot <p horizontally and / vertically. 

A rectangle whose dimension horizontally represents o"! rank, and whose 
vertical dimension represents 10 degrees, has an area which represents o* I X ic 
or I unit of heat, what heat does each square inch of your diagram fepr«u!? 
The total heat received from beginning to end of the above set of changes i ; 
represented by the total area between the curve, the two end verticals and :hr 
zero line of temperature ; state the amount of it 

Yon need not, of course, plot the whole of ^ ; ywi may subtract, say, i '5 
from each of the values. Also, if yon tvant greater accuracy and can es.tiii;a:c 
areas of rectangles not actually drawn, you need not plot ihc whole value 
of/, 14^1 
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Stage 2. 


Answer Questions No. i, No. 2, and No. 3, and five others, 

1. The four parts (a), ( 3 ), (r), and {d) must all be answered to get full marks, 

{a) Compute by contracted methods to four significant figures only, and with* 
out using logarithins, 


34*05 X 0*009123 ; and 3*405 -i- 0*09123. 

(^) Compute, using logarithins, 15^*2354 X 16*07 ; {32'i5)0'i®2 j (32‘i5)*"®‘i®2. 
(<r) h'xplain why we add logarithms when we wish to multiply numbers. 

Write down the value of sin 23° and cos 23®, What is the sum of the 
squares of these ? Explain why you would get the same answer whatever 
the angle. (20) 

2 . The two parts {a) and [ 5 ] must both he answered to get full marks. 

(a) Express the angle 0*3 radians in degrees; find from the tables its sine. 
If jc is in radians and if 


calculate the sine of this angle to four significant figures. After how 
many terms arc more of them useless in this case when we only need 
four figures ? 

[Note that means IX2X3X4X5.] 

{k) It has been found that if P is the horse-power wasted in air friction when 
a disc d feet diameter is revolving at n revolutions per minute, 

P = 


If 1 * is o* I when d= and n = 500, find the constant c. 

What is the diameter of a disc which wastes 10 horse-power in air 
friction when revolving at 580 revolutions per minute ? (20) 

3 . T‘hc four parts [a), [it), (c), and {d) must all be answered to get full marks. 

{a] A hollow circular cylinder of length /, inside radius r, outside radius R, 
write out a formula for its volume V. 

If V 182 cubic inches, /= 7*23 inches, r = 2*11 inches, find E. 

(6) T‘hc sum <»f the areas of two squares is 92*14 square inches, the sum of 
their iddes is 13 inches ; find these sides. 

(r) A HC iii a triangle, C being a right angle. AB is 9*82 inches, the angle A 
i:. zH'". Kiinl the sides PC and AC, using the tables. 

[d] T hr area of cross-section *** of a prism is 9;2*30 square inches ; what is the 
area of a section making an angle of 25® with the cross-section ? 

* The cross-section is the smallest section. (20) 


4. Vm\ accurately to three significant figures the value of ae which satisfies the 
rf|uation 

3x* - 20 logiox - 7*077 = o. 

U%r r>quare(l paper. ^^ 3 ®) 

fi. At nurrpondiiig speeds of modem ships of the same class if zf is the speed 
in I> the displacement in tons, P the indicated horse- power, T the time 

tpciit in a particular passage, and C the coal consumed. 


Zfcc d1, F.ocD^. TwP"*, CecD, 


|j a' M ml mm ii(m Papers 


tnij. at 20 ktiutT; crufi%rs m 6 days, its 

/ j,f ; wJiat Hiu ^4 hr the <iiH|>la€€tncrit, 

Mr> . 'hr iwt a vr'. .cl whkh lu.ikcri the pasiia|»e iii 

(20) 

II J; -h^ v.:,tUrr uf thr Kl.ty he regarded liui; a 

' ■ .w ^440 -.-luatr ; it h rh^wu an the niap 

•■ _ r.,' ; 4' whAi Air/ir i* it iim hard to the horizontal? 

:‘ 1.,- |■..^ h yoii (20) 

■>- 1 ;>>-% 4 tc. .d ha:* the folh»wing tonnage 


’I ; , / ' ■ ••fr II A' f ii,. aV s,' .j.}.*”- I3.4J uf thr ham 


t . ' e-t U'-. » hnd a faioiila connecting 1), 

Vt ■■ ■ h' ‘‘h Ah-'l .‘i. (3^* 


f It f- 

>. ^ t M..:: Ar >v, »han Ahf^Mirt. An approximate answer, 

n.atk-i 4 % the c<4?ref an'»wer. (20) 

«; ■ tt 4 r ^*:r. Itirhifie^f lrr.trk“gencrator, 

■ r..j .45 t,.: aa the ne aatirement of the 


‘’AVijtljf W H». fif %f*'!isTO 
r - i.i j * r 


j| U # tor*nechtf|; K and W, and Male 




»»»..«. < »jl !).i» w. Kni-te JUf itt «ctm» of K. 

» r. »<v-! K CIO) 


I .. ^ j }. ■ » ••■• »<v'i K '3“' 

10 A1 v.-r ' !■" ■ » ’ ■'•»■ >»' ’’‘•''■"I JP aons in J.alh ftom wmt Ot-a 

}, ,,.! <1 Is^v.- m Utr. foMi-l (tom >i (Otdflon dtawiiig of 
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a mechanism. Find the average speed in each interval. Find also the 
acceleration in the path at each instant approximately. 



0 

0*1 

0*2 

0*3 

1 

0*4 

0*5 

0*6 

X 

0 

4 

8-175 

12-558 

17-187 

22*094 

27*306 


( 20 ) 


11 . Assuming the earth to be a sphere, if its circumference is 360 X 60 nautical 

miles, what is the circumference of the parallel of latitude 50® ? What is the 
length there of a degree of longitude ? If a small map is to be drawn in this 
latitude, with north and south and east and west distances to the same scale, 
and if a degree of latitude (which is of course 60 miles) is shown as lo inches, 
what distance will represent a degree of longitude ? (20) 

12 . There is curve = 2 + 0*15^:*. 

Prove that for any value of x the slope of the curve or is o’ye. (30) 


Stage 3, 

Answer Questions No. i. No. 2, and No. 3, and five others. 

1 . The three parts (a), and {c) must all be answered to get full marks : — 

{a) Compute by contracted methods to four significant figures only, and 
without using logarithms, 

0*03405 X 0*9123, and 34*05 4-0*09123. 

{b) Compute, using logarithms, 

(2*354 X i*6o7)°‘3i® ; and ( 32 'i 5 )“’^’^“. 

{c) Write down the values of 

sin 107® ; cos 148° ; tan 250®. (30) 


2 . There arc two formulae used to calculate </> : 

/ 


= log« 


273* 


which is only approximate ; 

^ = 1-0565 log. ^3 - 1 - 9 X 10"’ - sosif) + 0-0902, 

which is correct. 

If / = 6 4" 273 when $ = 53, find the two answers ; what is the percentage 
error in using the approximate formula ? (30) 


3 , The three parts (c), {b), and (f) must all be answered to get full marks : — 

(a) Prove that 

sin (A -f B) = sin A cos B *f cos A sin B. 

You may take the simplest case, where A + B is less than a right angle. 
Illustrate the truth of this arithmetically when A = 35° and B = 27®, 
using your tables. 
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(^) Prove that in a triangle whose sides <2, b contain between them the angle 
C the area is 

J ab sin C. 

There is a quadrilateral A BCD ; A and C being opposite corners. If 
AB is 1 6' 23 feet, AC 25*4 feet, AD 12*09 ^eet ; if the angle BAG is 
41°, and the angle CAD is 35°, find the area of the quadrilateral. 

(c) If P is the present value of an annuity A, the first payment being due 1 
year from now, the last at the end of the nth year from now, the rate of 
interest on money being at r per cent, per annum ; then 

If the present value of an annuity of £ 6 ^ is;^627 and r is 35 per cent, 
per annum, what is the supposed number of years’ dura'lion of the 
annuity ? (30) 

4 k, Find accurately to three significant figures the value of x which satisfies the 
equation 

= 2 - 359 . 

6. At corresponding high speeds of modern ships of the same class, if v is the speed 

in knots, D the displacement in tons, P the indicated horse-power, T the 
time spent in a particular passage, and C the coal consumed, 

vx'Di, PocDV, C«PT, 

show how P, T, and C depend upon D alone. 

A cross- Atlantic steamer of 10,000 tons at 20 knots crosses in 6 days, its 
power being 20,000, using 2520 tons of coal ; what must be the displacement, 
the speed, the power, and the coal for a vessel which makes the passage in 
5 days ? (30) 

0 . Three planes of reference mutually perpendicular meet in the lines OX, OY, 
OZ. The line OP is 6*2 inches long ; it makes an angle of 62° with OX and 
43° with OY. Call the projections of OP upon OX, OY, and OZ by the 
names x, and z and calculate their amounts, taking the positive value in the 
case of z. What angle does OP make with OZ ? 

The plane containing OZ and OP makes an angle tp with the plane contain- 
ing OZ and OX, what is this angle ? (30) 

7 . In a certain vessel it happens to be true, within certain limits, that 

V = I200//^* 

where h is the vertical draught in feet and V is the displacement in cubic feet. 
If A is the area in square feet of a horizontal section on the water-level, express 
A in terms of 

If / and b are the length and greatjist breadth of the section and if A = nib 
where « is a constant fraction, show that V = mlbh where /w is a constant 
fraction. . (4^) 


8. Ibie following tests w’ere made upon a condensing-steam-turbine-electric-generator. 
There are probably some errors of observation, as the measurement of the 
steam is troublesome : 


i 

Output in KilowatU K 

i 

1190 

99 S 

745 

498 

247 

0 

Weight W lb. of steam 
consumed per hour , 

23,120 

20,040 

16,630 

12,560 

8320 

4065 
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Find if there is a simple approximate law connecting K and W. 

The electric power goes some distance to drive a factory, and it is found by 
trial that when Y yards of stuff are being woven per hour 

K = 48 + o'45 Y. 

Express W in terms of Y. 

State the meaning of W/Y in words, and find its values when Y is 2000 and 
when Y is 500. What lesson ought to be drawn from this ? (30) 

9 . A quantity is a function of what do we mean ^7 Illustrate your 

meaning, using a curve. Illustrate your meaning by considering a body 

which has moved through the space s in the time t. What is ^ in the 
• ax 

following cases : — 

y a -k- bx cx^ 4- y ■=■ a log x^ y ^ y =■ a sin {bx -f- c). 

(40) 

10 . Find the area of the curve 

^ 4 - hod^ 

from the ordinate at ^ = o to the ordinate at ^ If « is 2*5, and a is o, 

and if the curve passes through the point (^ = 5, ^ = 4), find b. What is the 
area of the curve from the ordinate at a: = o to the ordinate or = 5 ? (40) 

11 . Divide a number a into two parts so that twice the square of one part plus three 

times the square of the other shall be a minimum. 

How do you know that you have found a minimum value ? (30) 

12 . In the atmosphere, if p is pressure and h height above datum level, if 

w = cr/i/y 

where c and 7 are constants, and if 
dp 

JL — ^ 'm^ 

dh ' 

find an equation connecting p and h. 

What is the above if / = ? Assume p z=:. p^ and f = if© where 

R is a known constant for air. 

Find the equation connecting h and t. (50) 

18 . The following values of y and x being given, tabulate and^^ . Bx in each 

ox 

interval, and A or the sum of such terms as y . 5x. Of course A is the 
approximate area of the curve whose ordinate is y. 



0 

0*1 

0*2 

0*3 

0-4 

O'S 

1 0-6 

0-7 

1 0*8 

0*9 

2; 

0 

0-1736 

0-3420 ; 

0-5000 

0 

00 

0-7660 

o-866o 

0-9397 

0-9848 

1*0000 


(40) 
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1905. 

Stage 2. 

Answer Questions No. i, No. 2, No. 3, and five others. 

1 . The four parts (a), {d), (c), and {d) must all be answered to get full marks. 

{a) Compute by contracted methods to four significant figures only, and without 
using logarithms, 

0*01239 X 5*024 and 0*5024 -j- o‘oi239. 

( 5 ) Compute, using logarithms, 

a/ 0*2607 ; 26*07^*1* j 26*07“^‘'> 

(c) Explain why we subtract logarithms when we wish to divide numbers. 

\d) Write down the values of the sine, cosine, and tangent of 37°. Explain, 
from the definitions, why sin 37° + cos 37° = tan 37°. Try by division 
if this is so. (20) 

2 . The four parts (a), ( 3 ), (c), and {d) must all be answered to get full marks. 

{a) Using the tables, find the number of which 0*2 is the Napierian logarithm. 
If 

a:* 

^ = I 4 - ^ + j^ 4 - 1~ + etc., 

calculate when jr = 0*2, to three decimal places. 

After how many terms are more of them useless in this case where we 
only need three decimal places ? 

[Note that 11 means IX2X3X4X5.] 

{l>) Express 

0*5.^ 4 - H '^9 
jr* — 3*54? — 10*26 

as the sum of two simpler fractions. 

(c) The sum of two numbers is 12*54, and the sum of their squares is 81*56 : 
find the numbers. 

{d) ABC is a triangle, C being a right angle. The side BC is 12*4 feet, and 
the angle A is 65° : find the other sides and angle, using the Tables. 

(20) 

8, X and / are the distance in miles and the time in hours of a train from a railway 
station. Plot on squared paper. Describe clearly why it is that the slope of 
the curve shows the speed. Where is the speed greatest, and where is it 
least ? 


X 

0 

0*12 

0'5 

1*52 

2*50 

2*92 

3-05 

3 'oS 

3 'i 7 

3*50 

3*82 

/ 

0 

0*05 

0*10 

0*15 

! 

0*20 

1 

! 0*25 

0*30 

0*35 

0*40 

1 

0*45 

0*50 


4 . Find x in degrees approximately if 

3 sin x 4- 2 cos Jt: = 3*4. 
For what value of x is 

3 sin jf 4“ 2 cos X 

a maximum ? You may use squared paper. 
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6. Tlie net yearly profit P of a railway may be represented by 

P = + O' 

where x is the gross yearly receipt from passengers, and y from goods ; B and c 
being constant numbers. 

When = 520000 and^ = 220000, P was 330000. 

And at a later period 

when X = 902000 and y — 700000, P was 603000. 

What will probably be the value of P when x = 1000000 and wheny = 
800000 ? (20) 

6 . In steamships, c = -i- 1 , where D is the displacement in tons, v the speed in 

knots, I the indicated horse-power. Now ^ is not the same for a ship at all 
speeds, but it is nearly the same for two similar ships at corresponding speeds. 
Corresponding speeds are as the sixth root of the displacements. Find r from 
each of the following actual measurements made on a ship of 9764 tons. 
Tabulate the corresponding speeds for a ship of 12000 tons, and calculate and 
tabulate the horse-power at each speed. 


Speed in knots .... 

10 ’8 

1433 

Indicated horse-power . , 

1830 

4720 


(28) 

7 . State Simpson’s rule. An area is divided into ten equal parts by eleven equi- 
distant parallel lines 0*2 inch apart, the first and last touching the bounding 
curve ; the lengths of these lines or ordinates or breadths are, in inches : — 

0, 124, 2*37, 4*10, 5*28, 4*76, 4'6o, 4*36, 2*45, 1*62, o. 

Find the area in square inches. (20) 


X = a{(f> — sin <p) 

7 = a(i — sin (p) 

Take a = 10. Calculate the values of x and v for the following values 
of 4> 

X TT IT 

6’ 4’ 3 

Plot points whose co-ordinates are these values of x and y, on squared 
paper, and draw a curve. (28) 

0 . When Q cubic feet of water flows per second through a sharp-edged rectangular 
notch L feet long, the height of nearly still water above the sill being H feet, 

Q oc (L - iH)H* 

Now, a bad formula is sometimes used which assumes 
Q «LH*. 

Show that for a given L, although a constant may be used to give a correct 
answer for one value of H, it must give incorrect answers for other values 
ofH. (28) 

10 . A vessel is shaped like the frustum of a cone ; the circular base is 10 inches 
diameter ; the top is 5 inches diameter ; the vertical height is 8 inches. What 


437 


Examination Papers 

is the height of the imaginary vertex ? If x is the height of the surface of a 
liquid from the bottom, plot a curve showing for any value of x the area of the 
horizontal section there. 

Find from this the whole volume of the vessel in cubic inches. 

[Candidates will notice that if ^is the diameter of the circular area, it is only 
• ’ ( 28 ) 


necessary to plot 
11 . There is a curve 


y = I *5 + O'OSx^ 




Prove that for any value of the slope of the curve or is o'lr. 

dx 


( 28 ) 


12 . Find accurately to three significant figures one value of x for which 
5 logio ^ 4 - - ~ 270 = o. 


(28) 


13 . The total cost C of a ship per hour (including interest and depreciation on 
capital, wages, coal, etc.) is, in pounds, 

C =4 + — 

^ 1000 

where s is the speed in knots (or nautical miles per hour). 

The time in hours spent in a passage of, say, 3000 miles is 

3000 - 4 - s 

SO that the total cost of the passage is this time multiplied by C. Express 
this algebraically in terms of x. 

Find what this amounts to; for various speeds. For what speed is it a 
minimum ? (28) 

14 - The model of a ship, when being drawn at the following speeds v (in feet per 
minute), offered the following resistances R (in pounds) to motion : — 


1 

V 

233 

287 

347 

406 

466 

52s 

588 

646 

R 

1*08 

i 

1*76 

2*93 

4*26 

6-33 

9*52 

1274 

15*16 


It is to be remembered that there are small errors in such measurements. 

If we assume a law like R = az/«, find n for the smallest and highest speeds. 
For what value of v does n seem at its greatest ? 

[Suggestion, plot log R and log v on squared paper.] (28) 


Sta-GE 3 . 

Answer Questions No. i. No. 2, No. 3, and five others. 

1 . The four parts {«), {b), (x), and [d) must all be answered to get full marks : 

(a) Compute by contracted methods to four significant figures only, 

0*01239 X 0*5024 
and 0*1239 -4* 50*24 

(b) Compute, using logarithms, 

(0*9415 X 2*304)’”^ 
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(c) Why do we multiply the logarithm of a by ^ to find the logarithm of ? 

(d) Write down the values of 

sin 254°, cos 124°, tan 193°, sm""i (0*2250), cos-^ (-“0*8192), 
tan“i (—4*0108). 

Only one value to be given in each of the last three cases. (30) 

2. The three parts, (^), (3), and (r) must all be answered to get full marks : — 

{a) A quantity j/ is a function of x : what do we mean by 



Illustrate your meaning, using a curve. 

Illustrate your meaning by considering the speed of a body which has 
passed through the space s in the time t, 

{b) Show that if A is the area of a curve from some standard ordinate to the 
ordinate^ corresponding to the co-ordinate or, then 

dK 

y^d^‘ 

Hence to find A we merely find that function of x of which y is the 
differential coefficient. 

{c) If A is the area of the surface of water in a pond when the depth on a 
given vertical is x, and if v is the volume of water, then 



Prove this. (30) 

8. Define the scalar product and the vector product of two vectors. Give an 
illustration of each of these from any part of physical science. (30) 


4. The cost C of a ship per hour (including interest and depreciation on capital, 
wages, coal, etc.) is in pounds 


C — 4 -h 


1000 


where s is its speed in knots relatively to the water. 

Going up a river whose current runs at 5 knots, what is the speed which 
causes least total cost of a passage ? (42) 


5. In the curve 

y a + bx^ 

Ify = I '62 when x =: i 
Budy = 5*32 when a: = 4 

find a and A 

Let this curve rotate about the axis of x. 

Find the volume enclosed by the surface of revolution between the two 
sections at :r = i and ar = 4. (42) 

6. The following values of y and x being given, tabulate — and y .Sx in each 

interval. If y.Sx be called 5A, tabulate the values of A if A is o where 

X = o. 


j 

X 

0 

1 

- ■ 

0*1 

0*2 

0*3 

0*4 

0*5 

0*6 

0*7 

0*8 

0*9 


1*428 

1*561 

1*691 

1*820 

I ‘947 

2*071 

2*193 

2-314 

2*431 

2*547 
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To facilitate tabulation, it will be found convenient to change these rows 
into columns. 

7. What is Simpson’s rule? A circle is drawn of 8 inches diameter. The diameter 

is divided into eight equal parts, and ordinates are drawn at right angles to 
the diameter. Calculate the lengths of these ordinates, using the tables, and 
tabulate them. Using Simpson’s rule, find the area of the circle. 

This answer is in error : what is the percentage error ? (42) 

8. Find x in degrees if 

3 sin JT 4“ 2 cos = 3 -4 

X is supposed to be an acute angle. How many answers are there ? 

Find, using the Calcuhis, for what value of x is 

3 sin X + 2 cos X 

a maximum ? (42) 

9. The following values of p and 6 being given, find 

^ when 9 = 115. 


$ 

/ 

too 

1470 

105 

I7'53 

no 

20 *80 


24*54 

120 

28*83 

125 

3371 

130 

39'25 


(42) 


10 . If 


X — a sin// + h cos pt 

for any value of / where b, and p arc mere numbers, show that this is the 
same as 

;c = A sin (// *4 <') 

if A and ^’arc properly evaluated. 

If 


and if 


V = RC 4- L- 


dt 


C = 100 sin 600/ 

R being 2 and L being 0*005, 

What is the lag of C in degrees behind V ? 


(42) 


11. A vessel is shaped like the frustum of a cone ; the circular base is 10 inches 

diameter ; the top is 5 inches diameter ; the vertical height is 8 inches. If x 
is the height of the surface of a liquid from the bottom, express d the diameter 
there in terms of x express A the horizontal area theie in terms of x; 
express V the volume of the liquid in cubic inches, in terms of x, (42) 

12. Water leaves a circular basin very slowly by a hole at the bottom, every particle 

describing a spiral which is very nearly circular. Let v be the speed at a point 
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whose distance from the axis is r, and height above some datum level k. 
Assume no “rotation” or “spin,” that is 



and show that this means 

c 

V=z- 

r 

where c is some constant. 

Now, at the atmospheric surface 


— + i= C 

where C is a constant. *■ 

Find from this the shape of the surface, that is the law connecting r and h, 

(42) 


1 3 . The model of a ship, when being drawn at the following speeds v (in feet per 
minute), offered the following resistances R (in pounds) to motion : — 


V 

1 

179 

220 

259 

301 

321 

341 

361 

R 

178 

2*76 

4*01 

1 

$•69 

6-39 

S-I9 

1 

11*39 


There are small errors in such measurements. 

Assume a law R oc and describe how n changes. What is its greatest 
value? Show that when v increases by a small percentage, R increases by n 
times this percentage. (42) 

14 . The indicated horse-powers of the engines of similar ships similarly loaded may 
be taken to be proportional to the ijth power of the displacements at 
corresponding speeds. 

Corresponding speeds are as the sixth roots of the displacements. The 
following measurements were made at different speeds of a vessel of 1000 tons 
(the United States s. Manning). Find the horse-power at the corresponding 
speeds of a vessel of 5000 tons : state and tabulate these speeds. 


Speed in knots 

6 

i 

x6 

Indicated horse-power . . . 

100 

4S6 1 

1 

1 

2181 
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1908. 

Stage 2. 

You must not attempt more than ei^ht questions in all, and of these Nos. i, 2, 
and 3 must be three ; that is to say, you arc allowed to take not more than five 
questions in addition to Nos. i, 2, and 3. 

1 . The four parts («), (c)y and (d) must all be answered to get full marks : — 

(a) Without using logarithms, compute by contracted methods to four 
significant figures 

9*325 X 0*02056 and 9*325 4 - 0*02056. 

(^) Using logarithms, compute 

(6*345 X 0*1075)''** 4- (0*00374 X 96*37)*- 

(c) Extract the cube roots of 

20760, 207*6, 0*02076, 0*002076. 

(d) The side of a square is 3 yards i foot 9J inches ; find the area of the square 

in square feet. (22) 

2 . The four parts (^), (^), (r), and (d) must all be answered to get full marks : — 

{a) The difference of x and y is 3*14 ; the sum of and^* is 140; find x 
n.ndy. 

(b) The inside of a hollow copper sphere is filled with water whose weight is 

10 lbs. what is the inside radius ? If the weight of the copper is 30 lbs., 
what is its thickness? A cubic inch of copper weighs 0*32 lb. 

{£) ABD is a right-angled triangle, B being the right angle. BC is perpen- 
dicular to the side ACD. The angle A is 56°, BC is 10 inches ; find 
the lengths of AC and CD. 

{d) What are the factors of x* — S’gix + 18*37 ? (22) 

3 . The three parts (<z), {b), and (<r) must all be answered to get full marks : — 

(^x) If y = ax^'*^ 4- bx^'^ ; if y = 6*3 when = i, and if^ = 133 when = 2, 

find a and b. 

(b) 20 lbs. of bronze contains 87 per cent, of copper, 1 3 per cent, of tin. With 
how much copper must it be melted to obtain a bronze containing 10 per 
cent, of tin ? 

If ~ and if yx = 0*25, ^ = 3 , find xfy. It is known that x — 1000, 
find X and y, (22) 

4 . If i means V — i, write down the values of x*, f*, f’. Find ^/I7 + 30/, 

\/Z I Each of the answers is like a 4 bi where a and b are numbers. 

(28) 

5 . X is distance measured along a straight line AB from the point A ; the values of 

y are offsets or distances in links measured at right angles to AB to the border 
of a field. Find the average breadth from AB to the border of the field 
between the first and last offset. Notice that the intervals in x are not equal. 


X 

0 

1*50 

3*00 

5*00 

7-50 

9*00 

y 

0-53 

0*47 

0*40 

0*42 

0*46 

0*52 


(26) 


6. There is a root of — lOx* + 40;r — 35 = o which lies between l and 2 ; find 
it, correct to three significant figures. (26) 
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7. The following numbers give x feet the distance of a sliding piece measured along 
its path from a certain point to the place where it is at the time t seconds r 
what (approximately) is its acceleration at all the tabulated times except the 
first and last ? Show in a curve how the acceleration depends upon t. 


X 

1*000 

2736 

4*420 

6*000 

7-428 

S*66o 1 

9*660 

10*397 

10*848 

irooo 

i 

0 

0*1 

0*2 

1 0*3 

0*4 

0*5 

0*6 

0*7 

0*8 

0*9 


&. The following numbers give z/ the speed of a train in miles per hour at the time 
( hours since leaving a railway station. In each interval of time, what is the 
(1 istance passed over by the train ? 


V 

0 

2*4 

4*7 

7-2 

i 

9-6 

12*0 1 

14*3 

t 

0*00 

0*04 

o*o,S 

0*12 

0*16 

0*20 

0*24 


('.oniinued. 


V 

16*9 

1 

18*9 

20*7 

22*2 

23*4 

24*3 

24-9 

t 

0*28 

o* 3 J 

o-y, 

0*40 

0*44 

0*48 

0*52 


At e;u;h of the times tabulated, what is x the distance from the station? 
'rahul.ife* youi an swers. (26) 

9. hind the .area of’ the paralxda y - a ■\^ hx -f rx* between the ordinate at x = a 
and the ordinate at x r- fi. If a — h and = / 4 , what is the answer ? 

. (22) 

10 . 'I hr p.irafwd.i y ■ a d* i>x r passes through three points whose co-ordinates 

Vi ; o, v, ; /r, j,. insert these values, and find u, and c in terms of 
li*r ipnintitirr., r,, r., Vj and A. (22) 

11 . d ,;*• ;ijt; inrusured in a laboratory are thought to follow the law 

V #;/’ 'fry if ilii , i> so, and, if find the most probable values of a and 
6 . d are ru>»t.> «d t>b.'.ervaiinn. 


k 

(< 1 

u-2 1 

0*4 

0*6 

ro 

1*5 

i 

2*0 

y 


1 ! 

310 1 

1 

1 

! 120 

i 

1 

^>3 

12*86 

2*57 

0*425 


(26) 

12. In- rlr.m p». hi .n for a certain jpivernor is that a ball should be at a 

. ’ t\..uiurr r it an an axis abuut which it revolves, when the centrifugal 
f IS to 

2CK) d 

h 

Ahrtr h >J 2 ' — rh 

N.e.v math'niatii ;d investigatum becomes too complex if this law 

V,.’,- V r. l.n -‘.vn that, if the centrifugal force were equal to — a 
**i*and Atr u,>ir r.umher ., the investigation would be easy. Find if 
o*-fr is ^t*dy sm h a law within the limits r = 0*5 and r = 07, and 

%hA! is tj.*' ar.ixiintim rnor in making sudi an assumption? {26) 
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13 . Oiir of tl;r pi \V':jfrii% tr.rfl in w* i*. thi*i 

If n is rlir funuMrr nf liunrs ustnilly :UI»t\Tr.I fur a joh ; rhr niari dors it in 
Ir-yt fijiiff, ^ }v>nt‘;. 'Hr* UMKil piiv in thr %hf»p p^T Innir ; tin; 

pirniiian paid to thr nxan is 

P {U-H^ 

* _ » 

anf! tr i\ als** p.ii«l 

If f p»"fHT pr-r h**ur is i)tf' r-u-.f iff tufils ;tn»i sliarr of total *.!<np < harpra, tin: 
ni,i'-*rs ‘.VMtjlii lavr paid 11 / -p f*‘» joh. Hr now pays I* 'f d' r). 

if I! }. 2u and / i% U 3 anti r is 4, fmii thr iKivntf'nt t«i fir* man fur tlir 

p.lf and j.y fl,-" ht)»r, anti a*s> thr* saving ?«» thr* imi'Jrr on the }'th ; tahulatc 
yi»ui 3n-.w*as f‘<r the follttwinp vahir*. uf i^! ; 20, 15, ro. (2l>) 

SpAfiK 3. 

Yms inir.! fv? altnypt innrr than slifnr. in all, an»i of thrs*” Xo. i muM 

bf* ttjir ; th-it r. to ‘'ay. y. -u ar?- alh-twrd fo takr not jmni! than srvrn t|nr’.tions in 
ad'litio;t !*j N‘‘, I , 

1. 'I'hr f .iir parts |o), (A), fr), and (>/) tisust all b^ airr.vrr#-d tu prt full mark**, 

(o) Withu'it ^r;np 1> snithms, c* aupatif* hy* ‘saifras.trii nirilatds so that four 
niprid; aiit loyf**.. i\.ht hr i, X o'uiu^f} an»i fi'02(i>po 

(hj Ussnp h 'p^irdhln'., rt.mp-nr 

{pfa.j X 

hi Writr down th** valnrs .4 

•an t ws 1 2 (\ fan ,i*tph 

(a) 

( 2 i 1 »* i ■ .t;‘6) 

as ll.t^ jiinri rd two simplri frastjofx'i. (33) 

2 . I'imI, With il.ffr jiipnihrant lipnrrs aoufai'*, a roof of 

■Jit i - .fH-' <■• _ (.O) 

3 . I’h'^ foliowirsp o--.!. \vrfr tna-'lr on a rh*'- tri*; prnrrator ; \V i% w^ipjat of 

sfrain in ]■>■■■■■. ds os'-d prr hunr : K i% Hr- ua?p-if sn 1 iluwalfs : 

K ’ t*r*7 ! bin 

^ f 

W j 6s,io»i ; 50, 2’/} ; 3';,i*w* 


bind d f^rtr is a '.imph* approxiinat*' law *untirif}n|; W and K. 
ihr inranin,;; of W/l*. in wor Is ; odl it 7/’. bijs-pnewi ti» in fnmit id' K. 

4 * lly ?aJa..;|atn .n ipvr, appruxiniafri v, a fahir of vahir-^ of 
if fh^ ffdh-amp valoxi nf t :url y af - 


Stair 

(33) 


O o'oi (jt'uj o'n^ fr’f#4 ir'ijt* t/'i/i ; a'tr; ti’uH ' «,.r«9 


/ r.’n;?;/ i r4hn:;| 1-5774 i7fX7i': ’■ rKp;i a'r,f>io ’ 27321 

iu) 

6>. If r is thr fa-i; ;i of » hra%-riP.y ta*?iy p,. / ibr liistaiitr of aiiothrr hravriily Ixxly 
3 <f, of fi.,a'.s wn fn-m I’/a erntrr. '1 h^n mfU hr)^ eiml m j {I — rf arc the 
a-o rPuan^ons ^•...sv,^nds M at point, on Is huthost fri>ni ami riratrst M. The 
tide: piis’isr si.j* a- sir; at th*-ar |rdnp»at»* tJirir diffrrrnrra ffotti w//^ which ir> the 
afc^dcfafn.n at fs's t rnfic prove ihaf llir iti|jr*th*ct of M la inversely 

pns|»«irl3fsiwl lo the ttul#c of the ili'daric*: when /r* iapo* 1 umpaicti with r, {33) 
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0 . If 


M _ cPy 


.dU ^ .dS 
& and ^ = S, and ^ 


Let w be a constant. Find S, 
M and let M = o when x — I. 

^ is a given constant. Find 


Let S = W, a constant, when at = /. Find 


and let its value be o when jit = o. 


Find y and let its value be o when =: o. 

( 33 ) 


dp 

dh=-^ 


and liitf ^ p where ^ is a constant. 
t in terms of h introducing constant. 


Find p in terms of h. If / oc w/, express 

( 33 ) 

8. The total cost C of a ship per hour (including interest, depreciation, wages, coal 
etc.) is in pounds ’ 

C = 3-2 + 

2200 

where s is the speed of the ship in knots. 

Express the total cost of a passage of miles in terms of s. What 
value of s will make this total cost a minimum? At speeds lo per cent, less 
and greater than this, compare the total cost with its minimum value. (33) 

0 . The curves ^ a be* passes through the three points = o, 7 = 26*62 ; x :=z i 
y = SS'70; X - 2, y = 49-Si ; find a, b, and c. What is the area of the curve 
from the ordinate at x = o to the ordinate at at = 2 ? (42) 

10 . Describe a method of finding whether a given curve follows, approximately, the 

y = a’\‘bx^ ox y ^ b{x + a)» or y a + bd^. Logarithmic paper must 
not be used ; the work can be done on ordinary drawing paper using Tee and 
set squares. (^2) 

11 . If j sin 7/ and x =z b sin (f/ — c) where / is time and a, b^ c are constants ; 
if ^ r= 27 r/T where T is the periodic time. Find the average value of during 


the time T. 


(42) 


12 . Q being the rate of flow of water per second over a sharp-edged notch of length 
/, the height of the surface of nearly still water (some distance back) above the 
sill being h ; it has been proved that the empirical formula obtained by Dr. 
Francis is also a rational formula ; it is 

Qoc(/~ J//)/^ 5 /*. 

Now an incorrect formula is sometimes used 
Q = 

Show that for a given /, although a constant c may be found which will give 
a correct amswer for one value of h, it must give incorrect answers for ail other 
values of h. |^2) 

18 . If / is write down the values of /*, r*, P. Find 

I 4 - each in the shape a 4 - bi. 

If a -f bi operating upon sin qt (where t is the variable and ^ is a constant) 
gives <z sin qC b cos qt, find three answers, the effects of operating with 
tj 17 3 of, a/*, and i 4- Vf upon sin qt, (33) 

14 . Get insf ructions from Qu<^s. 13. 

'I'he voltage applied at the sending end of a long telephone line being z/tsin 
qt, the current entering the line is 

. 

r + ilq 

where, per uirit length of cable, r is resistance, / is inductance, s is leakance, 
and k is permittance, or capacity. 

If r “ 6 ohms, / = 0*003 Henries, ^ = 5 x farads, r = 3 X lo-^ Mho, 
and if ^ ;= 6000, find the current. (42) 

Notk, — 'I'hcre b a quicker method of working than what is indicated in 
Ques. 13, using Demoivre. You may use it if you please. 
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1910. 

Stage 2. 

You must not attempt more than eight questions in all, including Nos. i, 2, and 
3 ; that is to say, although i, 2, and 3 are not compulsory, you are not allowed to 
take more than five questions in addition to Nos. i, 2, and 3. 

1 . The four parts (^), (^),(^), and {d) must all be answered to get full marks : — 

(a) Without using logarithms, compute by contracted methods to four sig- 
nificant figures 

5-306 X 0*07632 -4- 73-15. 

{b) Using logarithms, compute 

(22-15 4*139)° ®®- 

(^) The value of g, the acceleration ^in centimetres per second per second) 
due to gravity in latitude / is (approximately) 

980-62 — 2*6 cos 2/. 

Calculate this for the latitude 52®. 

{d) The gunners’ rule is that one halfpenny (the diameter of a halfpenny is 
one inch) subtends an angle of one minute at the distance of too yards. 
What is the percentage error in this rule ? (26) 

2 . The four parts {a), (< 5 ), (r), and {d) must all be answered to get full marks : — 

(a) A hollow cylinder of outside diameter D and radial thickness t is of 

length /. What is its volume? If D is 4 inches and / = o*S inch, if 
the volume is 20 cubic inches, find /. 

[b) Two similar ships A and B are loaded similarly. B is twice the length of 

A. The wetted area of A is 12,000 square feet, and its displacement 
1500 tons. State the wetted area and displacement of B. 

(r) The cross-section of a stream divided by the wetted perimeter of the 
channel in which it flows is called its hydraulic mean depth. What 
are the hydraulic mean depths when water flows in a pipe of diameter 
d (i) when the water fills the pipe, (ii) when it only half fills the pipe ? 
{d) What is the number of which 0*6314 is the Naperian logarithm ? (26) 

3 . The three parts {a), (b), and (r) must all be answered to get full marks : — 

(a) If = a ^ if X is ^ when^j/ is 10, and if is II when j/ is 8, find n and a. 

What is the value of y when or is 7 ? _ 

(b) The velocity of sound in air is feet per second where / is the 

absolute temperature Centigrade, that is the ordinary temperature 
plus 273. What is the fractional change of velocity where the tem- 
perature alters from 10° C. to 15° C. ? 

(r) Assuming the earth to be a sphere of 8000 miles diameter, what is the 
circumference of the parallel of latitude 52° ? The earth makes one 
revolution in 24 hours (approximately) ; w'hat is the speed at latitude 
52® in miles per hour ? (26) 

4 . There is a natural reservoir with irregular sides. When filled with water to the 

vertical height h feet above the lowest point, the following is the area A of 
the water surface in thousands of square feet : — 


h 

0 

5 

10 

20 

30 

42 

50 

6s 

75 

A 

0 

220 



i 

322 

435 

50s 

560 

586 

617 

624 


Find the average value of A between A = 10 and h = 65. 

What is A when is 36 ? Find the volume of water which would raise 
the surface from = 35I to ^ = 36^. (22) 

5 . The energy stored in similar fly-wheels is E = ad^n^^ where d is the diameter 
and n the revolutions per minute ; a is a constant, A wheel whose diameter 
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is 5 feet, revolving at loo revolutions per minute, stores 18,500 ft. -lbs. : find a. 
What is the diameter' of a similar fly-wheel which will increase its store by 
10,000 ft.-lbs. when its speed increases from 149 to 15 1 revolutions per 
minute? (22) 

6. There is a root of — li = o between i and 2 : find it, using squared 

paper, accurately to four significant figures. (22) 

7 . A steamer is moving at 20 feet per second towards the east ; the passengers 

notice that the smoke from the funnel streams o(T apparently towards the 
south-west with a speed of 10 feet per second ; what is the real speed of the 
wind, and what is its direction ? If solved by actual drawing, the work must 
be accuratel y done. (26) 

8. If = 20 -f V30 + various values of x from 10 to 50 and calculate y. 

Plot on squared paper. What straight line agrees with the curve most nearly 
between these values? Express it in the shapely a bx, (26) 

9 . If the force which retards the falling of an object in a fluid is proportional to vs^ 

where v is the velocity of falling and s is the area of the surface of the object, 
and if the force which accelerates falling is the weight of the object, show that 
as objects are smaller they fall more and more slowly. 

Recollect that of similar objects made of the same materials the weights 
are as the cubes, the surfaces are as the squares of like dimensions. (26) 

10 . A sliding piece is at the distance s feet from a point in its path at the time t 
seconds. Do not plot s and /. What is the average speed in each interval of 
time ? Assume that this is really the speed in the middle of the interval, and 
now plot time and speed on squared paper. 



1*0000 

1*1054 

1*2146 

1*3268 

1*4432 

1*5624 

1-6857 

i*8ii8 


0 

0*1 

0*2 

0*3 

0'4 

0*5 

0*6 

0*7 


What is the approximate increase in speed between t = 0*25 and t = 0*35 ? 
What is approximately the acceleration when ? = 0*3 ? (22) 

11 . The sections of the two ends of a barrel are each 12*35 square feet ; the middle 

section is 14*16 square feet ; the axial length of the barrel is 5 feet : what is 
its volume? (22) 

12 . There is a machine consisting of two parts whose weights are x and y. The 

cost of the machine in pounds is I2 a: + ^y. The power of the machine is 
proportional to xy. Find x and y if the cost is £ioo and if wc desire to 
have the greatest power possible. Use squared paper if you please. (22) 

13 . According to a certain hypothesis the tensile stress in a rectangular cross-section 

of an iron hook at a distance 7 from a certain line through the centre of the 
section is proportional to 

^ T 

R 

When R = 10 and c = i, calculate p for various values of y fiom^ = 5 
to^= — 5, and plot on squared paper. What is the average value of/? 
For what value of^' is the stress zero ? (22) 

Stage 3. 

You must not attempt more than eight questions in all, including No. i ; that is 
to say, although I is not compulsory, you are not allowed to take more than seven 
questions in addition to No. i. 

1 . The three parts {b), and {c) must all be answered to get full marks : — 

{a) Without using logarithms, compute by contracted methods so that four 
significant figures skait be correct^ 

5*306 X 0*07632 -i- 73*15. 
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{b) Using logarithms, compute 
(22*15 

{c) The lengths of a degree of latitude and longitudcj in centimetres, in 
latitude /, are — 

(1111*317 — 5*688 cos/)io'‘ and 
(1111*164 cos /— 0*950 cos 3 /) lo^ 

The length of a sea mile (or 6082 feet) is 185,380 cm. What are the lengths 
of a minute of latitude and of a minute of longitude in sea miles in the latitude 52® ? 

(39) 

2. A telephonic current of frequency ^ becomes of the value 

C = sin (// - gx') 

in the distance of miles, where 

gives the value of h if the minus sign be taken, and the value of g if the plus 
sign be taken. When ^ is very large, what are the values of h and^ approxi- 
mately? If /^ = 0*05 X 10“^, r = 88, and p = 5000, take two cases (i) when 
/ = 0, and (ii) when / = 0*3, and in each case find the distance x in which 
the amplitude C is halved. (39) 

3 . Find the value of cosh 0*1 (i + ^)> where i means V — i. (33) 

4 . To find the volume of part of a wedge, the frustum of a pyramid or of a cone, 

of part of a railway cutting or embankment, etc., we use the “ Prismoidal 
Formula,” which is “ The sum of the areas of the end sections and four times 
the mid section, all divided by 6, is the average section ; this multiplied by 
the total length is the whole volume.” Under what ciruumstances is this rule 
perfectly correct ? Prove its correctness. (33) 

6. If a =;/ 4 - 2^, and if y is as tabulated, find z approximately. Show both y 

and % as functions of x in curves — 


X 

4*0 

1 

4*1 

4'2 ; 

4*3 

4'4 

4*5 

y 

3-162 

3’S48 

3-981 

4-467 

5*012 

5-623 


( 33 ) 


6. A body capable of damped vibration is acted on by simply varying force which 

has a frequency f. If is the displacement of the body at any instant /, and 
if the motion is defined by 

dP + ^ ^ " sm 2ir//, 

we wish to study the forced vibration. 

Take ^ = i, = 1*5, fd = 4, find jr, first when /= 0*2547 and second 

when f = 0*3820. (39) 

5y . 

7 . The following values of x and y being given, tabulate — m each interval, 

dy 

also 5 A =y 5 x and A = fydx. Show in curves how the values of and 

A depend on x. 
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f ; - M 

:,J , ■%> 1 

■i* , U : < 

.J,i.M; 


If' ■ 


ill' t 


X 

0*0 

0*1 0*2 

0*3 0*4 0*5 0*6 

0*7 ‘ 

0*8 

y 

6*428 

7*071 7*660 

8*192 8*660 9*063 9*397 

9 '659 

9*848 


8. There is a table giving values o(;y in terms of x, and another giving values of u 
in terms of^'. What is u when x = 8‘3 ? 



X 

y 

y 

u 

f-:- I' 

7 

14*914 


0*8169 

Vft.. f 

8 

16*128 

16 

0*7118 

1 :' 

9 

17*076 

17 

0*5543 


9 , If pif ^ rooA and / = 3000 when t = 300, find v. If / = 3010 and t = 302, 
find the new v. If the second set of values be called 3000 + 5 /, 300 + S/, 
and V + what is Zvl Now use the formula 




and calculate Zv in the new way. 'VMiy is there an error in the answ^er ? (33} 

10 . The value ofjj/, a periodic function of /, is here given for 12 equidistant values 

of / covering the whole period. Express in a Fourier Series. 

13*602, 18*468, 20*671, 20*182, 17*820, 14*346, 

10*130, 5*612, 1*877, 0*486, 2*500, 7*506. 

It ought not to be necessary to say that 18*468 is the second value. (39) 

11 . To solve — 20^ 4-9 = 0 graphically, it is evident that we desire the value of 

X which wdll cause to be equal to 20x — 9 ; plot therefore the curve / = x^^ 
and plot the straight line z = 20 x — 9. Where they intersect we have the 
value of desired. When the trial is made it will be found that there arc 
three answers : what are they ? (33) 

12 . On the indicator diagram of a gas engine the following are some readings of / 

pressure and v volume. The rate of reception of heat (if the gases are sup- 
posed to be receiving heat from an outside source and not from their own 
chemical action) is 


where k and K the important specific heats are such that 


K - -4 ^300 


1' 

■f: 


2*0 2*1 2*2 

2*3 2*4 

2*5 

2*6 

2*7 

2*8 

2*9 

3*0 

3*1 

'i i 

p 

84*5 I no 176 

215 231 

j 

234 

226 

213 

202 

192 1 

i 

183 

1 

175 
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V 

3 -a 

3'3 

3*4 

3 -S 

3*6 

p 

167 

159 

X52 

146 

140 


Find at three places ; where v = 2*05, 3*55, and at the place of highest 

>ressure, (39) 

. 3 , When a shaft fails under the combined action of a bending moment M and a 
twisting moment T, according to what is called the internal friction 
hypothesis, 

M + + V 

ought to be constant where a is a constant. Test if this is so, using the 
following numbers which have been published. Considerable errors in the 
observations must be expected. 


M 

0 

0 

0 

1 

1200 

n6o 

1240 

1 

2800 

2840 

2760 

T 

4320 

4360 

4308 

4338 

4326 

4368 

3836 

3846 

3804 


M 

4400 

4320 

4600 

5020 

5180 

5360 

T 

2416 

2438 

2060 

0 

0 

0 


(39) 


1913- 

Lower Examination. 

You must not attempt more than questions in all, including Nos. i, 2, and 3 ; 
that is to say, although Nos. i, 2, and 3 are not compulsory, you are not allowed to 
take more than five questions in addition to Nos. i, 2, and 3. 

1 . The four parts (j), (b), (r), and {d) must all be answered to get full marks : — 

(a) Without using logarithms, compute by contracted methods 
67*09 X 0*2534-5- 102*5. 

( 3 ) Using logarithms, compute the cube root of 
2-315 -5-0*1573. 

{c) State the values of the sine, cosine, and tangent of 

- 35 °. 

{d) The Napierian logarithm of a number is 3*1542, what is the number? 

(24) 

2 . The three parts (^z), {^), and (c) must all be answered to get full marks : — 

{a) A copper plate, 3 feet in diameter, has a square hole in it whose side is 
10 inches ; it weighs 30 lbs. : what is its thickness if i cubic inch of 
copper weighs 0*32 lb. ? 

{b) The end areas of a prismoid are 62*8 and 20*5 square feet ; the perpendicular 
distance between them is 15 feet; the midscctional area is 36*7 square 
feet : what is the average section, and what is the volume ? 


r«' 
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(c) An equilateral triangle, whose side is 4 inches, revolves about a line in its 
own plane, thus generating a ring. The centre of the triangle is 6 inches 
from the line. What is the area of the surface of the ring ? (24) 

3 . The two parts (a) and ( 3 ) must both be answered to get full marks : — 

(a) An arc of 3 feet subtends an angle of 43° at the centre of the circle, what is 
the radius of the circle ? 

( 3 ) If 2 = •*_)/*•* ; if 2 is 81 when x = 3*4 and j/ = i*2, find a, (24) 

4 . What are the factors of — 2 ‘$x — 4*44? (24) 

6. In a thick cylinder subjected to fluid pressure, at any point whose distance from 
the axis is r, the radial compressive stress / and the hoop tensile stress f are such 
that 

/-p + '*> 

where a and b are constants. If / is 5 tons per square inch at the inside, where 
r = 4, and if / is o at the outside, where r = 10, find a and b. Find / for 
r = 4, 6*5, and 10, and show / for various values of r on a curve. (24) 

0 . In a price-list of a certain type of machine I find the following ; — 


Diameter of cylinder 

8 

lo'S 

12 

Price 

44 

60 

84 

j 


What is the probable price of a machine whose cylinder diameter is 9 5 ? (20) 

7 . To find the cross-section of a river 90 feet in breadth the following depths, y feet, 
were taken across the river ; x feet is the distance from one bank : — 


X 

0 

10 

20 

30 

40 

50 

60 

70 

80 

90 

y 

3*00 

4*5 

S-6 

6 

57 

4-8 

4*7 

4*5 

1 

1 

4 

3 


What is the area of the cross-section ? The average velocity of the water 
normal to the cross-section is 3*4 feet per second. Find the flow of the river in 
cubic feet per second. (24) 

8. If the Xy y, z and the r, <p co-ordinates of a point are related in this way ; — 

r’ = +y^ -f- X = r sin 6 cos 

j = r sin 0 sin 2 = r cos 6 . 

If = 4, jj/ = 2, 2 = 5, find r, 6, and (p, (24) 

9 . If = P ; if -i- P is i'2 and if n is 8, find r. 

10 . It is thought that the following observed values of x and y follow the law 
y = A, 7 ^*. There are errors of observation. Test if such a law is probably 
true, and, if so, find the values of A and b : — 


X 

1*0 

i ‘5 

2*0 

2*5 ' 

3*0 

3*5 ^ 

1 

4*0 1 

4*5 

y 

13*28 

IS '04 

17-53 

19*80 

23*11 

26*00 

30-50 

34*40 


{■2.a\ 
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11 . State exactly what we mean by Illustrate your meaning by the speed of a 

point. 

Show that ~ = 2ax. (28) 

12 . There is a curve ; j = 5 ““ 3-^ + find What is its value at the point P 

on the curve whose ^ = 2 ? The tangent at this point being y =: a + dxj what 
is the value of ^ ? Calculate a from the knowledge that the tangent passes 
through the point P. (28) 

13 . The plan of part of a roof which is a plane is 600 square feet in area ; the real 

area is 800 square feet ; what is its inclination to the horizontal ? Prove your 
method of calculation to be correct. (24) 


Higher Examination. 

You must not attempt more than questions in all, including No. 21 ; that is 
to say, although No. 21 is not compulsory, you are not allowed to take more than 
seven questions in addition to No. 21. 

1 . The three parts («), ( 3 ), and (r) must all be answered to get full marks: — 

(a) Without using logarithms, compute by contracted methods so that four 
significant figures sAa// ht correct — 

0*6709 X 25*34 4 - 0*1025. 

( 3 ) Using logarithms, compute cosh x which is ^ {P + e^*)y where x is 0*3154* 
(r) If i means >v/ — i express 3 — 4* in the form r (cos 0 + i sin B), Express 
— 5 + 6z also in this form. Divide the first of these by the second, and 
write the answer in the form a + bi, (44) 

2 . Express sin at cos bt as the sum of two terms and integrate with regard to /. If 

is ^ and 3 is 3^, what is the value of the integral between the limits o 

andT.i' ^ ^ (42) 

8. In a geometrical progression where r is the ratio of any term to the previous one, 
prove the rules for finding the last term and the sum of n terms. The sum of 
a geometric series of 6 terms is 1020, ris 2*4, find the first and last terms. (42) 

4 . The lengths of the intercepts of a plane on the axes are OA = 4, OB = 7, 
00 =. 6 , Find the length of OP, the perpendicular from the origin on the 
plane. Find the angles which OP makes with the axes. (42) 

6. The curve y = passes through the points i,y ^ 3*5 and.r = 10, y = 12*6 : 
find a and b. This curve rotates about the axis of x describing a surface of 
revolution. Find the volume between the cross-sections at .xr = i and x = lo. 

(44) 

6 , If 4 is the moment of inertia of an area about a straight line in the same plane 

passing through its centre, and / is its moment of inertia about a parallel line 
in the plane, there is a rule which enables us to calculate / if we know 4 ; 

prove the rule. If for a circle 4 is what is I about a tangent to the 

circle ? (42) 

7 . The following values of x andy were observed in a laboratory and theory sug- 

gested that there might be a law 

jj/ = ajr’ -f 3 X 10*. 

There are errors of observation. Using squared paper, try if th«i:e is such 
a law and, if so, find the most probable values of a and b. 
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X 1 

1 

0*1 

0*2 

0-3 

0*4 

0*5 

0*6 

y 

I -61 

2*26 

3*20 

4*47 

6-21 

00 

d 


(44) 


^ a-x , jux , « . ^ 

8 . ~ “ 

expresses the forced vibration of a system. Imagine the natural vibrations to 
have been damped out. Take = 49,/ = 3 > ? = 5 ; find x. (44) 

0 . Show by a graphic construction that 

sin {nt + e^ + sin {nt -{• e^) =: a sin («/+ ^). 

If Oif a^, ^1, Cj are given, show on your figure the values of a and e. (42) 

10 . If, in partial differentiation, x and / being independent variables. 

(Pv ^dv 

if V sin qt^ where x = o, and if «/ = 0 when x = 00 , find v. For what 
value of X is the amplitude of v half ? (42) 

11 . Expressing the Scalar Product of two vectors a and b as ab and their vector pro- 

duct as Vah, what is the meaning of aVbc? Show that 

aVbc = bVca = cVab. (44) 

12 . The following table of values of x andj)/ is given. Find 

^ when a: = 3, 


with as great accuracy as possible. To get the most correct answer the whole 
table is necessary. 


* 

0 

I 

2 

1 

3 

4 - 

5 

6 

y 

6 ‘989 70 

7'40363 

7-78151 

8-12913 

8-45098 

1 

8-75061 

1 

9*03090 


(44) 

IS, The curve y = lox^ is cut by the straight line 7 = 2x — 10. Find the co- 
ordinates of that one of the points of cutting for which 7 is positive. Find the 
angle between the curve and the straight line at that point. (44) 


ANSWI'RS to THIi I-XAMPLliS 


F. ^ MV 1 1 . 


I. 1. I. F 

.R 4 J,. J-. 


l‘ - rn 

I I ^ ^ 

7 . s. M, « >- i- 


I' 'i % %i r : r I 


I. j ]'-r. ; I * 4 ; '^‘»' 

2 I . 4 '.1^ . * '■ • 

If. . 4 ; ^ .'■■ 


4 

4 '* A . t TA 

* 0 ^ 

*■• # . , *« '*■ '/ : ** , 

ft 

Ji: 1 . ^ "• , . 

■ « 1 *"* 

•0 , Ci iH-:! * n 

II 

M "' .. ; j , i ; ; , 

'■< . 1 '■ 

■ 1 . ri%i%. 




1", t. .« »4 ■ * « 

1 


ri 

1 

ft 

T'tA. 

II 

; “' "> .' 

If 

h - -A-. 

10 


in, 

t\ N 

14 

*-^ • ■*il 

17. 

?■» 1/7 

III 

*> 4 *: .' ^ 

gi. 

1 1 A- 

m 

h , 1 - 

aft 

sr-v^ 

ill 


ill 

|4 H 

:i<'i 

1 '*.^3 

:i:i 


04 

1 f n 

91 . 

« »,4 1 '; ■*■ 

ini 


€1. 

1 

m 

f:# 

4,S 

04 

4«l 


41 # 

|l3»i 

m. 

4 ^ 

m 

1 : iV^- 


^.1, 

1 . 

1 # . ^ ^ 

- 4 ! 

, 1^4. ■ ■ 14 f- 

ft. 

- .%;• . R 

« 

v-j . u^ ^ 

If. 

1-.;. rM. 


10 

11 

, <i >. . j ,',■ 


7' . 7’’ 


2 H, r;, Ki, 

4. M I, iJ?>A l» 

n rr4 /-j) 

4. 4 5. i t.. ff. ■' ^. 

f I U. -s 

Ul. U‘4^r >,.) 

I ii'»i; . i ^^#4^ ; I'H-hI. 

t r.r.H ; ) i i'i7 »S' 


rv. 7 .) 

If ^ 14**^- 

7 H it^ry, 

IJ. j}^,r... ri 

|i> iVI'- 

i« 4 6-.H, 20. f47l' 

20 4 ‘i.' i- M. r,r/i. 

27, I < 47 . 

01, r4'?H 3'-'*. 02. ri‘«4i,4| 

:m 00, «774^. 

ai*. rr^7i. ^0. 1177 

40. 1^ 41 7 LI- 

47 «#-4V'4- 

§1. V'AM^ 


V. I 

, 3I 4, :r > ' • • 

7 . t% |. 0 ■- i ,/ 

» A * ^'''* I '■ 47 -^ > '* 



454 


Answers to the Examples 



Examples. — VI. (Page it.) 

3 . (3*606, 56-3®)? (5*38, 21*8°); (3'i6, 18-4°); (3*606, 113*7°); ( 5*33» 211°) j 

( 5 » 143 * 1 °)* 

4 . (0*966, 0*259); {1*732, I); (0*877, 1*80); (-0*684, 1*88); (-i*S 3 » -“r29)*, 

(I, -1*732). 

Examples. — VII. (Page 12.) 

2 . See tables, p. 486. 3 . 23°, 62*9®, 53*1®, 31*8®, 21*8°. 35°»6o®, 78*7®, 

Examples.— VIII. (Page 14.) 

2 . 0*643 ; —0*766 ; —0*859. 3 . —0*643 ; -0*766 ; 0*839. 

4 . —0*766 ; 0*643; —1*192. 6 . 0*8 ; 0*75 

6. —0*8; —0*75. 7 . —0*8; 0*75. 8. 0*8; —0*75. 


Examples. — IX. (Page 18.) 

1 .- 8 . The numerical values are given in the tables, p. 486 ; the signs may be 
verified from the figures. 

9 . 0*4493; 0*8934; 0*5029. 10. 0*7278; -0*6858; — i*o6i2. 

11. -0*6613; -0*7501 ; 0*8816. - 12, —0*7524 ; 0*6587 ; —1*1423. 

13 . 0*8554; -0*5388; -0*9903. 14 . 12*4®; 59*7®; 67*3®; 52*4®. 

15 . —0*5774; 0*574; 0*284; —0*961 ; -i ; 0*966. 

16 . -0*4162 ; 0*1357. 17 . -0*1392. 

18 . -0*9191. 18 . 0*909; —0*416; —2*184; 0*141; —0*990; —0*142. 



Examples.— XI. (Page 26.) 

1 . ^ = 2*72 ; c = 3*21 ; B = 58®. 2 . B = 34® ; a = 5 635 ; c = 6*79. 

3. A = 41® ; = 1*77 ; b - 2*04, 4. f = 4*34 . A = 38*4® ; B = 51*6®. 

6. a = 158 ; A = 70 8° ; B = 6. i = 92 6 ; A = 19 05° j B = 7o-9S« 


Examples.— XII. (Page 30.) 


1. a = 3161; i = 3-863; C = 117“ 2. 

3- ^ = 7736 yds. ; c = 7073 yds. ; C = 62°. 4. 

6. 0 = 37-92®. 0. 

7 . B = 20S° or 155-750 5 C = 132-750 or 1-25“ 
a c = 126*94® or I'06®; B = 27*06® or 152*94®. 


C = 49® ; = 3-03 ; c = 2*70. 

C = 53® ; 3 = 3-123 ; c = 3 ;27. 
A = 110*25° i 0 = 30*75°. 
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9 . B = 56*15° or 123*85° ; C = 84*85° or 17*15°. 

10 . B = 16*1° ; C = 142*9° ; c = 5*84. 

11 . A = 38*6° or 141*4° ; C = 110*4° 7*6° ; c = 4*82 or 0*672, 

12. 3 = 146*7 ft. ; = 283*7 ft. 

13 . B = 44*95° or 135*05° ; C = 103*05° or 12*95°; ^ = S'SH or 1*27, 

14 . C = 56*7° or 123*3° ; B = 82*3° or 15*7° ; 3 = 3-869 or 1*054. 

15 . B = 31° ; ^ = 237*2 yds. ,* a = 423*7 yds. 

16 . A = 38*2° ; C = 86*8° ; ^ - 57*5. 17 . 6 = 3*70 ; A = 40*5°. 

18 . B = 59*1° or 120*9° ; C = 88*9° or 27*1°. 19 . A = 54° ; B = 85°. 


Examples. — XIII. (Page 32.) 

2 . c = 3*421 ; A = 35 * 95 °; B = 102*05°. 

4 . = 2*903. 6. ^ = 3-877. 

7 . ^ = 5*307. 8 . a = 300*9. 

10. ^ = 5*265. 11. a = 264 yds. 

13 . B ~ 49 * 4 ° } A ~ 7^ ^°* 

14 . C = 105-4" ; A = 45-1° ; B = 29-5° 15 . A = 33-6°. 

16 . f = 67 yds. 17 . A = 29° ; B = 46-6° ; C = I 04 ' 4 °* 

18. A = 8i-8° : B = 44-2° ! C = 54°. 19- ^ = 3875 ft- 


1. / = 3-65. 

3 . A = 5"; ^= 572 . 

6. c = 4* 18. 

9, a = 2*84. 

12. a = 583 yds. 


Examples. — XIV. (Page 34.) 

1. 7074000 sq. ft. 2. 5078000 sq. ft. 8. 92-51 sq. ft. 

4. 91050 sq. yds. 5. 87340 sq. ft. 8. *504 7*^®- 

7 17*4. 4*7^^* _ 

9. B = 104*5 ; 2Lrea = 2*783 sq. ft. 10- C = Ii3’6° ; area = 13*28. 

11. C =51*3°; A= i 8*2°; B= 110*5°; area = ^'^70* 

12. A = 44*4° ; area = 14*7. 


1. 34*4 ft- 
8. 89*6 ft. 
10. 27*6°. 


Examples.— XV. (Page 36.) 

2. 1390 ft. 3. 335 ft. 4. 30 ft. 6. 58*611. 

7. 381*7 ft. 8, 5863 ft. 9. 3962 yds. ; 4023 yds. 


Examples.— XVI. (Page 38.) 


1 . 1680 yds.; 1248 yds. ; 175*8 ft. 
4. 1944 ft. 

7 . 5599 ft- 

10. 122-5 miles; 1 13 miles. 

13. 0*922 sq. inch. 


2. 349*9 ft- 

3. 3753 ft- 
8. 1321 ft. 
11. 141*4 yds. 


a 5473 ft- 

0, 5189 ft. 

e. 144 yds, ; 194*2 yds. 
12. 3*005 miles. 


e. 0 * 75 . 

»• m- 

12. m- 

16 . 53 sin (2ir«/+ 0*557 


Examples.— XVII. (Page 43.) 

7. 0*981, ®* fMf > 

10. Mf, 1^* ®*^73 » 0*909. 

18 . 3*6 sin ( 2 t + 0*983). 14 , 3*6 sin (2/ — 0*588). 

/iTTt 

16 . 37 * 


o). 


0-330 . 17. if 


18 . 0*25. 
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22 . 245 lbs. ; 3 ins. 23 . i *59 nim. 

)s. 25 . 198*1 lbs. 28 . 8*8 ins. 

s. 28 . 207*3 sq. ins. 7^ '33* 

31 . 62400 cub. ft. 


Examples. —XXIV. (Page 6r.) 

0*994. 6. 1*006. 8. 0*988. 7 . 0*9991. 

1*01. 10. 10*099. 11. 15*937. 12. 27*019. 

6*0092. 15 . 8*9959. 16 . 0*0102. 17 . 0*00198. 

0*3 per cent, deficit. 20. 0*35 per cent. 

15*7 cub. ins. 23 . 2 per cent, 

ninished by 15 per cent. ; [b] it is diminished by 25 per cent. 

r cent. ; — i per cent. 28 . 2 per cent, deficit. 

Examples. — XXV. (Page 64.) 

5. 445000 dyne.s. 3 . 5240. 4 . 981 cm. per sec. per sec. 


Examples.— XXVI. (Page 66.) 

2. — 3*12 ; — 0*21, 

6. “ 1*15 j 0*65. 

8 - 13 ± g9'03 < 


46 

• 0*29 X 10*. 11 . — 0*4 X 10* equal. 12 


3 . 1*566; —0*766. 

6. 0*3 ± 0*843*. 

a 2*5 ±4*945* 

^ .... 

1*9 ± 0*62 * 
5 


10®. 


Examples.— XXVII. (Page 67.) 

2. - 3 ; I. 3. - I ; - I. 4. - 3 ; ~ 2. 

6. 6; 7 . 2*5; -3. 8. 2 ; 0*4. 

10 . 2 ; 4. 11. ± iq* , 12. ± « ; ± im. 

[ and unequal, equal or imaginary according as L is less than 
iter than |R®K. 

lio* ; {b) - (I ± t)io* ; (c) - 2 X lo\ 

18 • 17 . ~ 1*29 ± 15*75^, 

< 


Examples. — XXVIII. (Page 69,) 


6. I ; - I ; 2 ; 3. 


3. 


Examples.— XXIX. (Page 69.) 

1*77. 3 . 0*750, 4 . 0*0702. 

2*5. 7 . i 3 * 3 . 8. o; 0*527. 
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Examples.— XXX. (Page 72.) 


1 . 3 * 6 ; 3 * 8 . 2 . = 1 * 2 ; r = 2 * 2 . 3 . “- 19 * 5 . = 

6. jf = 8;j;/ = 5;2: = ii. 

6, :r = - 1*848, or 0-648 ; jv = - 3*544, or 3*944. 


7 . Jp = 2*396, or 0*046 ; )f = 6* 188, 

8 . c = -. 0. 2 ; 5. 

12. = 21 ; 3 = 36 ; r = 1*2. 

14 . ^ = 2*8jr-“i'^. 

16 . JP = 125 4 - 1‘3VK 
18 . n = 1*37 ; C = 550. 

21 . 3 = 36 ; = 3*102 X 

23 . /y/i-'y = ^,1-r 


— 0*862. 

10 . 5 * 44 . 11 . 82 * 4 . 

13 . y = 4*2a:^ ®, 

15 . 42-66. 

17 . « = 1*25 ; C = 7550. 

19 . 0*55. 20. - 1*483. 

22. 23*62. 

24 . 262*5. 


25. <p = K logej - R ^ log«^ + R log,^ 

26 . a = 3-8 ; 3 = 0*15. 27 . a = 56*5 ; 3 = - 0*23. 

28 . 0*308. 29 . a = 0*0455 ; 3 = — 0*01856. 30 . 9-03 X 10”. 

31 . A = 6*101 ; B = 1520 ; C = 123000. 32 . 0 0947. 

33 . 0*08265. 34 . a = 1*552 ; b = 0*0105 > ^ = 0*0319. 


Examples.— XXXI. (Page 75.) 


12 - 22;r - 6 

*1- ^ _ 4* a* (^2 . _ 2)‘ 

A -* -f 25 :r + 34S 
^ ( 2 X + 9 )( 3 -^~ i)(-^+ 7 )’ 

A - ^ + 15^ - 41 
®* (j;* - 4^ 4 * 9)(x - 2)* 

13^ + 74^+132 . 

^* (^ + + 2) 

2jr — 5 

{X + 2 ){ 2 X - l)‘ 


„ __2ff +2I* + I3__ 

(^+l)(y+l)(;<r“-5y 

_ + 134 : + 16 

• (JC^ + 2 j: 4 - S)(JC - 3 )’ 
- 13JC + to 
\x - iHx - I)‘ 

4* 22x + 19 
®* (x + 2nx+ !)• 

i 

‘^* (a: - I)(j*r + 2 )(jr--. 5 ). 


X — 2 4t 2 

^ :+ ^ 


7 . 

9. 

11 . 

12 . 

13 . 


X + ^ X -{• 2 
^ :+- ^ 


Examples.— XXXII. (Page 77.) 

II « I 


2 . 


6. 


^ + 3 ^ + 5 


i+- 


JP — 3 ^+ ^ 2 X +1 

4 . 7 


9 (^ - 5 ) 9 ('^ + 4 ) 

8, -4-r + 


8. 


6 . 


^ 4 - I + 6 ' 

‘ :+ ‘ 


X — I X-{- 2 X + $ 


Jp + I (JC + 1 )* jp ■“ 2 ' 

10 . 1 j- ?- -.-.1 

9(^ - 4) 45(2^ + J) 5{*^ + 3) 


i5(^-2) 5(-*^ + 3) 3(^ + 1)’ 

L__ 4 . _J 4 

6(4P - l) ^ 2{X + 1) 3(^ + 2) 

I . I I 


70{x - 4 ) 30 (^ + I) 30{x - 2 ) 70 (jp + 3 ) * 

^ * i — 14 9 L- . ^ 

*5(^ + 4) 27 + 3 5(27 — l)' 


7(27 - 4 ) ““ 6(27 - 3 ) 42 ( 2 : + 3 )' 
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16 . 

16 . 

17 


• 3 ) 


49 (^ + 4 ) 
3 


49 ('^‘ 

2 

Ip 

2^+3 , 3 

+ 3 ^ 4 - 4 2 ^ • 


49 ( 2 ^ + I) 


- + 


4 ) “*"^ + 3 


19 . . 

‘ 64 {V + jt + 2) 


I 

II 


64{x — 2) S{x — 2)® 


18 . 


3^+1 


2 4 - - 4 - 3 

20. L.\ 


Examples.— XXXIII. (Page 8i.) 


1. 0-4609 ; 0*4664 ; 27*47® ; 27*2®. 

3. 0-5358: 0-5314; 57-75°; S 7 ' 2 °. 

6. 0*00785 ; 0-0253 ; 0*04275. 

7 . 68*47°; I 37 -S°* 

9 . 1-030810. 


2. 0-9483; 0-9473; 7I-8'>; 71-48®. 

4 . 0-6644; 0-6556; 33-11° ; 33-43°. 
e. 0-5978 ; 0-6056 ; 34-38°. 

8. 1*110162. 

10. -0-7146 ; 135-78° 


1. 6214-2; 6290*1. 
4 . 0*9871 ; 0*8873. 
7 . 2*7386; 2*8723. 


Examples. — XXXIV. (Page 82.) 

2. 0*0024713; 0*00246214. 

5. 82-9; 188-3. 


Examples.— XXXV. (Pago 85.) 


3 . 5-076; 14*907. 
e. 1*8420 ; 2*0108, 


1. £iiS-S7; ^180*87. 

3 . 7400 lbs. steam per hour ; 540 H.P. 

6. 32*8; 40- 

7 . 2880; 121*2°. 

9 . 186 ; 198. 

11. 49*77 ; 44*26 ; 42*58 ; 23*35. 

13 . 1 17 ; 161 ; 213. 

16 . 1450. 


2. 135 yds. ; 275 yds. 

4 . 21364; 20895; 19871. 

6. 4*5 ins. ; 2450 lbs. 

8. 6*17 cub.ft.; 5-45 cub. ft.; 4*83cub.ft. 

10. 4 - 3 ; 4 - 25. 

12. 665000; S70. 

14 . £101, about. 

16 . 29J. lod. 


9 . y = + 7}. 

12. 3^ + 4^' •+ I = 

16 . iiy X — 29 ' 


o. 

= o. 


Examples. — XXXVI. (Page 90.) 

10. 7 = ZAT — 7. 

13. y = —■ CxSx +• 2*2. 

16, ^ = — 3X + 8. 


11. ^ - 5^ + 3° 

14. 5y + 8 jf + I = 0 . 
17. y = o'lx -- 2 * 3 . 


6. 2*6o; 3*45- 
16 . 8*2 ft. per second. 

19 . 86 amps ; 126 amps. 

21. 20*1 ins. ; 12*2 ins. ; iio lbs, 


Examples. — XXXIX. (Page 102.) 

14 . £109 5j. 5^/. ; 19X. 5i years. 


18 . 071. 
20. 014. 


Examples. — XLIII. (Page 118.) 

0. / = sin (1*2043/) ; values of / are taken as abscissae. 

7. j = sin (— 1-2043/). 

8. X = 6 sin (0-5236/ 4- 0*7854) ins. ; x = 6 sin (0*7854 - 0*5236/). 

9. y = 9 (I *04724: 4 0-2269). 10. X = I -g cos (240ir/ - 0733). 
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Examples. — XLV. (Page 121.) 
14 . >/ = 3 sin (4 t/ + 07854) + 2 sin + 2-356). 


6 . - 1 * 3 . 

9 . —0763. 

15. 0-384. 

16 . 4-49. 


Examples, — XL VI. (Page 126.) 


2. 071 ; 0*52. 

6. 3; -2; -I. 
10. 2-506. 

14 . 0-13. 

17 . 3637. 


3 . 2. 4 . I ; 2 j 3. 

7. 1-2 ; 4-1. 8. 0*649. 

11. 2-1. 12. 1-31. 

16 . 0-31 ; 0-86 ; 1-429, 


Examples. — XLVII. (Page 128.) 


1 . ^ = 2,*r — 3. 2 . ^ = i-4r 4- 7-6. 3 . ^ — o-o8,;«; + 1 1-5. 

4 . L = 606*5 — 0*695^. 5 . H = 6o6'5 + 0 305^. 8. V = 100 4- 0*367/. 

7 . /= 10 4-o*oo534W. 8. V = 100 4 - o-oi 85 . 9 . s = 1*00664—0*0005570. 

10. S = 0-033266 — 0*0000092/. 11 . S = 73 4 - 0-73/. 

12 . S = 54-2 4-0-5/. 13 . A = 29s 4 - n-8«. 


14 . P = 2*75H 4 - 10*04 ; C = 


10*04 

H 


+ 2 * 75 . 


16 . £9$:? = 3'32d + 2*23. 


16 . V = o‘844«. 17 . W = 60 4 “ 23*75!. 18 . W = 43 4 - 16I. 

19 . W = 62 4 - 13I. 20 . 133 amps. ; A = 0*0423? + 48*5. 

21 . Torque = 7*3 X current. 

W 

22 . P = o-iaW 4 - 2*4; efficiency = — 

3*3W 4 - 05 


Examples. — XLVIII. (Page 135.) 


1 . ^ =21 + 0 * 24 C®. 

4 . ATJK = I * 5 ^ — 2*2^. 

n, y^xy- 1-5. 

10. y — 6*32 4- 0-326^^*. 

15. V = -. 

16 . P = 5*iS* 4- 2*2. 

19 . v= 4 rs + ^- 

22. D = — Hi_ J 1-26. 

144 -r’ 


2. jK = 103 4- 5^*- 
5 . ^ = 47 — o*07jp*. 

3. xy 12’6 x ~ 

11. y =z 4- 0-0065^^. 

14 . R = 6 4- 0-009 V*. 


3 . 9^ = 20 — 3xy, 

0 . y = 5*6 4- 0-3^/. 

9. xy = o'6^x 4- i*33y. 
12. H.P. = 1*26 V*4- 125. 

16. P = 2-8S"4-3*i. 


17 . * = 07 + ^. 
20 . V = 42 + ^. 


23 . V 


0*0157 
I 4 - 0*0350’ 


18 . V= 4 S 4 -^. 

21 . D = — il-. 

1344- r 

24 . E = 2*86/ 4- 0*001/*. 


Examples.— XLIX. (Page 141.) 

1. ^ = 5 4- o' 6 x — o*i.;c^. 2. 0 = 132 4“ 0*875^^ + I 2 ^x^. 

8. E =21483 — 0*295/ — 0*02415/*. 4 . 7 = io'"®( 182,000 4 - 0*175/ 4 - 0*035/*). 

Examples.— L. (Page 143.) 

1 . >/ = 2jr 4 - 0*05. 2 . >^ = 3*2jp 4 - 9 * 3 . 9/ = 5 U 4 - 18-3. 

4 . jp = 4*3^ 4 - 12*7. 
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X, y =1 jp2'6, 

4. = 2*5 jc 3. 

7. y = ^ oox ~~*, 

10. n = 113. 

13. n = 1*37. 

18. F = 

19. V = 1400/^1®. 
22. P = 0*52^3 -25^ 
25. C = 75 oA'’'« 2. 


2O^-0-02fti!^ 

0-185. 


l.J.= 

4.J,= 

l.y = 

10. j» = 

13. A = 

15. B = 

17. log 

18. / = 

19. fi = 0*028^*'®^®*. 


Examples.— LI. (Page 148.) 

2. y = M 


6. ^ = I *3^:4. 

8. jv = Ar--i*»7. 

11. n = 0*9. 

14. n = 1*41. 

17 . D=o-98H^. 

20 . I = 4 *i 7 D'>'« 7 . 
23 . E = o- 02 B 1 '« 
26 . fi = 0*000 14 V®*®^ 

Examples. — LII. 

2. y =: o'34/>*&a:^ 

y - 325^. 

8. jp = io^’®2z^ 

11. fi = 0*172. 


3. y = o*o447jr''®®. 
6. j/ = 2*5^® ’3 X 
9 . JP = I‘05ji:-® « 34^ 
12 . « = 1 * 3 . 

15. t = 

18. D = i4-8N~i 

21. W = 235oflr8‘®®. 
24. C = 42OA0-77. 
27. /i = o'I5L“"®‘^8. 


(Page 156.) 

3. y = 2 yor '^. 
e . y=z 27501?“-* 

0. y = 3^ 025 z^ 

12. /i = 535oo<r^‘®22{, 

- 29*9, /c = ~o-oooo39. 14. yy ^ ioor-o-0000324 

— O'OOSSt 1 a 

^ 'J * 16. 0 = 20‘6 s < r~^‘‘^^^K 

e = 2*07548 - 00006135/ + o*oooooi745/». 

6o^^ oo4i , log s = 1*78 4* 0*17 - 0*044/^ -^Y* 

loo ^100 J 

o _/i Aip. 2^^ ^ ^ 0 * 043 <f'~®’®i®*. 


Examples.—LIII. (Page i66.) 


1- 2 33- ' 

5. 1041 lbs. 

»• 0*333* 

13. 22*5 ft.-lbs. 
17. 10*8 sq. ins. 
20. 1820, 2305, 


2. 24-9. 

6. 9-3 ft. per 
10. 0*637. 

14. 11*8. 

18. i8*8, 

o, 3150. 3310. 


3. 27*65. 

7 . 152 ft. 

11. 0*5. 

15. 3475* 

19. 674 sq. ft. 
21. 10*7. 


4 . 1005 lbs. 
8. 3*14 ins. 
12. 20*11. 
16. 8150. 

23. 16*01. 


1. 2*5* 

6. —12*5. 
9. 0-1795. 


Examples.—LIV. (Page 171.) 

2. 15 ft. per sec. 8. 32*2 ft. per sec. per sec. 4, —60. 

3- 1*187. 7. 0-222. 8. 0 0000049. 


10. 0*010. 


11. 0*925. 


12. —0*799, 


1 . 3 - 5 - 


Examples. — LV. (Page 1 8 1.) 


2. 0*0435, 


9. II ft. per sec. per see. ; 136*7 lbs. 
21. 1*00383; 1*00283. 


6. 2005 ft. per sec. 7. 3*2. 
10. 59 ft. per sec. per sec. 

25. About /’290. 


81. 0 *15. 
26. 3 S1. 


Examples. — LVI. (Page 190.) 


1. 3. 

6. 4. 


2. 0*5. 
7. -3. 


3. -2. 
8 . - 0 * 6 . 


4. -0-75. 
9. -0-13. 


6. 3- 

10. 0-253. 
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11 . a. 
16 , 2. 


12 . -3. 

17 . o‘oo366Vo. 


13 . 0-5. 

I 


18 . 


R* 


14 . —1*2. 

20. 2*6; o. 21. 


16 . -3. 


AE' 


22. 2‘8i. 


Examples.— L VII. (Page 194.) 


1 . 2X. 

2. 4 * 4 . 

3 3 v^‘** 

2 

4. - 

X" 

8. 

6. 

7 . 

^•6 

8. I*25/rf®‘2®. 

9 . - 4 r. 

2 s/u 

10. 8*33/^® 

11 . 0 * 3 r*-®^ 

12. 

IS. -J,. 

14 . 2 at, 



Examples. — LVIII. 

(Page 195.) 


1. 6 x — 2. 


2. - 

5 — I 2 .r. 



3 . 24 JC* — I5jc^ -1- 28 jtr» — 3JI^ + 4r — I. 4 . 2lJtr® - 84 ^^:* + 3C«r^ — I. 
6. — 4 ^: + 5 + 12/. 

2 a 


7 . 3 + 2<rA 

9 . 


8. 32* 4 - 




rS7^-=i - 4-6 x> » + 13-8^ • - 1. 10. - 4. + 375jr-|. 

l>Jx 

I 3'8 


5 . 


2 X^X^ 


11. 4. 25*2.^“"^ ® — 

12 . 4 - 8 ' 7 .jc^® — o'oi 3 ar'” 0 ' 987 ^ 

13 . 

15 . 


r3^-»+p + 7^*+|. 


17 . 

19 . 

21 . 

23 . 

26 . 

42 . 

44 . 

45 . 

46 . 

47 . 

48 . 
61 . 
52 . 


— I. 

2V« " 

I _ JL - 54 ^ 

2/^X 4X^ 2 

6j: - 3 


10. r 7 ^’' + + 5 ^' ■•• 


42/* - 


3^5 5 xr 
6 __ 4 I 


/* /» 


2 V 2/^ 


18 . + 

20 . 5^* — 9/* 4 - 

23 . - 2■36^v-»^>o* - - isz>'. 


2 , 10 


. _ 5 I£ g« « 4 ^ • - * 

» 2 - 064 «* ^2 » ^2- 


24 . * 4 - I — 4'6j:^'® — 22'5jir‘^’® 

27 . — 308 '5/“^ ®’®. 28 . 3^:^, 6j:, 6, o, o, 

55 ft. per sec. ; 12 ft. per sec. per sec. 43 . — , Jg f.s. ; f,s.s. 

32*2 f.s. ; 64*4 f.s. ; 96*6 f.s. ; 128*8 f.s. ; 32*2 f.s.s. 

Velocity = 32*2/ — 200 ft. per sec. ; acceleration = 32*2 ft. per sec. per sec. 
Velocity = 2r/ 4- ^ ; acceleration = 2 c. 

Momentum = 500 4 - 1680/ ; kinetic energy = 625 4- 4200/ 4- 7056^, 

C 

— 50 . j r= I 4- 4-io-« e 4. 9*io~’' 6®, 

s = 0*0947 4- 0*0009940 — 0*000000360*. 

^ El' * ' ' Er ' ’ dx? EV 
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53. - i ^ + ; |[(^ • 

w fPx a:»\ w //*_ „A. _aa. _ w. 

^ mij lj’iri(^4 j’ EI’ EI- 


•/); 


EI* 


55 . ^ = I + i 6 j ^. 


56 . = 2{.r + iP. 

Examples. — LIX. (Page 200.) 


7. 8. 1*3^^' 

10. - Oae-^^ + 

13. r57i X 4*Si^ 

10. 0*839 X 2•5^ 

20. o. 

25 . jp = 2 + 3^. 


4. — i3*02r-^‘^*. 


5 . 


.48 


e. 


^■Bx 

0. 16-IX^- - I0*4tf®‘2». 

11. I*3J®'3 — I 0 * 92 J ^‘2 — IO*2r"^« 


14. 1*666 X 2*32^=. 

17. 9^3*; a ^ e ^. 

21. C — i " 1 “ ^^2 » ~ 


15 . 1*047 X 2*85^ 
19 . o. 

24 . Vo. 


1. 3 cos 32:. 

4 . -isin| 

7. 9-4 sin (— 2'35-*')- 
10. i5-5cos(2-S + 3 iA 
13 . 0-01 sin (J - ^x). 

16 . 3-89 sin (371 - rS2x). 

17 . A/ cos {ft + «)• 


ExAMpr-KS.— LX. (Page 205.) 
2.-2 sin 2x. 

6. 3 sin (- 3x). 


3 . ^ cos j^x, 

6. — cos (— ^x), 

9 . 9 sin {2 + :^x). 


8. 4 cos (2X — 4). 

11 . - 6 sin (I - 3 Jc). 12 . - 30 cos (2 - S^r). 

14 . 0*3517 cos (0*351x4- 0*273). 

16 . an cos («/ 4 - «)» 

18 . — A/ sin (/J/ 4 “ a). 


10. cos (V/ 4- a) + cos (<r/ - a). 20. A cos {6 + <f). 

21. 3-09 cos (1-03/ + 2 -Si)- 22 . 2V"cos (2 tA + g). 

28 . cos X, - sin x, -* cos x, sin x, cos x, and so on ; 

— sin X, — cos Xf sin x, cos x, sin x . » . 

30 . — 12 sin (2x 4- 4)« 

33. o. 34. o. 


- sin + 4?)* 

-21*1 cos (2*6 x — 4*1). 


29 . 

31. 

86, ‘^I = af cos ft - if sin ft = ^ {P‘ “ »)• *Eere tan « =.^. 

36 Velocity = 27r«a cos (2ir«t +,f) ; acceleration = - 4’r’«’a sin (2 t«/ + ff). 
S 8 . Kinetic energy = cos* ft ; momentum = May cos gt j 

force = — sin 7/. 

89 . io“®AH^ cos gi volts. ^ , . , • 

42 . a cos / 4- 2<5 cos 2/ + cos 3/ ; - sin / - 4^ sin 2/ - 9^: sm 3 . 


43 . Velocity = cos sin 2^r; 

acceleration = — sin qt j~ cos 2 qt ; 

“■ ( 3 V. + «■ 


-rJ +~r* 


■ / - 


6 

‘ 5^ 4 - 4 


Examples.-LXI. (Page 208.) 


2 . 


6. 


4 

4 - 3 
18*2 
7 -f + 3 * 



7. 2ji343^ 


4 . 


■»»I2 
I — 2JC* 


a 





4^5 


Answers to the Examples 


16 3 { 2 x + 3 ) cos (3^ i) + 2 sin {zx + 3) sin (^x — i) 

cos^ {2x + 3) 


10 . 

{2x + 3) - cos {2x 

-± 3 ) . 

6^ 



2 (? 3 * 

cos* { 2 X 4- 3) 

X i . 

loge {X - 

r) 


- I) {log. (•* - l)P 

18 . 

II — :r 

19. 

2 cos 2X 

log (* - 3) 


sin 2x 

-3){log(*-3)P ‘ 

20. 

5 ^ sin { 2 x — i) + cos { 2 x - 






cos* { 2 X — l) 






21. 

cos(3W + 7) + 3t (*-4) 

sm (3i;r + 7) 

. log {x - 

' 4 ) 




(x — 4 ) cos* 

(31^ + 7 ) 






Exampjles.— LXV. (Page 216.) 


1. 

1 

1 

2 _L_ 

8 “3 


(I - xY 

(2 4- 3 x)‘*' 

4. 

3 

n -3 

0 ^ 

(2 - yc)*' 

- 3^ 

\/2X + I 

7. 

I 

Q 2X 4- 2 

Q ^ 

(5 - 2x)i’ 

V2X* 4- 4x — I 

-v/a* 4* X* 

10. 

2 X~i 

^ .j 2 ax 4- b 

12 ^ 

2m/x^ - 3 ^ + 5 ' 

2 s/ ax^ 4- <i^x 4- ^ 

2* + l’ 

18. 

-4 

14 ~=I- 

IB 2 X -2 

3-4*‘ 

‘ I — x' 

■ X* -• 2X 4- 5* 

10. 

4*-3 

- - 2 ax 4- b 

18. 3 sin* X cos x. 

2 ^ “"3^ + 4* 

ax* 4- ^x 4- 

20. 

cos 

21 . 3 . 

X 

22 . 3(log. *)». 

•X 

28. 

3 xV**>. 

24. 3^3^. 

26. 5 sin* X cos x. 

20. 

— tan X. 

27. 2 cos 2 x . ^ ■*“ **. 

28. — ^ sin (^). 

29. 

I. 

30. —6 cos* ( 2 x — i) sin 

{■2X - I). 

31. 

3 cos ( 3 ^ 4- 2 ) 

32. . 


sin ( 3 *: 4- 2 ) 

sin X cos x' 

84 3 sin-* 

88 . 

2 sin X cos* X -- 3 cos* x sin* x. 




cos* X * 

36. 

m sin”*”* X cos”'*’^ 

x n sin*”***’ x cos"~* x. 

88 . ~ 

X 

39. 

I 

40 ^ 

41 

Vx* 4* 

* X* - a* 

' (x 4-2)(2r4-3)‘ 

42. 

x4- I 

1 / f ^ 

' ^\/ (I 4 - 3x){i - 4x)Ii4-x 

2 3 , 4 ] 

(x-4)(2j(-3)- 

I--2X I4’3x I— 4x/ 

45. 

-2X 

4ft 4- ^ 

^ I 


• 3 C , — 

Vi 

Vi~x* 



Examples. — LXVI. (Page 219 .) 

1. 

15*71 cub. ins. 

2. o'ooi 75 cos d • 0 '001 75 ; 0*0000306. 

3. 

_ sin A ^ . 




a 

a 


4. 

31 'SS- 

6. iSOa/I; 

; A = iSooV^ . sq. ft. 

0. 

S’43; 3’49; 5M3- 

7. 3-85 ft. 

8 . 12 miles per hour. 


2 n 
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Examples. — LXIX. (Page 230.) 

1 . I. 2 . 3. 3 . 07071. 4 . 3-58; 6*42. 6. 0*466. 

6. 2 ; 5. 7 . ~ I ; 3. 8. 0*716. 8. 6 

10 . Width = 2 ft. ; depth = i ft. 11 . Height = 3*175 cms. ; volume = 67'! cc. 
12 . I ; 2. 13 . 3*4 ins. 15 . 8*66 knots. 

16 . Breadth = 0*577 ft. 17 . Breadth = 6 ins. 

18 . 16 in series; current = 0*7 amperes. 10. 1*5 ohms. 

20 . 5*55 amperes. 23 . 31®. 24 . 3jr. 4//. 


Examples. — LXX. (Page 235.) 

1. 3 minimum, | maximum. 2. 4 minimum, — i maximum. 

3 . 2 maximum, 7, o minima. 4 . i maximum, —1,4 minima. 


5 . 

9 . 

12 . 

15 . 

18 . 

21 . 

24 . 

1. 

6. 
11 . 
18 . 
20 . 
24 . 

27 . 

30 . 

33 . 

36 . 

88 . 




Examples. — LXXI. (Page 236.) 

2. 3. 


0. 


f sin (3^ 4- 1). 

— cos X, 

~ f cos {2X - 3). 

log. {x 4 - 5 )- 
2 

2x 4 - 5 * 


5 

7 . 

10. sin {3JC 4- i). 

13 . ^ sin {bx 4 - c), 

0 

10. — cos [zx — 3). 

19 . — f-cos {bx 4 - c), 
o 

22. loge X. 

25. i log.(2:r 4- 5)- 

Examples. — LXXII. (Page 238.) 


4 

2*6* 


iu>. 

2 

fjy 

2>'* 

_ 

k 


2 . 




II 

7. lox^'^. 

17 . 


3 . 

X 


8 . - 

13 . 


2 y^' 


0*064^®’®®^’ 
21 . 5 log, V, 

25 . 1 ^. 


8. 3;c. 

14 . log, «. 
18 . ztju. 


22 . 




4 . 

8 . 


^+1 


w 4- 1 ' 

11. J sin ( 3 ^: 4- 1 ). 
14. cos X, 

17. — cos (2JC — 3 ). 

20. -4- . 

^ + s 

23. A loe, (j- 4- b). 


6 . 0. 
10 . *. 
16. 


1 

3 i?‘ 


10 


b -jr 

20. - I*i3^r”i 3 y. 


0*142/*'^^ 
23 . 


28 . — cos (x — 3). 

— 2 sin (i — x). 31 . — 2 cos u. 

J sin [yc 4 * 2). 34 . — | cos {zx — 

— 0*52 cos (2*56 4- 6). 

— ;^.cos {zrfi 4- /). 

ZitJ 


I). 


20. sin (jp — 2). 

32 . 3 sin y. 

36 . - 0*482 cos (2*7/ — 1*5708). 

37 . — 0*76 sin (I — 3^). 

80 . ~ sin {rqt 4- e). 


! 
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: 2Trax^, 41 . • 


iQ. . 45 'if£! + ££! 

(I - 7) z/Y-i 32 4 3 * 

40. • 47 . — ^ ; pv log« V ; 5/y. 

(I - 7)z»"' ‘ 1-7 0*37 ^ 

48 . 1 ^. 48 . -j- — X + C, 50 . — cos 2:v 4 * 4Jf + C. 

61 . 4- 5^ + C. 62 . log, (i + or) 4- 0*3:*:^ — J cos (3^ 4 - i) 4 - 2‘6x 4 - C. 

63 . x^ — x^ -T 4^. 64 . /* — /* 4 - ^ 

65 . ^ 4- 2/* — 5/. 60 . 0*33^:* 4- 1*5^ — 1*74^^ ® — 2x. 


42 . - ^ cos (/J/ 4 - 
^ 4- 5/5 


.__,. 03 , 3 +__ j,. 


68. o •435^2- 


\ . + cs. 


69 . ^«‘*4- ^ cos (£■ 4- dii) 4- ^ sin 4 - <:u) 4-.2‘3i<4’^“ — 


60 . cos — 3^/) 4 - * 


ii««_ L3fio,j.;_ 


'(■■f-j) 


02 . = 3 »* — 6 « 4 6 /r 3 “, — ^<* + § 

a/rf 4 

03 . ^ = i:i;" + Sjr + C; ^ + |^^ + + D. 

W 

04 . /z^=C. 66. = )• 




08 . tan X. 


69 . — cot X, 


71 . y =: x^ SX - 2. 


67 , ^ == --4. C where C is any constant. 

70 . i cosh {ax 4- j ^ siuh {ax 4- ^). 

72 . f ~ I cos 2/. 


Examples LXXIII. (Page 242.) 


Note. — The accuracy attained in graphic integration varies with the character of 
the data and the scale used. 

1 . 17*45. 2 . 2418, 860. 8. 8, 80, 360, 1050, 2550. 4 . 337. 

6. 142*9. 0 . 1528, 7 . 660*4. 426. 


Examples LXXIV. (Page 246.) 

1. 10,800 ft..lbs. 2. 221. 3 . 199. 

4 . 235. 6. 337 ft. -lbs. 6. 12*3 ft. per sec. 

7. 280 ft. ; 100 ft. 8. 24*2 ft. per sec ; 18*25 ft. per sec. 

9 . 194*5 lbs. ; 265 lbs. 10 . 20*0406. 11 . 27*0238. 


Examples LXXV. (Page 253.) 

1 . 48*4. 2 . 2*303. 3 . I. 4 . 5 *i 6 . 

6. 0*7854 0 . 3' 1416. 7 . 303. 8. 9. 

9. 0*3927. 10. 0*0737. 11. 1*571. 12. 0667. 

18 . 0*848. 14 . 20,720. 15 . 12,300. 16 . o. 

Examples.--LXXVL (Page 257.) 


1. 6*09 ; 4*40. 


Examples.— LXXVII. (Page 263.) 
7 . 100 ft. 


9 . {a) 9*7 ft. per sec. ; ( 3 ) 20 ft. per sec. j {c) 21*4 ft. per sec. 



Answers to the Examples 


10. 13*9 ft. ; 78 ft. ; 140 ft. 
19 . 3000 lbs. 


16 . 79*5 lbs. 

20 . 20,000 in. -lbs. 


18 . 79*5 lbs. 
21. 1*45 X lO'" 


‘ in. 


Examples.— LXXVIII. (Page 272.) 


1. 

21 * 33 - 

2. 156. 

3 . -7-5. 

4. 3. 

6 . -3. 

e. 5 h 

7 . 7*98. 

8. 6-583. 

9 . 0*48, 

10. 

11. 

13*22. 

12. 396. 

13 . 4*05. 

14 . o*8i. 

15 . 1-718. 

18 . 

4*671. 

17 . 0*468. 

18 . 0*4295. 

19 . 3-1945. 

20. 5-154. 

21. 

1*656. 

22. 12*778. 

23 . 1*298. 

24 . 0-4323. 

26. -3-1945 

26 . 

-0*4323. 

27 . 1*62. 

28 . 0*6847. 

29 . 0*0000221 

. 30 . 1*7071. 

31 . 

-0*134. 

32 . 0*6628. 

33 . —1*8192. 

34 . 0*5. 

36 . 0*2929. 

36 . 

h ' 

87 . 0*5858. 

38 . 0*402. 

39 . 0. 

40 . 0*5402. 

41 . 


42 . 0. 

43 . I. 

44 . 0*0784. 

46 . 0*3817. 

46 . 

0. 

47 . 0. 

48 . 20*794. 

49 . 51*0. 

60 . 60*825. 

61 . 

0*6931. 

52 . 0*1256. 

63 . *. 

64 . —0*223. 

66. 0*0835. 

66. 

0*5110. 

67 . 0*599. 

68. 452-5. 



60 . 7812*5 ; mean value = 1562*5, 

61 . J. 

62 . 4 5. 

68. 

“i* 

64 . 9-6. 

66. I. 

67 . 268-2. 

68. 0*5. 

69 . 

0 * 375 - 

70 . 1612 ft.-lbs. 

71 . 7730 ft.-lbs. 

72 . 

1 1880 ft.-lbs. 

73 . 2*67 ft. 

74 . Velocity = 

O-I (/+<*- /’) 

; 0*0625 ; O'l. 

78 . 

Bending moment =r iooc«r + ioojt®. 



77 . 

£ = 0-2S • 10- (t + 5 ** - 

5ooo\ 

6 ) 



78 . 

^ = 0*25 . 10 

\I2^ 3 

5000X 70ooo\ 

1-45 . IO~®. 


78 . 797 log. ^ - 

h 

(<i - <») : ( t , + 797) log. 7’ - 

- -f 797 ). 




Examples.— LXXIX. (Page 278.) 


1. 

1 * 33 - 

2. 115. 

8. 

0-5. 

4. 0 945. 

6. 

0*632. 

6. ri7s 

7 . 

JI 7 S- 

8. 1-718. 

9 . 

2A ^ 
tr 

10. i6'i ft. per sec. ; 96*6 ft. per sec. 

11. 

TT 

12. 

0. 

18 .^. 

2 

14 . 

0. 

16 . 0. 

16 . 

54 * 9 - 

17 . 85lbs.persq.incli. 18 . 

884 lbs. per sq. 

foot. 

19 . 

1*27 Iba. 

20. — • 

2 

21. 

0, 0, 2*545. 

22. 100,70*71,0 

24 . 

1*41. 

26 . 3-53. 

20. 

2*12. 

27. 0*707. 

28 . 

0*707. 

29 . 

80 . 

70*7. 


81 . 


82 . • 33 . 

/ aF+W . 
\/ a 



Answers to the Examples 


469 


Examples. — LXXX. (Page 286.) 

1, 5-2, 18° E. of N. 2. 3-4, 26° N. of W. 8. S-6, 31° S, of W, 

4. 2-3, 10° E. of S. 6. 3-4, 39° S. of E. 


Examples LXXXI. (Page 287.) 


1. 5* 12100®. 2. 8* o 976‘6°. 

5. 0*2337^'- 6. O. 

9 . 5270®. 10 . 7*945, 35*6'' N. ofE. 

13 . 517^ with AB ; 83*9 units. 


3 . 13 * 96 °. 

7 . 10*2581-8°. 
11. 32*72192.4°. 
14 . i4oo„<,o. 


4 . 10 * 560 °. 
8. 4 ‘S 75 i 2 o°. 
12. 4 5770 ®. 


Examples.— LXXXIII. (Page 292.) 

1. 0*2337®. 2. 13*98°. 3. 10*560°. 4. 1*1951317®, 2*823J8*5°. 

6. 4*o8u-6°, 6*89104-6®. 0. 259‘i49°. 7. 21*3285°. 

8, 125*2 ft. per sec. at an angle of 46® with BA. 


Examples. — LXXXV. (Page 295.) 
1. (0*376* 3iS‘5®). 2. (12*5, 40®). 


Examples. — LXXXVI. (Page 298.) 


1. 4-33. 

6. 2*5. 

9 . 14*09. 

18 . -9*36. 

17 . 29*343. 

20. 33506 ft. -lbs. 
23 . 3*17. 


2. *~4*33- 
0. 2*5. 
10. o. 

14 . -7*1, 


3 . 

7 . 

11 . 

16. 


18 . 14S, — 148, - 148, 148 19 . 
21 . 0*824 H.P. 22 . 

24 . 12*96. 


-4*33 

- 2 * 5 . 

5*29. 

o. 

— io6'i ; —46*6 

7*23 H.P. j 0. 


4. 4‘33- 
8. -2-5. 
12 . -8-II. 


10. 12*47, 

o ; — ii8*6. 


Examples.— LXXX VII. (Page 300.) 


1. 19-35 ; 8 
4. o ; 19. 

7 . -19-65; -13-77. 

10. —26*3; 12*25. 

13. 4*55 i 3»'«“* 


2. 8*2; 19*35. 

6. —13*1; 61*6. 

8. 12*66; -3479* 
11. 2*9222^°. 

14 . 5 * 695 a 4 * 2 °. 


8. 22*62. 

0. — 6i*6; 13*1. 
0. 34*79; -12*66. 
12 . 3 *o 5296 aS°. 

16 . 6*88n.(i'aP, 


Examples.— LXXXVIII. (Page 301.) 


1. 27*9 lbs., 2 1 *06 lbs. 

3- — 33*45 —10*23 lbs. 

5. 42*4^-46° lbs. 

8. 10*6 miles an hour. 

10. 1739 ft. per sec. ; 466 ft. per sec. 


2. —31*7 lbs., 14*8 lbs. 
4. 23*85 lbs., —25*6 lbs. 
0. 210*9428® lbs. 

0. 0*5 ft. per sec. 

11. 523 lbs. 


7. 448 lbs. 



Examples. — LXXXIX. (Page 303.) 
1. 0 4-6 = 6-46 ; c{a -f 6) = 247. 


Examples. — XC. (Page 304.) 

575309 ^^ ^bS. 12 . 8 * 7359 - 40 . 13 . 5 CX> 209 °. 

14 . Length, 390 links ; angle 80® ; distance from F = 380. 16 . 560 links ; 90°, 


Examples. — XCII. (Page 310.) 

1. (^i) 7970; (3) 5657 ; (^) 697*6. 2. { a ) 17,540 ; (3) 15*740 ; { c ) 12,280 ; [ d ] 628*2. 

3. 10845. 4. 63*77. 6. 19272. 0. I : 0*77. 


Examples. — XCIII. (Page 313.) 

1 . 6*237. 2 . 34*25. 8 - 4 . 32*2. 6-8. 7*22. 

9. 0*0652 volt. 10. 2003 dynes. 


Examples. — XCV. (Page 320.) 

1. 2*36 ,• 2*28 ; 2*29. 2. 1*13 ; 1*40 ; 2*40. 3 . ~ i'o6 ; 1*84; 2*12. 

4. 1*705; 1*53; 3*28 6. 2*42; 0*695 ; 1*97. 0. 0*530; 0*883 ; I7I- 

7. 0*719; 1*06; 1*53. 8. i*o6; 1*06; 2*6 o. 0. 0*758; 0*970; 1*58. 

10. 0*533 ; 0*682 ; — 0*500. 11. o ; — i ; o. 

12 . - 1*40 ; 2*25 ; 1*41. 


Examples. — XCVL (Page 321.) 

1 . 10*247; 60*8°; 26*5'’. 2 . 11*88; 70*3°; 26*5°. 3 . 4*9; 114°; 26*5®. 

4 . 9*64; 5S'S°; 14*1^ 6. 10*77; 42°; 33 * 7 °. 6. 173 ? 547 °; 45 ° 

7 . 374; 74*5 ; - 33*7° 8- 7 * 8 i ; 67*1°; 33*7°. 0. 25*475 ; 54°; 29® 

10- ^^775; 70°; -14°. 11. 13; -*14° 


Examples.— XCVII. (Page 324.) 

1. /= 0*912, m = 0*342, » = 0*228 ; a = 24*2®, $ = 70®, y = 76*8®. 

2 . 54*2® with Oyz ; 18*9° with Ozx ; 29® with Oxj/ ; 3*61. 

3 . 0*384; 0*512 ; 0768. 4 . 8*6oins. ; 69*5®; 62*3°; 35*5®. 

6. / = 0*652 ; m = 0*528 ; n = 0*545. 0. a = 40*7® ; $ = 77*5® ; y =•, 52®. 

7. a = 74*6® ; /8 = 63*8®; y = Si°. 8- ; 1*99 » ^’^7. 

10. 1*812; 1*375 ; 2*685. 11. 66*2®. 12. 36*3° 

13 . 48*3®. 14 . 40*3®. 16 . 49®. 
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Examples.— XCVIII. (Page 325.) 


1. 4*12 j 0-485 ; 0*728 ; 0*485. 

3 . 2*45 ; 0*817 ; 0*408 ; - 0*408. 
5 . 3 ; 0*667 ; 0*333 ; 0*667. 

7. 3*97 ; 2'i7 ; 3‘4i- 


2 . 5*38; 0*744; 0*372; o* 558 . 
4 . 4*36 ; 0*688 ; 0*229 ; o*688. 
0 - 73 °; 2 * 97 ; 1*17; 2*41. 

8- Ii*si; 5 * 57 ; 7 * 47 . 


Examples.— XCIX. (Page 327.) 

1.61®; 43*25°; 61°; 41 * 9 °; 68-15°; 57 * 45 °; 35 * 2 °; 65*9°; 65*9°; 46*5; 
76*75°; 46*5°- 

2 . 3*605; 4-54; 2*237; 3*161. 3 . 3*742; 53°. 4 . 4*123. 6. 5. 

6. 3*742. 7 . 46*7° ; 29*0°. 8. 29*0° ; 3*605. 

8. 3*54 on Oyz ; 4*55 on Ozx ; 4*10 on Oxjf. 


Examples.— C. (Page 329.) 

1 . 21°. 2 . 35°. 8. 36° ; 0*620. 4 . 25°. 6. 32*3°, 

6. 62*7°. 7 , 33*3°; a*o8 ; 98*3°; 16*25°; 76*1°. 8. 72. 9 . 21*7°. 

11. 69*3°. 


Examples— Cl. (Page 333.) 

8. 1*537 ; 31°; $0°; 59 °; 40°. 4 . 2*45 ; 72*2°; 60*7° ; 35*2°; 54*8°; 60*7°. 

Examples.— CII. (Page 334.) 

2 . In X = 1*36, = 2*19 ; in Oyzy = 6, « = — 3 ; in Osx 2 = 1*71 ; jt =s 2*14. 


Examples.— cm. (Page 335.) 


1. ia*3°. 


Examples.— CIV. (Page 337,) 

1 * 23,570 cub. ft. 2. 1656 lbs. 8. a8, 250,000 ; 17,200,000. 

4 . 2*12 X 10® ft, lbs. 5 . 4,900,000 gallons. 

6, 38,500 cub. fU ; 430 tons. 7 . 38,100 cub. ft. 


1. 37*7 cub. ins. 

5 . 498 ; 67. 

10. _ i}. 


Examples.— CV. (Page 342.) 

2. 88 cub. ins. 8. 109*1. 

6. 245*1 cub. ins. 8. 15 1. 

11. 6*28. 


4 . 100*5. 
8 . 11 * 6 . 



Examples.—CVI, (Page 344.) 


1 . 470 cub. ins. 2 . 6230 cub. ins. 3 . 13*3 cub. ina. 

4. 15*4. 6. 16*3 cub. ft. 6. 3110 lbs. 


EXAMPLES.—CVII. (Page 350.) 

I l. in. from base. 2 . i = 0*6 ; > = o'37S. 3 . x = 2-657 ; 7 = 1-607. 

: ' < 4 . J = = f 6. = 1-518; >< = 0-565. 6. * = 15-43 ; > = 0-4. 

; 4 n ~ -b 2 '^i) + - 4 - ^i) . 7 _ ^1’ -f- + .^2* 

'■'! 3 ('i. + >^.) 

■ 8. 0-628. 0. 1-875. 

10 . On the middle radius at distance from the centre. 

^ ^ 11. j = 1-875; j= 1-25. 



Examples.— CVIII. (Page 353.) 

1. ^ = 3-23. 2.3-425. 3,32-15. 4 . 4-039 ; 8-36, 

5 . 2-95 ; 2-88. 6. 1-7 ins. from bounding radii. 7 . * = o ; J = — . 

Sir 

8. On the line joining mid points of BC and AD, and distant 0*192 ft. from AD. 
Examples.— C IX. (Page 355.) 

1 . 2*62; 5*13. 2 . 40*9'; 28*9. 3 . 44*3; 28*9. 

4 . On the middle radius at distance 2*55 ins. from the centre. 5 . 0*1 1 in. 


Examples.—CX. (Page 359.) 

1 . 4*5 from vertex. 2 . 4*821 from vertex. 4 . 5*64 in. 6. 3*44 in. 

6. ic = 2*249. 7 . lo|. 8. or = 6*82. 

Examples. — CXI. (Page 361.) 

1. J= 5*28. 2. = 4*56 ; 1*875 fro“^ centre. 4. 133 ft 

5 . 91 ft. from water level. 


Examples. — CXII. (Page 363.) 

1 . 3175 lbs. 2 . 200 cub. ins. 4 . 359 sq. ins. j 116*5 cub. ias. 

6. 107*8 Iba. 6. 3*43 lbs. 



1. 85*2 ft.-lbs . } 4*59 ins. 

3 . 0*326, taking engineering unit of mass ; 17*88 ft -lbs. 
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_ Examples.— CXIV. (Page 36S.) 

* 2 12 ins. 2. 3. 5*55* A. 19*6. 6. 48*33. 6. 6130 ft. -lbs. ; 

6i5oft.-lbs, 7. 0*0203. 

Examples.— CXV. (Page 371.) 

■ 702. 2. 330. a 2*55 ft. ; 4 per cent. 

’ 0’77^* 5 . o*288j. 0, 0*55^* 

Examples.— -CXVI. (Page 374.) 

. amx^y^-\ 2. . ac^^r+cy^ 

. ai cos {tx + ^) i accos(ix + cy); - ai sin (ix + ^) . _ sin (#x + ^y). 
_=6 x-2j-; ^=-2*. 

■“ ('-?) - (r .» (’-T) - (r * .) 

, - 5 I, 5 .S. » „ ; j... 

V* V * p * 'R* ^ ^ ^ 

Examples. — CXVII. (Page 377.) 

38*08 lbs. per sq. ft. 2. — 4*4i°« 3 . 0*0705 cub. ft. 

Jjc rr f cos 0 COS — r sin ^ sin <pS<p, 

Examples.— CXVIII. (Page 379.) 

5;c^ — ; — 6a:*^ — 3 jc* + 4y* ; 20 jp* — 1809/* — 6^ ; — 6.a:*4- 12^*3 

— i8;c*/ — 6x. 

6 cos (2x + 3>') — 2^<r*>' ; 9 cos {2x + 3>') — 2;i:^ ; — 12 sin {zx + 3^) -- ; 

— 27 sin ( 2 x + 3^) — 2af*r^ ; — 18 sin { 2 x + 3^) — 2 xy£^ — 2 <^^, 


Examples. — CXIX. (Page 382.) 


X . sin 2 x 


2. 39*09. 


X JP — 2 
S. "T^tan”"^ -’j= . 
^ 2 , ^3 


iog ^ 

2V29 2jr +■ 3 Hr -V 29 


H-3 — A/29 X — 4 

"rTTT7i=* itan-i'-— ' 6. \\og^. 


_ . 8. - 5^ - log (2jr - 3). 9 . - 3jf - 3 log 

Examples. — CXX. (Page 385.) 

, — log cos X, 2 . log sin x. 3 . log tan ^ H- 

, log {x^ + x + 5). 6. 3 log (x* + X + 5) + -ttan”! — A - - * 

V19 V19 

Jlog(x^ + ^+ 5) ~ 7 . r-V-* 

V19 Vi9 3cos*x 


i sin* X. 


8, i tan* X. 


} log. f + 2 ^ tan-i 13 . 3 log (:»« + 4 ^ - 7 ) ^ log 

5 2 2v/ii •ar + aH-Vii 


I . , V2X 

sm-^ . 


2^11 y 

16 . sia-i^^ 


• 3V2 - j:*. 


16 . — ^/5 — 2x*. 
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17 . tan“^(/v/2 sin jt). 18 . 19 . log cosli jt. 20. 63*33. 

\/2 


22 . log (x — I + — 2 :c — 8). 


X -X- 1 
23 . sin-i-^. 
\/6 


Examples. — CXXI. (Page 387.) 

1- O'SI I. 2. log. . 3. log. (x + i)(x + 6)’. 

4 . log (^ — i) + log (j? + 2) — 2 log {x + 3). 

5 . log (x - 2 >){x + 2) ~ 2 log { 2 x + i). e. log {x+ i) + 2 log (x - 2) ]- 

7 . 2 log (j: - I) + log - 4) + 4 log (^ + 3 ) • 

8 . 1*5 log {2x - i) + log {x^ + 3^ + 4 )* 

9 . 3 log - 2) - I log (JT* + ^ + 3 ) + -^= tan-i — , 

VII VII 


Examples.— CXXII. (Page 389.) 


1. X sin ar + cos x. 


4 . 0*675. 


2. — 4r"*(i + x), 

5 25 ' 


3 . -logAT- 
2 4 

e. {x^ - 2je + 2 )^. 




8.^=1. 8. ££gL35 + 3iin3f 

J 13 ‘ 


10 . ™ - 
16 


Examples.— CXXIII. (Page 393.) 

\.y = 0-25.“. 2. jt- = 3. 0-69 secs. 

4. £\12’a,^\ £ii2'6i6; ^112*678; jCii2-j^. 6. 0 = 20ir' o'ooe^. 

^ 

0 . T = 25^’®®®’*. 7 . = ^0^"^ KR, where fo is the initial charge ; in 15 . io~= secs. 

8. I = “ L , where /'o is the current when / = o. 

Examples.— CXXIV. (Page 394.) 

2. JJ/ = A(5* - 3. 3. -3. 4. - }. 

5. jy = A^«* + I J. 0. / = V. I - ^ L y ; 14 amps. 

7 C = . 

VlV 4- LV 

Examples.— CXXV. (Page 399.) 

1 . 8*6 sees. 

Examples.— eXXVI. (Page 405.) 

1 . y= A,r^ + A,e-^. 2. y = A.e’ + A^. 3. y = A,r-’ + A^. 

4. ^ = (A 4- 6, ^ = A^*' sin {x 4- B). 8. ^ = A sin (4a: + B). 

7. 4: = dt sin — 4== ; 0*39 sec. 8. x = sin (1575/ + B). 

V 

a (I) 6 = Ae-"^ sm J - j;, + b) • 

(23 <3 = 
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Examples.— CXXVII. (Page 409.) 

1 . jr = sin ( 0 - 8 ^ + B) + 4. 2 . - f + A ,r- 3 * + 

3 . X = A<r cos (0*866/ + B) + O'o66 sin (3/ + 1*438). 

4 . ^ = 0 0005 + 7*25 • ro-~5,r-8-8?6.io^r_^7.25 . xo-«^-i*i 25 .io*^ coulombs. 

^ = 0*0005 --o*ooo7o7^io*< sin (loV + B) coulombs. 


1. 

Il80O* 

2. 

9 i 8 oO« 

3 . 2ooO. 

4 . 

3270° 


6. 1*41450. 

6. 

^*4^315° 

= 1*41 

-450* 

7. 53«-00* 

8. 

1450* 

9 . 

I-450. 10. I1350. 

11. 

l22«0. 

12. 


13. 2_240=- 



14 . 

5lfl0O. 15. 3870* 

16 . 

I 4- 1*7324 


17. 2*124-2 

*124 


18 . 

2*12 — 2*124 

19. 

2*12 — 

2*124 


20. -0*68- 

1*884 

21. 

-3-94 4-0*694 




Examples. — CXXIX. 

(Page 414.) 


1. 

IlOSO* 

2. 

2goo — 

2 t » S. 2205O< 


4 . 

I. 

6. I. 6. 64 

7 . 

— r. 

8. 

~ I. 

9 . 4 


10. 

44 

11. -3 4 - 7 ^* 

12. 

“33 + 

564 

13. 

13. 14 . 24 


16 . 

-24 

16 . -i-s 4 

17 . 

—4 


18 . 

-5*594-3*294 


10. 

2400* 

20. 0*5700. 

21. 

2«oo. 

22. 

4 i 20°* 

Siooo* 


24 . 

1—450. 

26 , 2—400. 

20. 


27 . 

0‘2i35o. 28 . 4 


29 . 

0*683 - 

- 0*1834 

30 . 

0*154- 

> 0*231/ 

• 

81. 0*5 - 

0*54 


32 . 0*54-0*54 

33. 

0*071 + 0*030/ 

• 

34 . 0*92 - 

~ 0*8 14 

86. 0*5 4- 0*8664 

36 . 

2-52 + 

0*64/. 


37 . o*o 8 4- 0*444 




1. -0*25/. 

6. 12/. 

12 . 1^450. 

le. 474 + 1*58/. 

19. 2*47 4- 0*95/. 


2. -I. 
7. 12/, 
13. 2 — 450« 


Examples.— CXXX. (Page 4i6.> 
I. 3, —0*25 4-0*254 

8 * 3450 * 345 °* 

14. 1*098 4- 0*455^'- 
17, 4*47 - 2*23/. 

20. 0*1175 4-0*11754 


4. 2ia6. 


6 . 33 . 0 . 
11. 24401 


3450* 3 ^** ' 

0*4554 15. 1*098 — 0*455*. 

5*234 18.3—24 

-0*11754 21. 0*46-1-0*894 


Examples.— C XXXI. (Page 417.) 

1. 3*634 2. 10*07. 3. 0*9974 4. —0*666. 5. —o‘i424 

6. 0*9644 7. 0*196 — 0*2034 8. —6*97—7*754 9, 0*203 — 0*1964 

10. - 27*0 — 3*854 11. 0*302 -I- 2*1524 12. - 2*or 4- i*io*‘. 

13. 0*158 4- 0*1134 14. 0*516 - 0*3794 


Examples. —CXXXII. (Page 421.7 

2. j = 5 sin (12*566/ 4- 2*6) ; j = 10 sin (12*566/ — 0*54). 

3. j = 18 sin (12*566/ 4- 2*01). 4. 200 sin (3000/ -f- 0*7854). 

5. 6 cos (5/ — 1*047). 6. 4*24 sin (2/ 0*7854). 7. 6 sin (4/ -f- 4*S8)‘ 
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10 . y = — o’0256 cos 3x — 0'I2S sin 32: — 0'385 cos 2;c + 0'077 sin ?.y. 

11 . 'Ai'= sin (,/i+ IS), 

= 7 (M - ~ fl' = 9 + ~ ; tan^. 

13 . C = — - — sin {pi — 6), where tan fl =^. 




Examination Papers. 
1901. (Page 422.) 


1. 7-44; O OI2S5 j 5-68; 1546. 

3 . See p. 127. 

5 . 10,360 cub. ins. ; 6 cub. ft. 

9 . j?= V 3 S‘>y =370; 2: = 3*08; tt = 
11 . See p. 174 ; 57*5 lbs. 

14 

2 i 

16 . T = 40 ^ 1 *^ ; V = I 400 / 41 - 4 ®. 

18 . n = 260 ; R = 0*882. 


2. 1*69; —0*299; —1*43.10”® 

4 . « = 0*87. 

8. 329*8 sq. ins. ; 0*1 per cent. 
74*4^ ; $ = 47*2® ; y = 52° 

13 . 5CZ/0-2. Clog, 2/. 

15 . A = 2 -=-/ : j = 7. 

17 . A = 2044/4® '*®; 5 V = 170*3/4®*'*®. 


1902. (Page 424.) 

1 . 3*123; 1704; 1*722; 0*0198. 3 . -i*2*f o*4.T. 4 . 3675; 2810; 2870. 

5 . U = 0*190 — 0*22 ; C = 5*265 + 0*083^. 6. P = 312/1*77, 

7. 3i per cent. 8. 8*15 ins. ; 4*65 ins. ; 3*68 per cent. ; 44*5 cub. ins. 

7 * 477 ; 5*98; 5*0; 4 * 3 i 9 - 

11. r = 3*904 ; e = 39*8*^ ; - 36*8® ; a = 59*1® ; )8 = 67*4° ; 7 = 39*8°. 

12 . See p. 234. 13 . V = 3 sin (600/) 4 - 2*4 cos (600/) ; + 10 ; +3*84. 

14 . See p. 142, 


1903. (Page 426.) 

1. 284*65; 2817; 4*5710; 1*5710; 2*5710; 3*339; 1*930; 1768000; 11*03. 

2 . (tf)359S; W -~9‘8 o 8; (<r) 32. 3 . x*24; 0*604; 2*348; 3*579. 

4 . 33600 cub. ins. ; 305 sq. ins. 5 . 1*221. 8. Yes; 14*8 X 10®. 

7 . 4*35 ins. per annum ; lo^. 8. Anything up to £16. 

9. = 480 ; 22*4. 10. 3*94 cub. ft. ; 1687 sq. ins. 

11 . OP = 3*09, OQ = 2*47, FQ = 1*15 ; angle POQ = 20*i®. 

12 . See Chapter XXVI. 14 . 106*2. 
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1904. 

(Stage 2.) (Page 430.) 

1. 0-3106 ; 37*32 ; 1*558 ; 1*694 ; 0-5900. 

2. 17-2 ; 0*2960 j 1-74^5 ^ * 8 * 4 I' 

3. 3-531 ; 8*454 ; 4*546 ; 8*67 ; 4*61 ; 101*8. 4 . 2-I3, 

6. D = 29860 ; C = 7526 ; V = 24 ; P = 71680. 0 . 27*6®. 

7 . T = 40/^^*^ ; D = 1400/^1*^. 8. 0-866. 

9 . W = 16K + 4300 ; w = + 16 ; 20*3 ; 3 o* 3 - 

11. 13880 ; 38*568 ; 6-428. 


(Stage 3.) (Page 432.) 

1. 0*03106 ; 373*2 ; 1*521 ; 0*5900 ; 0*9563 ; -0*8480 ; 2*7475. 

2. 0*1774 ; 0*1777 ; 0*2 per cent. 3 . 223*3 ; 12 yrs. 

0 . 2*91 ; 4 * 535 ; 3-067 ; 6o*3<=; 57 * 3 ®. 7 . A = i8oo^®*6. 

8. W = 5070 + 7*2Y. 

10. + 0*0718; 5*72. 11* f ^ 

^ *T“ I 

l%J>y =l^cA+P„^ ; + 

7 7 *^ 

13 . A = 0*32850 when jr = l. 


i-8 


1905. 

(Stage 2.) (Page 435.) 

1. (a) 0-06225 ; 40'SS- (^) 0 'S >05 i 39 ' 83 ; 0-02511. 

2 . (0) I -221 ; I -221 ; 4 terms. ( A ) ] r + T ^' 

( c ) 5-06 ; 7-48. W 25° ; 13-69 ft. ; 5-78 ft. 

3 At I and 3-05 miles respectively. 4 . 36-8°; 75-7°; 56-3° 

5! 670,000. 8- 2-696 ; 1-387 : 11-18 ; 14-83 ! 2 i 73 J S 604 - 

7! 6-248 sq. ins. 10- >6 ins. ; 366-5 cub. ins. 

X2. 2-35. 13 . 12^ + 3jr ; 12-6 knots. 

14 . 2*3 ; 2*8 ; 500 ft. per minute. 


(Stage 3.) (Page 437 -) 

1. (a) 0-006225; 0-002466; ( 3 ) 3-857 ; 0-8753 ; W -0-9613; -0-5592; 0-2308; 

if ; 145° ; i® 4 °* 

4 15*7 knots relative to the 'water. 6. 1*0914 ; 0*5286 ; I12 3. 

7*. 50*26 sq. ins. 0*801 (see p. 181). 

10. 360*6 sin (600/4-0*983) ; 56*3®. ok 

11. </ = 10 - ; 7r{25 “ ¥*^ + - ih ^} » *'{^5-^ *“ 

1 o A = C 13 . 2*2 for 6rst four observations ; 4*3 for last throe. 

14 . 654 ; 31S0 ; 14270 ; 7*85 ; 14*4; 20-9. 
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1908. 

(Stage 2.) (Page 441.) 

1 . {a) 0 - 1917 ; 453*5 ; { 5 ) 8 - 212 ; [c) 27 * 49 ; 5 * 923 : 0’2749 ; 0 * 1276 ; {^) 116 * 5 . 

2 . {a) 9*78 ; 6*64 ; (^) 4*04 inches ; 0*41 inches ; {c) 6*74 inches ; 14*83 inches • 
{d) (^- 5 * 69 }{^- 3 * 23 ). 

3 . {a) - 33 * 6 ; 39 * 9 ; (^) 6 lbs. ; (c) 2 *li 6 ; 1896 ; 896 , 

4 . V. Question 13 , Stage 3 . 6 . 0 * 45 . 6 . i*i 8 . 

8. - .) + + I). 

10. ^ ^ . = •?!+>'» - 


2/1 


2h^ 


11. 2*6; 30*2. 


13 . 5(20 + h ) ; ; 180 - 9^. 


12 . F = 26or — 20 ; Error 0*5, 



i ;i' 








'W 

I'. 


■3 


n 




(Stages-) (Page 443.) 


1. (i) 49'8S; W -0-4540; -0-5446; -0-7002; W + 7+^ -3 ■ 

20,800 

2 . 0*977. 3 . W = i 5*3K + 20,800 ; w = 15*3 + ^ 


e. S = wo: + V 7 — «// ; M = w; -- 4 * ( W ~ + 


dy _wjd , W j fwP’ 

. — -4 X “t-l ■"'r" 




+ A 




• ; y == 


^ 

24^ 6 c 


J 


\ 2 

where k and A are constant 


(¥-»')£■ 




0. tf = 10*24; ^ = 16*38 ; r = i’554 ; area = 73*05. 


dx 6c 

8. 15*2 knots. 

11 . — cos c. 

2 

13 . {v p. 225) - I ; + I ; / ; 5*07 + 2 * 95 x ; 0*707 + 0*707/ ; 0*707 - 0*707/ ; 

5*87 sin + 0*528) ; {v. Ex. i, p. 42) sin -h 0*7854) ; sin (^/ - 0*7854). 

14 . o*ooi29Z'o sin (^/ + o*iio8). Multiply numerator and denominator by 
sir — ilq and proceed as in Ex. 13. 


1910. 

(Stage 2.) (Page 445.) 

1. (a) 0*005536; ((^) 4-232; (c) 981*25; (d) 4*5 %. 

2 . (fl) ir/(D ~ /)/; 3*64. {3) 48,00059. ft. ; 12,000 tons, (c) (d) i*88o. 

4 

8. (a) 3*53; 9*1; 17,000. ((^) 0*0089. (c) 15,460 miles; 644 m.p.h. 

4 . 520 X 10* sq. ft. ; 535 X 10® sq. ft. ; 535 10* cub. ft. 

5 . a = 0*0005 ; (d) 7*76 ft. 0 . 1*510. 7 . 14*73 f.s. ; towards 29® S. of E 

8. y = 22 o'94;«?. 10. 0*042 ; 0*42. 11. 6y*j%, 

12 . 4J; 10. 13 . 2*5; — i. 
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(Stage 3.) (Page 446.) 

1. (a) 0-005536 ;_{ 3 ) 0-2363; (c) 0-996; 0-526. 

36*4* 3 . I+O-Oli 

6, Forced vibrations are ^= 0*357 sin (i'6/— 1-029), and ;c= 0 250 sin (2’4^— I‘ii6) 
8. 0 65. 9 . 0*033. 

10 . jf = II I - 0*87 cos / + 0*34 cos 2/ 4 - 9*95 sin / + 0-94 sin 2^. 

11. -4-68; 0-455 ; 4'22. 12. 1748; -115-3; «I5S- 


Lower Examination, 19 1 3, 

1. {a) 0*1659. {b) 2*4506, [c) 0*5736; 0-8192; —0-7002. (ct) 23*43. 

2. (a) 0*1021 inch, (b) 38*35 sq.ft.; 575*25 cu. ft. (<r) 452*4 sq. inches. 

3 . (rt) 3*996 ft. (b) 10*46. 4 . (x- 3*7)(jr+ 1-2), 

5. a = 0*9524; b = 95*24 ; 6*9048 ; 3*207 ; 1*9048. 

6‘ 52* 7 . 430 sq. ft. ; 1462 cu. ft. per sec. 

8 . r = 6*708 ; ^ = 41 8° ; <^ = 26*6®. 9 . 2*3, 

10 . j' = 12 . — 3 ; 9, — II. 18 . 41*4®. 


of 


Higher Examination, 1913. 

1. (fl) 165*9. (^) 1*050. { c ) 5 (cos 306*85® + f sin 306*85°) ; 

7*8(cos 129*8° 4 - i sin 129*8°) ; — 0*639 4 - 0*328/. 

2 . o. 3 . 7*51 ; 598. 4 . 3*0; 41*4°; 64*6°; 60°. 

5 . y = 3*03^®'^^ ; 1700. 0. fTrr*. 

7 . i=i-24: « = 5-s. 8. 

246 

11 . aVbc means the scalar product of a and Vbc. It is equal to the volume 


a parallelepiped whose edges are a, b and c. 

12. 0-33407. 13 . (34-22, 58-5) ; 


22 * 9 ® 


MATHEMATICAL TABLES 


(A copy of these Tables is supplied to ecLch candidate at the Examinations of the 
Board of Education in Practical Mathematics^ Applied Mechanics^ and Steam.) 


USEFUL CONSTANTS. 

I inch. = 25*4 millimetres. 

I gallon = 0*1604 cubic foot = lo lbs. of water at 62° F. 

I knot = 6080 feet per hour. 

Weight of I lb. in London = 445,000 dynes. 

One pound avoirdupois = 7000 grains = 453*6 grammes. 

I cubic foot of water weighs 62*3 lbs. 

I cubic foot of air at 0° C. and i atmosphere, weighs 0*0807 lb. 

I cubic foot of hydrogen at 0° C, and i atmosphere, weighs 0*00559 Ib. 

I foot-pound = 1*3562 X 10' ergs. 

I horse-power-hour = 33,000 X 60 foot-pounds. 

I electrical unit = looo watt-hours. 

Joule's equivalent to suit Regnault's H, is I J 

I horse-power = 33,000 foot-pounds per minute = 746 watts. 

Volts X amperes = watts. 

I atmosphere = 14*7 lbs. per sq. inch = 2116 lbs. per sq. foot = 760 mms. of 
mercury = 10® dynes per sq. cm. nearly. 

A column of water 2*3 feet high corresponds to a pressure of i lb. per sq. inch. 
Absolute temp., / = C. + 273*7°, 

Regnault’s H = 606*5 + 0*305 0° C. = 1082 + 0*305 0° F. 

^ 1-0648 _ 

B C 

log„^ = 6*1007 - 

where logi„ B = 3*1812, logjo C = 5*0882. 

/ is in pounds per sq. inch, / is absolute temperature Centigrade. 
u is the volume in cubic feet per pound of steam. 
jr= 3*1416. 

I radian = 57*3°. 

To convert common into Napierian logarithms, multiply by 2*3026. 

The base of the Napierian logarithms is ^ = 2*7183. 

The value of^at London = 32*182 feet per sec. per sec. 
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Matbem&tical Tables— Logarithms 


4l5l6l7l8l9|12 3|4 


1 1 0414 

12 0792 

13 ll39 

14 1461 


16 2041 

1 7 2304 

'l8~ 255 
19 278 


21 322 

22 342 

23 ^ 

24” 38C 
26 39^ 

26 

”27" 43] 

28 44^ 

29 462 


37 6682 

38 

39 5911 

40 60: 

41 "^28 

t 2 6232 

3 6335 

44 6435 

45 6632 

46 6628 


47 6721 6730 

48 6812 6821 

49 6902 6911 



17 21 25 30 34 38 

16 20 24 28 32 37 

15 19 23 27 31 35 

15 19 23 26 30 33 

14 18 21 25 28 32 

14 17 20 24 27 31 


13 16 20 
12 16 19 
12 15 18 
12 15 17 

11 14 17 
11 14 16 

11 14 16 
10 13 15 
10 13 15 
10 12 15 


23 26 30 
22 25 29 
21 24 28 
20 23 26 

20 23 26 
19 22 25 

19 22 24 
18 21 23 
18 20 23 
17 19 22 

16 19 21 
16 18 21 
16 18 20 
15 17 J9 


14 1C 18 
14 15 17 
13 15 17 

12 14 16 
12 14 16 
11 J3 15 


11 13 14 
11 12 14 
10 12 13 


10 11 12 
9 11 12 
9 10 12 



123 456 789 

1 2 3 4 6 6 7 8 9 

123 456 789 


6503 6513 6522 123 456 789 

6599 6609 6618 123 466 789 

6693 6702 6712 1 2 3 466 778 

6785 6794 6803 1 2 3 455 678 

6875 6884 6893 1 2 3 445 678 

6964 6972 6981 123 445 678 


7050 7059 70671 1 


7366 1 7364 7372 1 7380 7388 7396 



















7716 

7723 

7731 

7789 

7796 

7803 

7860 

7868 

7875 

7931 

7938 

7945 

8000 

8007 

8014 

8069 

8075 

8082 

8136 

8142 

8149 

8202 

8209 

8215 

8267 

8274 

8280 

8331 

8338 

8344 

8396 

8401 

8407 

8457 

8463 

8470 

8519 

8525 

8531 

8579 

8685 

8591 

8639 

! 8645 

1 8651 

8698 

8704 

8710 

8756 

8762 

8768 

8814 

8820 

8825 

8871 

8876 

8882 

8927 

8932 

8938 


7435 

7443 

7451 

7613 

7520 

7528 

7589 

7597 

7604 

7664 

7672 

7679 

7738 

7745 

7752 

7810 

7818 

7825 

7882 

7889 

7896 

7962 

7959 

7966 

8021 

8028 

8036 

8089 

8096 

8102 


8222 

8228 

8235 

8287 

8293 

8299 

8351 

8367 

8363 


8414 

8420 

8426 

8476 

8482 

8488 

8537 

8543 

8549 


8597 

8603 

8609 

8657 

8663 

8669 

8716 

8722 

8727 



79 8976 

80 9031 

81 9035 



8998 

9004 

9009 

9053 

9058 

9063 

9106 

9112 I 

9117 


9143 

9149 

9164 

9196 

I 9201 

9206 

9248 

9253 

1 9268 






9365 

9370 

9375 

9416 

9420 

9426 

9465 

9l69 

9474 


9176 

9180 

9186 

9227 

9232 

9238 

9279 

9284 

9289 

9330 

9335 

9340 

9380 

9386 

9390 

9430 

9436 

9440 

9479 

9484 

9489 




9499 

9504 

9609 

9547 

9652 

9667 

9595 

9000 

0605 

9643 

9647 

9652 

9689 

9694 

9699 

9736 

9741 

9746 

9782 

9786 

9791 

9H27 

9832 

9836 

9872 

9877 

9881 

9917 

9921 

9926 

9961 

9965 

9969 



9657 

9661 9866 

9703 

9708 9713 

9760 

9764 9769 

9796 

9800 9805 

9841 

9845 9850 

9886 

9890 9894 

9930 

9934 9939 

9974 

9978 9983 


9671 

9676 

9680 

9717 

9722 

9727 

9763 

9768 

9773 


0 

1 

1 

0 

1 

1 


9864 

9859 

9863 

9899 

9903 

9908 

9943 

9948 

9952 


0 

1 

1 

2 : 

0 

1 

1 

2 

U 

1 

1 

2 





































































Mathematical Tables — Antilogarithms 


1 

2 

3 

1002 

1005 

1007 

1026 

1050 

1074 

1028 

1052 

107Q 

1030 

1054 

1079 


1114 lllY 1119 
1141) 114a 1146 
1167 1169 1172 


1099 1102 1104* 
1125 1127 1130 
1151 1153 1156 


1107 1109 1112 
1132 1135 1138 
1159 1161 1164 


1186 1189 1191 
1213 1216 1219 
1242 1245 1247 


1194 1197 1199 
1222 1225 1227 
1250 1253 1256 


1178 1180 1183 
1205 1208 1211 
1233 1236 1239 


1271 1274 1276 


1262 1265 1268 


1279 1282 1285 


1300 1303 1306 1 
1330 1334 1337 1 
1361 1365 1368 1 


1309 1312 1315 
1340 1343 1346 
1371 1374 1377 


1291 1294 1297 
1321 1324 1327 
1352 1355 1358 


12881 

13181 

13491 


1393 1396 1400 
1426 1429 1432 
1459 1462 1468 


1403 1406 1409 
1435 1439 1442 
1469 1472 1476 


1384 1387 1390 
1416 1419 1422 
1449 1452 1455 


1380] 

1413| 

14451 


1483 1486 1489 
1517 1521 1524 
1552 1556 1560 


1493 1498 3 500 
1528 1531 1535 
1563 1567 1670 


1503 1507 1610 
1538 1542 1545 
1574 1578 1581 


1479 

1514 

1549 


1600 1603 1607 


1611 1614 1618 


1589 1592 1596 


1637 1641 1644 1 
1675 1679 1683 
1714 1718 1722 

I 


1648 1652 1656 
1G87 1690 1694 
1726 1730 1734 


1626 1629 1633 
1663 1667 1671 
1702 1706 1710 


1766 1770 1774 
1807 1811 1816 
1849 1854 1858 


1754 1758 1762 
1795 1799 1803 
1837 1841 1845 


1742 1746 1750 
1782 1786 1791 
1824 1828 1832 


1738 

1778 

1820 


1879 1884 1888 
1923 1928 1932 
1968 1972 1977 


1866 1871 1875 
1910 1914 1919 
1954 1959 1963 


1862 

1905 

1950 


1995 


2014 2018 2023 


2000 2004 2009 


2046 2051 2056 
2094 2099 2104 
2143 2148 2153 


2042 

2089 

2138 


2208 2213 2218 
2259 2265 2270, 
2312 2317 2323 


2193 2198 2203 
2244 2249 2254 
2296 2301 2307 


2186 1 
2239 
22911 


2382 2388 2393 
2438 2443 2449 
2495 2500 2506 


2350 2355 2360 
2404 2410 2415 
2460 2466 2472 


2344 

2399 

2455 


2553 2559 2564 


2518 2623 2529 


2594 2600 2606 
2656 2661 2667 
2716 2723 2729 


2612 

2618 

2624 

2673 

2679 

2685 

2735 

2742 

2748 
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